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ABSTRACT

Context. Thanks to its unique properties piezoceramics has applications in various fields of engineering and technology. Disk
piezoelectric devices are widely used in the elements of information systems. Research has shown that piezoelectric transformers can
compete with traditional electromagnetic transformers on both efficiency and power density. The final goal of mathematical
modeling of the vibrating piezoelectric elements physical condition is a qualitative and quantitative description of characteristics and
parameters of existing electrical and elastic fields.

Objective. The purpose of this paper is to set out the principles of mathematical models construction that are sufficiently
adequate to real devices and occurring physical processes using the simplest example of axially symmetric radial oscillations of the
piezoelectric disk.

Method. Mathematical models of piezoelectric transformers working with axially symmetric radial oscillations of piezoceramic
disks are constructed with a minimal number of assumptions simplifying the real situation. This allows us to state that the proposed
construction scheme delivers mathematical models that are sufficiently adequate to the real objects and physical processes that exist
in them.

Results. Main results of this work can be formulated as follows: mathematical model of piezoelectric transformer with ring
electrode in the primary electrical circuit is constructed; high sensitivity of frequency characteristic of piezoelectric transformer to the
values of the output impedance of the electrical signal source in the primary electrical circuit is demonstrated.

Conclusions. As a result of research of real device’s mathematical model a set of geometrical, physical and mechanical and
electrical parameters of a real object can be determined which provides realization of technical parameters of piezoelectric functional
element specified in technical specifications. The cost of the saved resources is the commercial price of the mathematical model.
Prospects for further research can be to build a mathematical model of a piezoelectric transformer with sector electrodes.

KEYWORDS: piezoelectric transformer, axially symmetric oscillations, physical processes, mathematical model.

NOMENCLATURE
U, is an amplitude value of electric potential

I; is an amplitude value of the electric current in the
conductor, which connects an input electrode 1 with a

difference;

i =+v—1 is an imaginary unit;

o is an angular frequency;

1 is a time;

X, are coordinates of the point, in which it is
determined the displacement of the piezoelectric material
particles from the equilibrium position;

Il is a set of geometrical and physical and
mechanical properties of the piezoelectric transformer;

Z, is an electrical impedance of the input electrode 1;
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source of the electrical signals;
2d; is a width of the input ring electrode;

H, E are vectors of the conjugate magnetic and
electric fields;

B, D are vectors of the magnetic and electric
induction of the electromagnetic field components;

u,,u, are amplitude values of the radial and axial

components of the material particles displacement vector
of dynamically deformable piezoelectric disk.
INTRODUCTION
Thanks to its unique properties piezoceramics has
applications in various fields of engineering and
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technology. The relevance of the use of various functional
elements of piezoelectronics in radio electronics,
information and power systems is explained by their high
reliability and small dimensions, which solves the
problem of miniaturization of such systems. Piezoelectric
disks with surfaces partially covered electrodes are often
used to create various functional piezoelectronic devices.
Disk piezoelectric devices are widely used in the elements
of information systems. In disk piezoelectric elements
with surfaces partially covered by electrodes we can
simultaneously excite oscillations of compression-tension
and transverse bending vibrations. Manipulating the
geometric parameters of electrodes and their location
relative to each other, you can have a significant effect on
the energy of oscillatory motion particular type of
material particles of piezoelectric disk volume. It should
be especially noted that this piezoelectric element has
compatibility with microsystem technology, so it can be
made as microelectromechanical structures (MEMS) [1].
One of the main elements of functional piezoelectronics is
piezoelectric transformer (PT). Research has shown that
PTs can compete with traditional electromagnetic
transformers on both efficiency and power density [2—4].
PTs are therefore an interesting field of research [5]. The
favorable attributes of the PT are low weight and size and
potentially low cost. One additional important
characteristic is the high voltage isolation of the ceramic
materials used to build PTs [6]. In addition, a
piezoelectric transformer is more suitable for mass
production than traditional, coil-based transformers [7].

1 PROBLEM STATEMENT
The operation principle of piezoelectric transformers
is generally known [8].
When applying an electrical potential difference

UleiCOt to pair of electrodes that are partially cover the

front and bottom surfaces of the piezoelectric plate,
harmonic oscillations of material particles are excited in a
volume of the plate, which, in general, can be described
by the displacement vector of material particles

a(x)e'".

accompanied by dynamic deformations &g, (Xk)eimt of

Fluctuations of material particles are

infinitely small elements of a piezoelectric volume. Due
to the direct piezoelectric effect the harmonically varying

in time according to glet polarization charges with a

ot in a deformable

surface density g, (Xk )e arise

piezoelectric. Some of these charges are collected by the
second pair of electrodes, which like the first pair,
partially covers the surface of the piezoelectric plate. The
polarization charge on the second pair of electrodes
ot

causes an electric current i(t) = 1e™ in the conductor,

which connects one of the electrodes of the second pair to
the load impedance Z,. The voltage drop

U,e' = Z,1e'" is an output signal of the piezoelectric

© Bazilo C. V., 2018
DOI 10.15588/1607-3274-2018-4-1

transformer.  Obviously, the transformation ratio

K (m ,H) is equal to the ratio of the output signal to the
input one, i.e.
U Z, 1
K (o,T)=—2 =<0
U u
and is a mathematical model of a piezoelectric
transformer [9].
The practical value of the analytical structure

K ((o, H) that adequately describes the physical processes

in the real object is evident.

2 REVIEW OF THE LITERATURE

Many publications have been devoted to the
construction and research of mathematical models of
piezoelectric transformers. Starting with the monograph
[8], the basics of the calculation of piezoelectric
transformers’ transfer characteristics were considered, for
example, in [10-13].

However, in many papers only processes occurring in
a piezoelectric disk with a surface, fully covered by
electrodes, are described. There are also a number of
works of a disparate character devoted to the solution of
the problem of electromechanical oscillations of
piezoelectric  elements with separated electrodes
(transformer type). The constructions of piezoelectric
transformer of a planar transverse-longitudinal and rod
type are considered in [10] and [11], respectively. In [12]
the analysis of the dependence of transformation
coefficient of disk piezoelectric transformer on the
location of secondary electrode, on the width of
secondary electrode, and on the value of electrical load
applied to secondary electrode was made. In [13] the
radial axisymmetric oscillations of thin piezoceramic disk
with a surface, partially covered by electrodes, are
considered.

In many papers [14-19] the described methods of
piezoelectric transformers models constructing are mostly
based on the use of equivalent electrical circuits and it
does not allow analyzing of stress-strain state of solids
with the piezoelectric effects.

Based on the above, it can be argued that currently
there are no reliable and valid methods of constructing of
mathematical models of piezoelectric transformers, which
could be used as a theoretical basis for characteristics and
parameters calculating of this class of functional elements
of modern piezoelectronics.

The purpose of this paper is to set out the principles
of mathematical models construction that are sufficiently
adequate to real devices and occurring physical processes
using the simplest example of axially symmetric radial
oscillations of the piezoelectric disk.

