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ABSTRACT

Context. This article is devoted to the linear problem of the steady and unsteady flows of a viscous incompressible fluid.

Objective. The purpose of this paper is to compare the previously developed methods of numerical analysis of the steady and
unsteady flows of a viscous incompressible fluid.

Method. The flow of a viscous incompressible fluid can be described by the system of nonlinear Navier-Stokes equations. The
variables of this system are velocity, pressure, density, volume forces, and fluid viscosity. Using the stream function, the Navier-
Stokes equations can be transformed to the initial-boundary problem with the differential equation of the fourth order. To solve the
problem the structural variational method of R-functions and Ritz method (steady problem) or Galerkin method (unsteady problem)
are used. The R-functions method allows satisfying the boundary conditions accurately and transforming them to the homogeneous,
which are the prerequisite for application of Ritz or Galerkin method. The problem transforms to the solving the system of linear
algebraic equations or the system of ordinary differential equations for steady and unsteady flows respectively. The matrices
elements are the scalar products in the norms of the corresponding differential operators. Numerical integration was made by means
of Gaussian quadratures with 16 points. Solutions of the system of linear algebraic equations and the system of ordinary differential
equations were found with the help of the Gauss method and the Runge-Kutta method with an automatic step-size control
respectively. The existence of a unique solution of the problems is proved.

Results. The computational experiments for the problem of flows of a viscous incompressible fluid for the different rectangular
domains carried out.

Conclusions. The conducted experiments have confirmed that the stream function, the flow velocity, and other flow
characteristics are converging to the steady state when the time is increasing. This allows us to say that the obtained methods work as
expected. The further research may be devoted to the comparison of the solution methods for the non-linear problems.

KEYWORDS: Navier-Stokes equations, steady flow, unsteady flow, viscous fluid, stream function, R-functions method,
successive approximations method, Ritz method, Galerkin method.

ABBREVIATIONS t is a time;
FDM is the Method of Finite Differences; E is a space region, a cylinder;
FEM is the Method of Finite Elements; = is a boundary of = ;
SIMPLE is the Semi-Implicit Method for Pressure Q is a flow domain, a cross-section of = by a p]ane
Linked Equation; perpendicular to the axis Oz ;
SIMPLER is the SIMPLE Revised; 0Q is a boundary of a streamlined body;

RFM is the R-Functions Method. O is a closure of O ;

n is an outer normal to 0Q2 ;

NOMENCLATURE . .
p is a density;

X, Y, z are variables of the Cartesian coordinate

1S a pressure;
system,; P p ’

© Artiukh A. V., Lamtyugova S. N., Sidorov M. V., 2019
DOI 10.15588/1607-3274-2019-1-3

29



e-ISSN 1607-3274 Pagioenexrponika, inpopmaruka, ynpasminss. 2019. Ne 1
p-ISSN 2313-688X Radio Electronics, Computer Science, Control. 2019. Ne 1

v is a field of fluid velocities, v = (vy, Vy, Vy);

v" is a field of fluid velocities at the initial instant of

time, VO = (vQ,vQ,v?) ;

a is a fluid velocity vector on the boundary 0=,
a:(aX5ay7aZ);

F is a field of volume forces, F = (F, Fy, F);

Re is a Reynolds number;

v=Re"! is a coefficient of viscosity;

vy is a stream function, y = y(X, Y,t) ;

Yy is a stream function at the initial instant of time,
Vo =Wo(XY);

EC is a gluing operator of boundary values;

D, is an operator, D; =(V,V);

@ is an undefined component of the solution
structure;

® =0 is a normalized equation of 0Q;

o is a sufficiently smooth function describing the

geometry of the domain Q ;
V is a gradient operator;

A? is a biharmonic operator;

A is a Laplace operator;

A is an operator, A= A? ;

Dp is a domain of definition of an operator A ;
H 5 is an energy space of an operator A ;

B is an operator, B=A;

Dg is a domain of definition of an operator B ;

Hpg is an energy space of an operator B ;

C"(Q) is a space of continuous functions which are
n-times continuously differentiable on Q2 ;

W22 (Q) is a Sovolev space;

L, (Q) is a Hilbert space of square-integrable on
functions;

{tk} is a complete in L, (€2) sequence of functions;

{ok} 1s a sequence of coordinate functions;

N is a number of coordinate functions;

Ci (1) is a sequence of unknown functions in Galerkin
method;

Mg (Xg. Yo) 18 a fixed point inside Q ;

M (x,y) is an arbitrary point inside Q ;

B (X) is a Schoenberg spline of the sixth order.