3 MATERIALS AND METHODS
Let us consider the disk with the radius R and the
thickness o (Fig. 1) made of piezoelectric ceramics PZT
with thickness polarization during its manufacture i.e.
along the coordinate axis z of the cylindrical coordinate
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system (p,¢,Zz). Electric polarization direction defines

the properties and the matrices
piezoceramic disk’s material constants.

construction of

| ]]Cit-\l
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! 0] P
R> Ry R
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2d> 2d,

Figure 1 — Diagram of the piezoelectric disk transformer that
operates on radial vibrations

The matrix of elastic moduli of piezoceramic disk
polarized across the thickness looks like

E E E

i ¢ ¢3 0 0 0
¢, ¢ 0 0 o
E
oE |- Gz 0 0 0 .
il , (1
Cy 0 0
44
E
Cis O
E
C66
I ‘ot indicec: oE — oE E .
where A,B =1;...;6 are Voigt indices; Cj7 = Cy # C33;
E E_ E. . E_E..E_(sE _E
C2 = C13= 0335 Cuy = Css Ces = (Cn - Clz)/z-
The matrix of piezomoduli ep

(k=1;2;3;p=1,2;...;6) can be written as follows
[10]

0 0 0 0 es5 0
leg|=|0 0 0 e 0 0f,
&3 0 0 0

2

€31 €y

where €= €y, # €555 €5= €y, = (&5 — e31)/2.

The matrix of the dielectric permittivity tensor ¥,

has diagonal structure and

m 0 0
| =] 2% 0], (3)
133

€ € €
where %= %2 # X33 -
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Let us assume that the thickness of the electrodes is
negligible in comparison with the disk thickness.
On the ring electrode 1 (its width is equal to 2d, (Fig.

U from a

1)) the electrical potential difference Ulei(D
source of electrical signals with the output impedance Z;
is applied. Obviously, on the electrode 1 we will have
another value of the electrical potential eri‘”t , where

|U0| < U, , that can be written as follows

_ U4

Zi+Z, @)

0

Electrical impedance Z, can be determined from
Ohm’s law for electrical circuit section

Z,=U,/l, . (5)

If on the surface of the electrode 1 we have
harmonically time varying electric charge q(t) = Qlei"’t ,

the electric current amplitude value is determined as
follows [20]

= —i0Q,. ©)

The amplitude value of the electric charge Q, is
determined by the axial component D, (p,oc) of the

electric induction vector

Ry +d;
Q=2n [ pD,(p,a)dp. )
Ri—dy
Electrical condition of any material object is
determined by Maxwell’s equations
rotH=J + Q, (®)
ot
- 0B
rotE= - —, 9
o1 €)]

where J = rE is a surface density of the conduction

current; I is a specific electric conductivity of the
material. Since the piezoelectric ceramic is a fairly good
isolator it can be considered that r = 0. In this case,

Maxwell’s equation (8) for harmonically varying fields
takes the following form

rotH=ioD. (10)

Calculating the divergence of the left and right side of
(10), we can come to the following conclusion
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divD=0. (11)

Equation (11) has the meaning of the condition of
absence of free carriers of electricity in a volume of the
ideal dielectric.

In [21] it is shown that at a frequency range up to 10
MHz, the magnetic component of the electromagnetic
field in a deformable piezoelectric ceramics by several
orders less than electrical component. It gives the basis
for (9)

rotE= 0. (12)

Equation (12) suggests that the electric field in a
volume of the deformed piezoceramics is irrotational, i.e.
potential and it can be described by a scalar electric
potential, and

E=-grad ®. (13)

With the definition (13), known [20, 21] expression
for calculating of the m-th electric induction vector
component in a volume of a deformable piezoelectric can
be written as follows

Dy = €&y — Xmn (grad @) , (14)
where e, < €., (B is a Voigt index, by which it is
changed a couple of symmetrical tensor indices K, j ) is

an element of the matrix of piezoelectric constants; € is

a component of infinitesimal deformations tensor; y,, is
a component of the dielectric permittivity tensor;
(grad cD)n is the n-th component of scalar potential
gradient vector. When writing the equation (14) in a
cylindrical coordinate system we should consider the
following correspondence between the symbols (p, 0, Z)
of the coordinate axes of the cylindrical coordinate system
and the numbers k =1,2,3 of the coordinate axes X, of
the Cartesian coordinate system: 2 < 0;
oz,

From the general expression (14) the next follows

l<p;

ool
— _ €
Dp_ 26158p2 X1t 8_p ) (15)
. @q)(‘)
D, = 831800 T €380y T €338, — X33 = —
aq)(‘)
=& (%p + SW) + €338, — X;T’ (16)
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where D, = 0 because of the axial symmetry of the

problem under consideration;
€y = (6 u,/0z + 8uz/6p)/2 is a shear deformation. In

(16) piezoelectric moduli of the same value €;;, and e,

(see comment to the matrix (2)) are written, as is usual in
solid mechanics, by the same symbol €,,. Components

gy = 0U, /0P, &, =U,/p €, =0U,/01
determine compression and expansion deformations along
the coordinate lines of a cylindrical coordinate system.
CD(I) is an electrical potential in the ring area
{R —d, <p<R +d; 0<@<2r; 0<z<0} the
electrode 1.

Expressions (15) and (16) substituting into condition

(11) gives a second order differential equation in partial
derivatives relative to the required scalar potential

CD(I)(p,z) of the electric field in a deformable

and

under

piezoelectric.
In the particular case of a sufficiently thin disk when

a/R < 1, it can be argued that in the frequency range in
which the length of the elastic wave is larger than the
thickness of the piezoelectric disk, electrical and elastic
fields in its volume is almost independent of the axial
coordinate values z, i.e., practically do not change their
values according to thickness of the disk.

If the disk is gently fixed along the surface
{p: R; 0<p<27m; OSZSOL} , the shear deformation
becomes zero on this surface and on surfaces z = 0 and
Z =a. In addition, on the surface covered by the

electrode z = 0 the radial component D, = 0. The
radial component Dp =0 on the side surface of the

piezoceramic disk [21], on the surface of ring electrode 1
and on the disc symmetry axis, i.e. on the axis Oz . The
combination of these facts suggests that in thin
piezoceramic disk, in a first approximation, it can be

considered that D, =0 V(p.9.z)eV, where V is a

volume of the disk. In this case, the vector of electric
induction is completely determined by only one non-zero

axial component D, , and the condition (11) takes the

Z b
form

op\/az 0, (17
where Dgl) further underlines the fact that we are talking
about electric induction vector at the
{Rl —d,<p<R +d;; 0<p<2m; OSZSOL}

electrode 1.
From condition (17)

ring area

under the

it implies that the axial
component Dgl) is a function of the radial coordinate p
and is independent of the axial coordinate values z,
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which is in full agreement with the above mentioned
adopted suggestion about a weak dependence of the
physical characteristics of the fields on the axial
coordinate values in the frequency range in which the
following inequality holds A >> o (A is an elastic wave

length.
Because of

Eop + o = 8up/8p +U,/p = [6(pup)/6p}/p,
definition (16) can be written as follows

aul ool

4 €

Dgl) (p): %_li[pu;(al):' T €3 , (18)

where ugl) (p.z) and ugl) (p,z) are amplitude values of

the components of the material particles displacement
vector in the ring area
{R —d, <p<R +d;; 0<p<2r; 0<z<al.
Integrating with respect to z the left and right side of
(18), and taking into account the condition (17), we obtain
the following result

p op
33 [“gl (pror) -l (P:O)]_X§3 [(D(l) (o)) (0)]
Let
U ()= =T (p.2)dz. (20)
Ao

and u‘()l) (p) is an averaged over the thickness of the disk

radial component of the material particles displacement
vector in the ring area under the electrode 1. Since

o) (a) - o (0) = Uy, then (19) takes the form

M _ &1 0 (1)
D’ (p)= P 6p[pup (p)]+
U
A ST

Substituting (21) into definition (7) of the amplitude
value of electric charge, we can obtain
Ry +d;
1
Q =2n {631 [P UE, ) (P)} +
Ri—dy

Ry +d

&3 (1) _ 0 _
v RIJdlp[Uz (p.a) — U (p,O)]dp
XS
22 [(R, +d) - (R dl)z}uo} 22)
We set
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R +d;

W 1 0]
u,’(z) 4R Rl[dlpuz (p.z)dp,

(23)

where ugl) (Z) is an averaged over the area of the ring
{R—d,<p<R +d;0< < 275} axial component of
the material particles U( P, Z) displacement vector in the

ring area under the electrode 1. With the definition (23)
relation (22) can be written as follows

Q = zne3l[(|q1 wd)ul) (R +d))-
~(Ri = d)ul) (R - 0,) |+

rardR 2 [ (@) - ) (0)] - Ciu,, 29)
o

z z

where C/ = 4nd,R x5, / o is a static electric capacity of

the piezoceramic volume under the ring electrode No. 1.

Since by definition the piezoelectric transformer is a
linear physical system, the averaged components of the
material particles displacement vector can always be
represented as follows

() =UFY (), U (2) =UFP(2), (@5)

p z

where functions Fp(l) (p) and FU (z) differ from the

averaged components ugl) (p) and ugl) (z) of the material
particles displacement vector only by a constant factor
U, , and have the meaning of displacements sensitivity in
the ring area {R1 —d, <p<R +d,; 0<@<2m; OSZSOL}
to the amplitude values of electrical potential difference

on the ring electrode 1. The dimension of Fp(l) (p) and

F(l)(z) is m/V. Functions Fp(l)(p) and FZ(I)(Z)

z

numerically equal to the material particles averaged
displacements of the ring area under the electrode 1 when
the electric potential difference with the amplitude value
of U, =1V is applied to this electrode.

Following suggestions (25), the expression (24) for
the electric charge Q, calculation can be written as
follows

Q =UC/F ((D’Hl) > (26)

where dimensionless function F (m,Hl) is defined as

follows

11
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d
1+ L |FD(R +d)-
2X§3d1 |:( Rl] ) ( 1 1)
d
—(1—#]Fgl)(Rl—dl)}+

1

Fl(w’nl) =

+ 22 f0 @) - F ()] -1. @)

%3
Substituting (26) into the definition (6) of the electric
current amplitude, and the obtained result into Ohm’s law

(5) for the circuit section, we can get the estimated ratio
for the electrical impedance Z, :

1

y A —
ioC/ F (co,l_[l)

(28)

If the dielectric under the ring electrode 1 does not
have piezoelectric properties, i.e. €;; =€;; =0, the
function K ((o,Hl) =—1 and the expression (28)

becomes as well-known formula for capacitor reactive

resistance  calculation with capacitance C/, i.e.
Z, =1f(ioCf).
Substituting (28) into the formula (4), we obtain
U
Uy = 1 (29)

1 - i0CF (0,11,)Z;

It should be emphasized that the potential difference
U, is determined by components averaged values of the
material particles displacement vector of the ring area
{R —d,<p<R +d;; 0<p<2r; 0<z<oa}. This fact is
of fundamental importance, since there is the possibility
of equations joint solutions of a deformable piezoelectric
motion.

In the case when a strong inequality a/R<< 1 takes
place, i.e. when the disk can be considered as infinitely
thin, the situation is considerably simplified, since the
deformation €,, becomes linearly dependent on the sum

of deformations ¢ op 0"

From the generalized Hooke’s law [20] for the elastic
media with piezoelectric properties

and €,

0o

E
O.:. = C.: € + e, —
ijkl <kl kij ’
0%y

U]

where o; i

stresses tensor, follows that in a polarized across the
thickness piezoceramic disk normal stresses ©

is a component of the resulting mechanical

pp cS(P(P
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and o, correspond to compression and expansion

deformations €op s Egp

following expressions:

and ¢,, and can be defined by the

_ _E E ood
Opp = Cli€pp + Cp2 (8@@ + szz) + e31—az s (30)
E E E oD
Opp = Ci2€pp + Cpi8pp T CiaEy + €5 57 3
_ E E ooP
c,=Cp (spp + S(p(p) + Cp€,y + B4y _62 . 32)

In expressions (30)—(32) material constants of the
same value (the elements of matrices (1) and (2)) are
written by the same symbols.

On the bottom (z = 0) and top (Z = o) surfaces of

the piezoceramic disk free from mechanical contacts with
other material objects in accordance with Newton’s third
law the following conditions should take place:

=0 =0.

y24 z2=0;a

GZP|Z:0;Q (33)

Since the disk is very thin, it can be argued that the
quantitative characteristics of its stress-strain state does
not depend on the axial coordinate values z, i.e.
do;; /02 = 0. 1t follows that the condition (33) must be

satisfied at any point of the volume V of a thin
piezoceramic disk. Substituting into the left side of (32) a
zero, we obtain the following definition for the
compression and expansion deformations in the axial
direction:

&3 0@

E
__Cl_z(
= )

i, 0z

- (34)
¢

z Eop T ‘C'qxp) N

Substituting expression (34) into (30), (31) and (16), it
produces the following results:

. 0D

Gpp = Cli€pp T+ Cia€gp + 6315’ 35)
« 0D

Opp = Cia€pp + C1Epe + €& 57’ (36)
" oD

DZ = €5 (Spp + S‘P‘P) - X§3E’ (37)

2

_ AE E E . _ AE E /.E).
where ¢, = ¢ - (Clz) /033 s Cp = Cpp (1 - C12/C33)’
ey =€ — e33(:1E2 / C3E3 are material constants for planar
stress-strain state of the polarized across the thickness
c € 2 E :
X33 = A3z T e33/(333 15 a
dielectric permittivity of the polarized across the
thickness piezoceramic disk for constancy mode (equality

piezoceramic  element;
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to zero) of the normal mechanical stresses &, . Equations Q, = C5U,F, (m,n 2) - CjU,, (42)
(35) and (36) in combination with

G, =0, = OV(p, Z)eV suggest that U, =0 in the where C; = 4nd,R,x5; /cx is a static electrical

zp
entire oscillating disk.
The expression (29) takes the form

Y,

U, =
"1 -iectRY (0,11,)Z,

; (3%)

where C] = 4nd,R\x3; /a is a static electrical
capacitance of the ring area of infinitely thin disk under

the electrode 1;

R (o,11,) = L Kl + ST]J FOR +d,)-
1

2y5,d

—( - %J FO(R - dl)}— 1.