INTRODUCTION

In this paper, we will address the problem of
developing methods for the numerical simulation of the
steady and unsteady flows of incompressible fluids.
Indeed, the mathematical investigation of flows is one of
the most complex and demanded problems nowadays. It
takes place in chemistry, geophysics, biology, energetic
thermal power engineering etc.

© Artiukh A. V., Lamtyugova S. N., Sidorov M. V., 2019
DOI 10.15588/1607-3274-2019-1-3

30

Usually, the fluid is considered as viscous Newtonian
incompressible medium. This assumption allows us to
express these flows by the Navier-Stokes differential
equations, the solution complexity of which is very high
due to its non-linear part. Therefore, we have an exact
solution only for some particular cases, which are not
suitable for the simulations of real processes. That is why
it is quite important to have the numerical methods to get
an approximation function for this problem.

The purpose of this paper is to develop numerical
methods of getting an approximate solution of the Navier-
Stokes equations by means of the R-functions, Ritz
(steady flows) and Galerkin (unsteady flows) methods.
The main advantage of these methods is that the solution
of a differential equation can be obtained in an analytical
form. This benefit allows one to investigate the solution
more precisely.

1 PROBLEM STATEMENT
The wunsteady creeping flow of a viscous
incompressible fluid in the space region Z is described
by the well-known linearized system of equations (Stokes
linearization) in natural «velocity-pressurey variables [1]

2 2 2
%:_l@+v 0 vx+6 vx+a Vy iR,
o pox x> oy ot
v o>, v, N
—y——l@+ 2y+ 2y+ 2y +Fy, (D)
ot p oy x= oyt oz
2 2 2
ov, _l@+ o°v, 0%, 07, iF,,
ot poz x> oyr o
%J’_a\l_y_i_%:o.
ox oy oz

The system of equations (1) should be supplemented
with initial and boundary conditions:

V|t=0 =v0, v

= =a- 2)

The conditions under which the problem (1), (2) has a
unique solution are stated in [2].

Further let us consider plane-parallel flows, i.e. such
ones for which the region = is cylindrical along the axis
Oz, and the boundary and initial conditions do not
depend on z. For such flows, one can introduce the

stream function y = y(X, Y,t) by the formulas

0 0
V= vy =L (3)
oy OX
Due to the introduction of the stream function we pass
from the system (1) (suppose that the field F is
potentially) to one fourth-order differential equation:

o(=Ay)

2 .
+VA“y=01n Q. 4
" \ 4)
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Based on the definition of the velocity vector v on
oy

E and at t =0, one can obtain the values |, , ™
n|;
oQ

and W't:o [3].
Then for unsteady plane-parallel creeping flow of a

viscous incompressible fluid, we can set the following
initial-boundary value problem:

%wﬁwzo,(x,y)eg,bo, )
Wl 2wl y), (Ly)eB=0Ua, ()

=0o(s,t), s€0Q,t=20.(7)

oy
\I’|@Q = fo(s,1), aag

The corresponding for (5)—(7) problem which
describes stationary plane-parallel flows will have the
form

Ay =0, (x,y)eQ, (8)

=(0y(s), seoQx. 9)

oQ
2 REVIEW OF THE LITERATURE

At present, the numerical mesh-based methods are
widely used in different fields of science. Among them
are methods of FDM [4, 5] and FEM [6-8], SIMPLE and
SIMPLER [9] etc. The main advantage of these methods
is the simplicity of implementation. However, when
moving to a new domain, it is necessary to generate again
and adjust the calculated grid under the task.

The R-functions method [10] of V. L. Rvachev, the

oy
= fy(5), —
W'@Q 0() on

Academician of Ukrainian National Academy of
Sciences, allows satisfying the region’s geometry
precisely.

Lee Chern Earn and others [11] compared SIMPLE
and SIMPLER algorithm in terms of their convergence
rate, iteration number and computational time. They
proved that SIMPLER algorithm is more efficient.

Gupta M. and Kalita J. [12] introduced a new
methodology is based on a stream function-velocity
formulation of the two-dimensional steady-state Navier-
Stokes equations based on FDM. The main advantage of
their formulation is that it avoids the difficulties
associated with the computation of vorticity values.