Now let us consider the processes that occur in an area
of the ring electrode 2, i.e. output electrode of the
piezoelectric transformer.

Obviously, in the ring

{RZ—dZSpSR2+d2; 0<p<L2n; OSZSOL}

39)

area 2
the

amplitude values ugz)(p,z) and ugz) (p,z) of the
harmonically time varying components of the material

particles  displacement vector of the oscillating
piezoelectric disk can be represented as follows:

u? (p.2)= Uy £ (p.2).

u? (p,2) =U, F (p.2), (40)

where U, is an electric potential difference on the exciting
ring electrode 1 (Fig. 1); Fp(z) (p, z) and Fz(z) (p , z) are

displacements sensitivities in the ring area 2.
The amplitude value U, of the voltage drop on

electrical load Z,, i.e. on the input impedance of the

n-»
electronic circuit which is directly connected to the ring
electrode 2, is defined as follows

u,=27,1,,

n

(41)

where |, = —i0Q, is an amplitude of the electric current

in the conductor, which connects the electrode 2 and the
electrical load Z,; Q, is an amplitude value of the
electric charge on the ring electrode 2.

Acting in the same manner as in the determination of
the electrical impedance Z,, we can obtain the following

definition of the charge Q,:
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capacitance of the ring area 2;

€

d 2
1+ =2 [FP (R, +d,) -
21339, K RJ ’ (R + )

] [1 ] g_z] FO) (R, - dz)} £ e (o) - 70

&
2 X33

F (w,l'[z) =

Fp(z) (p) and FZ(Z) (z) are averaged sensitivities.

Substituting (42) into current definition I,, and
obtained result into (41), we can come to the conclusion
that

U, = fy(0)UoF, (0,11,), (43)

where f, (0)=-— iwaZn/(l - i(x)CZSZn) is a switching

on function or load characteristic of the output ring
electrode of the piezoelectric transformer.
In the short-circuit mode (Z,=0)

f,(®)=0 and U, = 0. This fact is very clear and does

function

not require any mathematical calculations to prove its
validity. In idle mode, when Z, — c, switching on

function f (w) if ® =0 is equal to zero, and at an

arbitrarily small ® >0 f (0)=1, ie. in this mode
switching on function is a function of Heaviside. It
follows that the piezoelectric receiver of elastic vibrations
is not capable to register the static pressures and
deformations. This statement is not so obvious to
practitioners actually cancels a large group of devices of
piezoelectronics, which are presented in [22].

The rate of change of the switching on function

fy (o) is determined by the time constant t, = C;Z, of

the circuit that connects the receiver electrode to an
electrical load. The function module values f (m),

depending on the value of the dimensionless quantity
Q, = ot, are shown in Fig. 2.

|fn ((’).‘J|

1.0

(.6

..L:_zn..

0 2 4 & 8 10
Figure 2 — Changing of switching on function module of the
acoustic waves piezoelectric receiver

13
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After substituting (29) into (43), we can write the
following definition of the transformation K (o),l'[) of
the piezoelectric transformer

K((D,H):U—zz f?((”)Fz((”’Hz) _
U 1-ieCF(0I1)Z

(44)

In the case of very thin piezoceramic disk, when a
strong inequality oc/ R <<1 takes place an expression
(44) can be written as follows
1 (0) K (0.11,)

2 n

K(O) o,Il)=—== .
(@) U 1-ieC’ FI(O)(m,Hl)Zi

C

(45)

where f”) (0)= - iconZn/(l - iwaZn);

C; = 4nd,Ryx3, /oc;

- [1 - (Ii_zj F? (R, — d, )], Fl(o) (©,11;) is defined by
2
(39).

Expressions (44) and (45), which have a sense of
mathematical models of piezoelectric transformers
operating on axially symmetric radial oscillations of
piezoceramic disks, are built with a minimal number of
simplifying assumptions.

To fill the definition (44) or (45) by a specific physical
meaning, it is necessary to determine the components of
the material particles displacement vector of the
oscillating piezoceramic disk. This procedure is the
subject of a separate investigation.

4 EXPERIMENTS
Let us consider a disk piezoelectric transformer
(Fig. 3), primary electrical circuit of which consists of

electric potential difference generator Uleicut (where U,

is an amplitude value of electric potential difference) with
output electrical impedance Z; and ring electrode

(position 1 in Fig. 3). The secondary electrical circuit
consists of an electrode in the form of a circle (position 2)
with connected electronic circuit to it with input electrical
impedance Z,, on which an electric potential difference

U2ei"’t is formed. The primary and secondary circuits of

piezoelectric transformer do not have a galvanic
connection. The energy exchange between the primary
and secondary circuits is carried out by means of
axisymmetric radial vibrations of the piezoceramics
material particles in the volume of thickness polarized
disk (position 3 in Fig. 3).
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R =
. - i R, -
Figure 3 — Calculation scheme of disk piezoelectric transformer

It is obvious that the work of function piezoelectronic
element, which is schematically shown in Fig. 3, is fully

described by transformation ratio K (a),H) =U, /U1 ,

which is a mathematical model of the device under
consideration. Scheme of construction of piezoelectric
transformer’s mathematical model is outlined in [23].

The elastic stresses and displacements of material
particles of piezoelectric ceramics in the areas under the
electrodes, and in the areas where there are no electrodes
are determined in [24]. Following the method which is
described in [24] we can write that

a0 ( L0 U
Opp (p) Ci pap( )+ Ci2 . ( + e31F2’ (46)
oul (p) L ul(p)
o (p)=cf 5 e R @)
2y L0 y
GE‘):?)) (P): Chy gp(p + ( + 6;1:03 (48)
2yl L
ohy (p)= cf "ap(p) cep e ) )

2
E E E . E E /nE ).
where ¢, = ¢} - (Clz) /033’ C2=Cp2 (1 - 012/033)’

D _ «\2 c . D _ «\? c
Chi=Cn+ (&) /X335 Co=Cnpt (&) /s
moduli of elasticity for the mode of axially symmetric

radial oscillations of the piezoceramic disk material
particles in the areas under the electrodes (area No.l,

where p € [O, Rl] , and area No.3, where p € [Rz , R3])
and in the areas where there are no electrodes (area No.2,
pe[Rl,Rz], No.4,
pe[Ry.R).

The amplitude values of the radial components of the

material particles displacements vectors in the areas No.1,
..., No.4, are defined as follows:

are

where and area where

(50)
(51

u? (p)= AJ, (),
uf(>2) (p)= A, (Ylp) + AN, (Y1P) )
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U£3) (P)= AJ, (vp) + AN, (vp),

u‘() ) (P)= Adi (vip) + AN (1,p).

(52)
(53)

where A,
the radial displacements of material particles in various
areas; J,(z), N;(z) (z=1yp; z =v,p) are Bessel and

Neumann functions [25] of the first order;

y = m/JC“/pO and vy, = (D/wfch] /po are wave numbers

of the radial oscillations in the areas under the electrodes,
and in the areas where there are no electrodes; p, is a

, A, are frequency-dependent constants of

piezoceramics density.

In the conditional separation boundaries the
amplitudes of displacements and stresses should satisfy
the conditions of dynamic and kinematic coupling, which
can be written as follows:

W(R)-o(R) =0, (54)
W (R)-u? (R) =0, (55)
G&?(Rz)_ Gp?(Rz)zoﬂ (56)
u? (Ry)- ulY (R,) = 0. (57
GE»?(R3)_GE)?(R3):0’ (58)
ut) (Ry)- ul! (R,) = 0. (59)

If boundary p= R of the piezoceramic disk is free

from mechanical contacts with other material objects,
then on the contour p= R next condition should be

satisfied

o

(R)

Substituting expressions (46)—(53) into conditions
(54)—(60), we obtain an inhomogeneous system of linear
algebraic equations, which consists of seven equations,
that contain seven sought constants A, ..., A,. It is
obvious that this system of equations is solved in one

way. In general terms, mentioned system of equations can
be written as follows:

(60)

7 -
Z MicAc = P, (J.k=12,..7). (61)

The coefficients m i and right-hand parts P; of

equations (61) have the following form:
= (1=K) 3, (R)/(R):

m11=J0(YR1) k=cp/cs

© Bazilo C. V., 2018
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mlzzé[‘]o 1_k) (v Rl)/(lel)];
E= 1+ K3 K31—(e31) /(ngcu); ki=cB/ch;

M3 = é[No (YlRl) (1=k)N, (YIRI)/(VlRl)];
Myy =Mys = Mg =Mmy; = 0; B =-qU,/Q;
q= e;lR/(C“oz); Q=1vR; m, :Jl(le);
m22=J1(Y1R1)§ my; =0 My =N, (YlRl);

My, = Mys =My = My; =0; P, =03
m32=§[Jo(Y1R2) -(1=k)3, (Yle)/(Yle)J;

m33=§[N0(Y1R2) —(1- k)N, (Vle)/(Vle);
My =3, (YRy) = (1 - k)3, (YRz)/(YRz)?
Mys =Ny (YR,) = (1 = k)N, (YR, )/ (1R, )

My =My =05 P =qU,/Q; my; =0; my, =J, (7,R,);
=N (1Ry): My =3, (YR,): mys =N, (1R,);
m46_m47_0 Py =0; ms = ms, = ms; = 0;
ms, =J, (YR;) = (1 - k)Jl(VRz)/(YF%)’
mss =Ny (YR;) = (1= k)N, (vR;)/(¥Rs)

Mys =&[ 3o (1/Rs) = (1= k)3, (1R )/(1Rs) |5
m57=§[N0 (viRs) =(1 = k)N, (YIR3)/(VIR3);
Py=—qU,/Q; mg = mg, = mg;=0; m64:‘]1(VR3);
Mes =N (YR )5 Mgg =3, (1,R3)5 Mgz =N, (1,Ry);

Po=05 My =My =M= My =m;=0;
Mo =Jo (1R) = (1= k)3, (1, )/(le)
m;; =N, (YlR) - (1 - kl)Nl(YlR)/(YlR); P, =0.

Solutions for constants A, A, and A, that define

the radial displacements of disk material particles under
the electrodes of primary and secondary electrical circuits
of piezoelectric transformer are as follows:

B B
A=—— ( 2A11+U0A12) Ay :#§A12—D;2s (62)
o o
q B,, By,
=L (U, A, + UyA S AL, =R (63)
A, Q( 2Ay 0 42) Ay = D, Ay, D,
B B
A=—— ( 2A51+U0A52) A5 _SI;ASZZD_SZ’ (64)
o o

where D, is a determinant of the system of equations
(61), and B, ..
matrices:

., Bs, are determinants of the following
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—-m,, —My, 0 0 0 0
My My My —Mys 0 0
B, = My My —My -M 0 0 :
0 0 Ms,  Mss  —Msg —Msy
0 0 Mes  Mes  —Mgg —Mgy
0 0 0 0 m, My
-m, —m;; 0 0 0 0
—m,, —m,, 0 0 0 0
B, = ms, Ms3 My + My —Mys +Mss —Msg Ms; :
My, My3 My —Mys 0 0
0 0 Me4 Mes —Mge —Meg7
0 0 0 0 m,, m,,
My My —My 0 0 0
0 my My -m 0 0
B, = 0 my my -my o 0 0 :
0 Mss  —Msg  —Msy
0 Mes  —Mgg  —Mgy
0 0 0 m, My
m, My, M3 0 0 0
My, —my, —Mys 0 0 0
B, = 0 M3, M3 M35 +Mss Mse Ms; :
0 Mgy My3 Mys 0 0
0 0 0 Mgs ~Mge Mgy
0 0 0 0 m,e m,,
My =My -My 0 0 0
0 my myo -my 0 0
By, = 0 my my -my 0 0 :
0 0 0 My M5 —My
0 0 0 My -Mg —Mg
0 0 0 0 My, My
My, m;, —m;3 0 0 0
my, —My, —My3 0 0 0
B,, = 0 ms, M3 —Myy +Msy —Mse Ms;
0 Mgy My3 My, 0 0
0 0 0 Mgy ~Mes —Me7
0 0 0 0 My m,,
Substituting definition (62) of the constant A into the U, =U,K, (Q,H) : (65)
equation (50), and obtained result into the formula for 2
p?)tential galc)ulating U, we can come to the conclusion K, (Q,H): 2f ((”) K31A2 [‘]1 (QRI/ R)/ (QRI/ R)] :
that 1- 2fe ((’)) K321A11 [‘Jl (QRI/R)/(QRl/R)]
€3,0
U,=2f, ((D) Xg,BRlQ(UzAu + U0A12)J1(YR1)5 where K321 _ (e; )2/(011)(;53) < . squared
which implies that electromechanical coupling coefficient for the mode of

© Bazilo C. V., 2018
DOI 10.15588/1607-3274-2018-4-1

16



e-ISSN 1607-3274 PagioenekrpoHika, inpopmaTuka, ynpasainss. 2018.
p-ISSN 2313-688X Radio Electronics, Computer Science, Control. 2018.

Ne
Ne

4
4

radial oscillations of thickness polarized piezoceramic
disk material particles.

Let us define the amplitude value U, of electric
potential difference on the electrode of the piezoelectric
transformer’s primary electric circuit.

It is obvious that

Uo:&, (66)
Zy+ 24

where Z; is an electric impedance of the area No.3 under
the ring electrode of the piezoelectric transformer’s
primary electric circuit. In accordance with Ohm’s law for
the electrical circuit section Zy=U,/l; , where |5 is an
amplitude of the alternating current in the conductor,
which connects the generator of electrical potential
difference with the ring electrode. As before, we assume

that |;= —iwQ,, where Q; is an amplitude value of

polarization charge under the ring electrode, which is
defined as follows:

NG
Q3=27IRI pD;” (p)dp =

208,
Ry (1 —31132)u0 R (R

(67)

:C3GU0

where Cj = my3, <R32 - R? ) /(x is a static electrical

capacitance of the ring electrode; B=R,/R, is a

geometrical parameter of the ring.
Substituting (63) and (64) for the calculation of
constants A, and A into definition (52), and taking into

account the expression (65), we obtain the following

formula for the calculation of displacements uf(f) ( p) :

*
_ U,Re;
Qc, o

+[K, (Q.m) A + ASZ]NI(Qp/R)}.

u“)(p)

P {[KZ (Q.IT) A+ A42]~]1 (Qp/R) +

(68)

. 3 3
After calculating the values ur() ) (Rz) and ug ) (R3)

according to the formula (68) it can be written that

Q; = CjU K, (Q,H) , where

2Ok, (@.m)A + A3 () +
+[K2 (Q.1) A + Asz} N (Q)} -1

3(2) = [3,(QR,/R) - BJ, (BOR/R) /(R /R);

N (Q)=[N, (QR,/R) = BN, (BQR;/R) |/(QRy/R).

© Bazilo C. V., 2018
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2
K, (Q.1T)= f;;z

After charge determining Q, the electrical impedance
by the
Z,=- 1/[iooC3S K, (Q,H)J, from which the definition of

Z, is determined expression

potential difference on the ring electrode follows

U
UO_ 1

= . (69)
1 - i0CfZyK; (Q,1T)

Substituting (69) into (65) we can come to the
conclusion that

Ko (1)

U =U s
P i0CSZ Ky (QT)

from which the formula for the transfer ratio calculation
follows

_Ky(em)
U 1-i0CJZ Ky (Q,IT)

(70)

Analytical structure (70) is a mathematical model of
piezoelectric ring-dot transformer with ring electrode in
the primary circuit.

5 RESULTS
Expression (70), which determines the transfer ratio of
piezoelectric device, has a structure which is typical for
electronic devices with negative feedback. It is clearly
seen that the depth of feedback is directly proportional to
the value of the signal source output impedance Z, . If

the value of Z, = 0 the feedback disappears and transfer

ratio is completely determined by a frequency dependent
function K, (Q,H).

Feedback physical content which exists in
piezoelectric  transformers is practically obvious.
Displacements levels of piezoelectric disk material
particles increases significantly at a frequency of
electromechanical resonance of radial oscillations. This is
accompanied by an increase of deformations and as a
consequence, by an increase of levels of polarization
charges on the electrodes of the primary electrical circuit.
Because of this the amplitude of the electric current in the
primary circuit increases, which is accompanied by an
increase of voltage drop on the resistance Z, and,

accordingly, by a decrease of potential difference U,
(see. Fig. 3).

The transfer ratio modeling of piezoelectric
transformer according to (70) have been conducted, the
results of which are shown in Fig. 4. As follows from the
results shown in Fig. 4, the parameter change Z, is

accompanied by significant changes in the frequency
characteristic of piezoceramic disk transformer.
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Fig. 5 illustrates an influence of mechanical Q, - JKenl (D:Ku.z.nq
T T T il T T T T T T
factor of disk material on a change of transformation ratio ] l
350 b St

in a narrow band near the first electro-mechanical
resonance of the radial oscillations of free (not fixed)
piezoceramic disk. The numerical values of quality factor
are indicated near the corresponding curves.

All calculations were performed for piezoceramic disk

with radius R=33-10"m and thickness
o =3-10"m , made of thickness polarized PZT type
piezoceramics with following parameters:
po=T7400kg/m’;  cE=112GPa; cf=62GPa;
c5,=100GPa; e,=20C/m?>; e,=-9C/m?;

25=18007,; x,=8,85-101"2 F/m is a dielectric
constant; Q, =100 is a quality factor of piezoceramics;

Z,=10 kOhms is an electrical load value; Q = w1, is a

dimensionless quantity, where 1, = R/ G /Py is a
piezoceramic disk time constant. The frequency
f =15206 Hz corresponds to the value Q =1. The

value of the electrical impedance module of the electrical
signal source is shown in the figures field.

Kl

Z2,=10 Ohms

20 b

10

T

] 2 0
Kl 1) _|kle,mi
14 —r— 7 g -
Zg= 20 Chms | Z,J= 50 Ohms
10 ST O S SN S N S - 5
8 1
6 2
4 2

4.6 8 10
c
Figure 4 — Influence of the signal source output impedance Z g

on a frequency-dependent change of the transfer ratio module,
when R/ /R=12/25, R,/R=15/25 and R;/R=0.999:

a—Zy=>50hms; b—Z;= 10 Ohms;
¢ —Zy= 20 Ohms; d — Z; = 50 Ohms
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=
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[
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Y VT . B
c d
Figure 5 — Influence of the signal source output impedance Z g on
a frequency-dependent change of the transfer ratio module, when
R /R=12/25, R,/R=15/25 and R,/R=0.999:
a—Zy=>5Ohms; b—Z;=10 Ohms;
¢ —Zy=20 Ohms; d — Z; = 50 Ohms

From the results shown in Fig. 4, 5 it can be concluded
that each set of physical and mechanical piezoelectric
parameters, each primary and secondary circuit electrodes
configuration and fixed electrical load of piezoelectric
transformer is corresponded to a fixed value of electrical

signal source output impedance Zys with which the

maximum transfer ratio is realized in a specified frequency
range.

In Fig. 6 it is shown the calculated (solid line) and the
experimentally obtained (dashed line) curves of the
frequency dependence of the modulus of piezoceramic ring-
dot disk transformer’s transformation coefficient. The
calculation is based on the same parameters as in the

calculation of the curves |K(Q,H)| shown in Fig. 4.
Naturally, the dimensions of the disk transformer in the
calculation and experiment are chosen to be the same, i.e.,
the radius R =33-1073 m, the thickness o = 3- 107> m and

R/R=12/25, R,/R=15/25, R;/R=0.999 . The values

of the modulus of transformation coefficient of the
piezoceramic disk transformer are plotted along the ordinate
axis, and the frequency f (dimensionless value Q) — on the

abscissa axis. The frequency f =15206 Hz corresponds to
the value Q =1.
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Figure 6 — Calculated (solid line) and experimentally obtained
(dashed line) curves of the frequency dependence of the
modulus of piezoceramic ring-dot disk transformer’s
transformation coefficient

6 DISCUSSION

When building the model, it was assumed that the
thickness of the electrodes located on the surfaces of the
disk is very small in comparison with the thickness of the
disk « . In other words, the thickness of the electrodes,
which, as a rule, does not exceed 15 um, was not taken
into account for constructing a mathematical model of
piezoelectric transformer based on piezoceramic thin disk
(a/R << 1). It should also be noted that mathematical

model (70) was built for ring-dot piezoelectric
transformer (see Fig. 3) with surfaces partially covered by

electrodes (area 1, p € [O,RJ, and area 3, where
pe [Rz,RJ) and in the areas where there are no
electrodes (area 2, where p € [Rl,Rz], and area 4,
where p € [R3 , R] ).

As expected, the absolute values of the frequencies of
resonances in calculation and experiment differ from each
other. So, following the calculation, the frequencies of the
first second and third electromechanical resonances are
respectively equal to f, =37193 Hz, f, =88194 Hz

and f; =135330 Hz;  the  frequency  ratio
=/ =237,
rl
The experimental values of the same quantities are,
respectively, f,, =34491 Hz, f, =83728 Hz ,

=2.428. If the

f,=132325Hz and (= fr%

rl
experimental data are assumed to be true, the error in
determining the frequency ratio is AL =2.3%. The

obtained results are explained very simply. The numerical
values of the frequencies of resonances s are determined
by the dimensions and physicomechanical parameters of
the material of disk element. The ratio of the resonances
frequencies of the same disk is determined practically
only by its dimensions. For this reason, a very satisfactory
match between the theoretically and experimentally

© Bazilo C. V., 2018
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determined resonance frequency ratios is observed. The
discrepancy between the absolute values of the resonance
frequencies is explained by the discrepancy between the
physicomechanical parameters of the piezoceramics,
which were incorporated into the calculation and which
are inherent in the experimentally investigated object.
Comparing the curves, we can conclude that the quality
factor of the material of the experimentally investigated
sample is at least 1.2 times larger than included in the
quality factor calculation.

Thus, it can be asserted that the character of the
variation of both curves, shown in Fig. 6, in a fairly wide
frequency range coincides with accuracy to details. This
means that the qualitative content of the expression (70) is
adequate to the processes that occur in real object. In
other words, expression (70) is a mathematical model of
piezoelectric ring-dot transformer with ring electrode in
primary electrical circuit and sufficiently adequate to the
real object and the processes occurring in it. The latter
allows us to assume that the mathematical description of
the stress-strain state of the disk transformer also
corresponds quite well to the real state of things.

CONCLUSIONS

Physical processes in piezoelectric transformers,
which operate using axially symmetric radial oscillations
of the piezoceramic disk, are considered. The scheme of
mathematical models constructing of the ring-dot
piezoelectric transformer that is sufficiently adequate to
real objects and occurring physical processes is proposed.

Main results of this work can be formulated as
follows:

— mathematical model of piezoelectric transformer
with ring electrode in the primary electrical circuit is
constructed;

— high sensitivity of frequency characteristic of
piezoelectric transformer to the values of the output
impedance of the electrical signal source in the primary
electrical circuit is demonstrated.
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INPUHIOUIIA TA METOAU PO3PAXYHKY INIEPEJATOYHHUX XAPAKTEPUCTHK JUCKOBHX
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Basino K. B. — xaHa. TexH. HayK, JOIEHT, IONIEHT KadeIpH NIpuiIafo0yayBaHHS, MEXaTPOHIKM Ta KOMII IOT€PU30BAHHX
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AHOTAIIA

AKTYyaJIBHICTh. 3aBISKH CBOIM YHIKaJIbHHM BIACTHBOCTSIM IT’€30KepaMiKa 3HaXOAUTh 3aCTOCYBAHHS B Pi3HUX 00JIACTSIX TEXHIKH
1 TexHOJOTIi. /INCKOBI I’ €30€IEKTPUYHI PHCTPOI IMUPOKO BUKOPUCTOBYIOThCA B €IEMEHTax iHpOpMaIiifHuX cucteM. JlocmimkeHHs
TTOKAa3aJIy, IO 11" €30€IEKTPUYHI TPaHCPOPMATOPH MOXKYTh KOHKYPYBATH 3 TPAAUIIHHUMH €JIEKTPOMAarHiTHUMH TpaHc(hopMaTopaMu
SIK 32 e(eKTHBHICTIO, TaK 1 3a IMUIBHICTIO TOTYXHOCTI. KiHIIEBOIO METOI0 MaTeMaTHYHOIO MOJENIOBAaHHS (i3HYHOTO CTaHy
KOJIMBAIIBHHX I’ €30KEPaMidHUX €JIEMEHTIB € SKiCHHI 1 KUIBKICHUH OITIC XapaKTePUCTHK 1 MapaMeTpiB iCHYIOUHX B HUX €IEKTPUIHUX
Ta eIaCTUYHHX HOJIIB.
MeTa poGoTH — 3anpPONOHYBATH NPUHLMIN MMOOYA0BH MaTeMaTHYHUX MOJEJNeH, sKi B JOCTATHIH Mipi aJleKBaTHI peaybHUM
HOPHUCTPOSIM i Bi3UIHUM TIpoLecaM, U0 BiA0YBaEThCS B HHX.
Meton. MaremMaTudHi Mopeni I’€30€JISKTPUYHUX TpaHC(HOPMATOPIB, LIO MPALIOIOTh 3 BHKOPHCTAHHIM BiCECUMETPHYHUX
pajianbHUX KOJMBAHb I1'€30KEPAMHYHMX IHUCKiB, MOOyIOBaHI 3 MiHIMAaJbHUM YHCIOM IPHITYLHICHb, IO CIPOIIYIOTH PEaNbHY
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cutyauiio. e 103BoJIse CTBEPIKYBATH, L0 3aIPOIIOHOBAHA cXeMa 100y JOBH JAOCTABIIsIE MAaTEMaTUYHI MOJIEI, SIKi B JOCTaTHIi Mipi
a/IeKBaTHO BIAMOBINAIOTH peabHUM 00’ €KTaM 1 Pi3HYHUAM MpoIiecam, sIKi B HUX iCHYIOTb.

Pe3yabTaTn. OCHOBHI pe3ynbTaTd Li€l poOOTH MOXKHA COPMYITIOBATH HACTYITHHM YHHOM: MMOOYJOBaHA MaTeMaTH4HA MOJEIb
I’ €30€JIEKTPUYHOT0 TpaHCc(opMaTopa 3 KiJIBLIEBUM €JIEKTPOAOM B IIEPBUHHOMY €JIEKTPUYHOMY KOJIi; TI0Ka3aHa BHUCOKA Uy TIHBICTh
YaCTOTHOI XapaKTEePUCTHKH II’€30€JIEKTPUYHOTO TpaHchopMaropa MO 3MIiH 3HAUCHb BHXIJHOTO OHOpY IDKEepena eIeKTPUYHOIO
CUTHAJIy B IIEPBUHHOMY €JIEKTPUYHOMY KOJIi.

BucnHoBkn. B pesynbrari JOCHIJUKEHHS MaTeMaTH4HOI MOJENI PEaTbHOro IPHCTPOI0 MOXKHA BHM3HAYMTH TOH HaOIp
TEOMETPUYHHX, (i3UKO-MEXaHIYHUX Ta EIEKTPHUYHUX IapaMeTpiB peajbHOro 00’€KTa, sIKMW 3ade3nedye peaizaliio TeXHIYHHX
MOKAa3HHKIB (QYHKIIOHAIILHOTO €IEeMEHTa I’ €30eJICKTPOHIKH, 00YMOBJICHHX B TEXHIYHOMY 3aBIaHHi. BapTicTh 30epexxeHnx pecypciB
CTAaHOBHTh KOMEpLIHHY I[iHy MaTeMaTH4yHOI Mojemi. [lepCrekTHBH MONANbIINX AOCTIIKEHb MOXYTh IONSTaTH B MOOYHOBI
MaTeMaTHYHOT MOJIEJIi I’ €30€IeKTPUIHOTO TpaHc(opMaTopa 3 CEKTOPHUMH EIICKTPOJaMH.

KJIIFOYOBI CJIOBA: 1’e30eneKTpuyHHN TpaHCHOPMATOp, BiCECUMETPUYHI KOJIHMBaHHS, (i3UUHI MPOIECH, MaTeMaTHYHA
MOJIEIb.
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NPUHOUIIBI U METOJbI PACYUHETA IEPEJATOYHBIX XAPAKTEPUCTHUK JUCKOBBIX
HNBE3O2JIEKTPUYECKUX TPAHCO®OPMATOPOB

Ba3nno K. B. — kxaHn. TexH. HayK, IOIEHT, JOIEHT Kadeapsl MpHOOPOCTPOEHHMS, MEXATPOHHKH M KOMITBIOTEPHU30BAHHBIX
TexHoaorui Yepkacckoro rocy1apCTBEHHOIO TEXHOJIOTHYECKOI0 YHUBEpCUTETa, Uepkacesl, YKpauHa.

AHHOTANUA

AKTyanbsHOCTb. biarojapsi CBOMM yHUKaJbHBIM CBOMCTBaM IIb€30KEPAMMKA HAXOMUT NPUMEHEHHE B Pa3iIM4HBIX 00JIacTsX
TEXHUKM M TEXHOJIOTMH. JIMCKOBBIC IBE303JIEKTPUUECKHE YCTPOMCTBA IIMPOKO HCIOJB3YIOTCA B JIEMEHTaX HH(OPMALMOHHBIX
cucteM. HccienoBaHus NOKa3alld, YTO IbE303JIEKTPUYECKHE TpaHC()OPMATOPBl MOIYT KOHKYPHPOBaTh C TpaJULMOHHBIMU
JNIEKTPOMATHUTHBIMU TpaHC(HOpMAaTOpaMH KakK 10 3(GEKTHBHOCTH, TaK M 10 IUIOTHOCTH MOIMHOCTH. KOHEUHOH mensio
MaTeMaTHIECKOTO MOJCTHPOBAHHUSA (DH3MIECKOTO COCTOSIHUSI KONEONIOIUXCS IhEe30KEPAMHYECKHX 3JIEMEHTOB  SBISCTCS
KayeCTBCHHOE U KOJIMYECTBEHHOE OIIMCAaHUE XapaKTEPUCTUK U IAPaMETPOB CYILECTBYIOIUX B HUX AJICKTPUYECKUX U YIIPYTUX HOJIEH.

Leanb paGoThl — IPEAIOKUTH IPUHIMIILL IOCTPOCHUS MAaTEMAaTHYECKUX MOJEIEH, KOTOpble B JOCTaTOYHOW Mepe aJeKBAaTHBI
peaNbHBIM YCTPOICTBAM M IIPOMCXOJSIIMM B HUX (DU3HYECKHM IIPOLIECCaM.

Metoa. MaremaTHueckue  MOJEIM  IbE302JIEKTPUUECKHX  TpaHC()OpMaropoB, paboOTaOIUX C  HCHOJIb30BaHUEM
O0CECHMMETPHYHBIX PaJUaIbHBIX KONeOaHMH MbEe30KEPaMHUYECKHX IUCKOB, MOCTPOEHBI ¢ MUHUMATBHBIM UYHCIOM YHPOIIAOIINX
peanbHYI0 CHUTyalMIO TPEANONIOKEHUH. OTO TO3BONAET YTBEPXKIaTh, YTO MPEANOKEHHAas CXeMa MOCTPOECHHs JOCTaBIISET
MaTeMaTHIECKHE MOJENHU, KOTOPBIE B JOCTaTOYHONW Mepe afeKBAaTHBI PealbHBIM 00BEKTaM M (PU3MUECKHM IpoleccaM, KOTOphIE B
HUX CYyIIECTBYIOT.

PesyabTatel. OCHOBHBIE pe3yNbTaThl HACTOSIICH pPabOTBI MOXHO CGOPMYJIHpPOBAThH CIEAYIOIIMM 00pa3oM: IIOCTPOSHA
MaTeMaTH4YecKass MOJIEIb ITbe303ICKTPUIECKOTr0 TpaHCc(opMaTopa ¢ KOJBLEBBIM JICKTPOAOM B IIEPBUYHON IIEKTPHUECKON IEIH;
IOKa3aHa BBICOKAs YyBCTBHTEJIBHOCTh YaCTOTHOM XapaKTEpHCTHKU IIbE30ICKTPHYECKOro TpaHchopMaTopa K H3MEHEHHUSIM
3HA4YEHUH BBIXOJHOIO COIIPOTUBIICHUS HCTOUYHUKA JIEKTPUYECKOr0 CUTHAJIa B IEPBUYHOM JIEKTPUYECKON eTn.

BruiBoabl. B pesynbraTe mcciemoBaHUS MaTeMaTH4eCKOW MOJENH PEAJbHOIO YCTPOWCTBA MOMKHO ONpPENeNuTh TOT Habop
TEOMETPUIECKHUX, PU3NKO-MEXaHWUECKUX U EKTPUIECKHX MapaMeTPOB PealbHOr0 00BEKTa, KOTOPBII 00eCIeYrBaET peannu3alnuio
TEeXHUYIECKUX MOKa3aTesed (pyHKIHMOHAIFHOTO 3JIEMEHTA NbE30eNICKTPOHNKH, OTOBOPEHHBIX B TEXHHYECKOM 3amaHnd. CTOMMOCTH
COXPAHECHHBIX PECYpCOB COCTABISICT KOMMEPUYECKYIO IIeHy MaTeMaThdeckod mopenu. IlepcrneKTHBBI JadbHEWIINX HCCIIeIOBaHUIT
MOTYT 3aKJIFOYaThCSI B TIOCTPOSHUH MaTeMaTHIECKOI MOIENN MbEe303JIeKTPHIECKOro TpaHc(hopMaTopa ¢ CeKTOPHBIMHU JIEKTPOAAMH.

KJIIOYEBBIE CJIOBA: mbe3037eKTpHYecKuil TpaHC(opMaTop, OCECHMMETpHUYHbIE KOJeOaHWs, (H3HYECKHe IPOIECCH,
MaTeMaTH4yecKas MOAEb.
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