Claeyssen J. [13] presented a velocity—pressure
algorithm for incompressible viscous flow with a
Neumann pressure boundary condition based on FDM.
Simulations with the cavity problem were made for
several Reynolds numbers.

Bognar G. and Csati Z. focused on the numerical
investigation of the Navier-Stokes equation applying a
spectral method [14]. The correctness of the MATLAB
program was tested on the lid-driven cavity flow problem.

Bettaibi S. and Sedik E. [15] presented a hybrid
scheme with multiple relaxation time Lattice Boltzmann
Method to obtain the velocity field while the temperature
field is deduced from energy balance equation by using
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FDM. They considered a mixed convection heat transfer
in two-dimensional lid driven rectangular cavity. The
code has been validated for the classical lid-driven cavity.
In addition Bettaibi S. and Sedik E. simulated the effect of
Reynolds numbers on mixed convection fluid flow inside
a lid-driven square cavity.

3 MATERIALS AND METHODS

Basic concepts of the R-functions method (RFM).

The R-functions were introduced by V.L.Rvachev,
the academician of the National Academy of Sciences of
Ukraine, in 1963 in his work [10]. Rvachev V.L. was able
to notice among the functions of a continuous argument
the existence of such functions (R-functions), which, in
their properties, resemble the logic algebra functions.
These functions form a set that has a non-empty
intersection with a set of elementary functions, so that
such operations as differentiation, integration, and other
ones can be performed above the R-functions. Thus, each
R-function was associated with a corresponding Boolean
function, which further made it possible to use the
developed apparatus for constructing the solution of the
inverse problem of analytic geometry.

At the present time, a large number of R-functions
systems were constructed [16]. In particular, the system
Ry has the form

=-u, U\/OVEU+V+\/U2+V2 ,
U/\OvEu+v—\/u2+v2 . (10)

Such Boolean functions as negation, disjunction and
conjunction correspond to the R-functions (10) (are the
companion functions for them).

It is known [16], the inverse problem of analytic
geometry consists in constructing for a given domain Q
such a function ®(X,y) that, having the form of a single

<l

analytic expression, is zero on 0Q, is strictly greater than

zero in Q and negative outside Q. Consider, for
example, the construction of such a function for a
rectangular region.

The rectangular region is bounded by lines x=0,
X=a, y=0, y=Db. Let us introduce the supporting

regions: X = {(X, y) :ix(a— X) > 0} is vertical band

between  straight  lines x=0 and X=a;

2, = {(X, y): % y(b-y)= O} is horizontal band between

straight lines y=0 and y=Db. Then it can be seen that
the rectangular region has the form

5221022-

Considering > and >, as two-valued predicates, we

can write the predicate equation of the domain Q
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Substituting instead of 2y and 2, the left-hand sides
of the inequalities defining them and 7R, -conjunction A
instead of the conjunction A, we obtain the function

aw@w=[iﬂa—m}w{%ym—yﬂz

= Lx(@-x)+ L ytb—y)-
a b

1 1
—J—2x2<a—x>2+—2y2<b—y>2 : (1)

a b

The constructed function satisfies the following
properties

o(X,y)=0 on 0Q,
o(X,y)>0 in Q,

o(X,y) <0 outside Q. (12)

In addition, due to the introduction of constant
multipliers into the left-hand sides of the inequalities
defining the support domains, the function (12) has the
normalization property: at regular points of 0Q the

equality Z—(D =—1 holds.
n

Applicable to the solution of boundary and initial-
boundary value problems of mathematical physics, the R-
functions method proposes to construct a so-called
solution structure — a bundle of functions that depends on
one or more indeterminate components, which for any
choice of undefined components exactly satisfy all the
boundary conditions of the problem. After constructing
the solution structure, the indefinite component can be
approximated accurately by some variational or projection
method [17]. Thus, RFM is a mesh-free method, that
allows to present an approximate solution of the problem
in the form of a single analytical expression and
accurately takes into account the geometry of the domain
in which the task is considered.

The construction of the solution structure usually
includes the stage of continuation of the boundary
conditions inside the domain. For this, basically the
following two approaches are used [17].

Suppose that at points of 0Q the function ¢ is given

in the form

©0,1(8), s€0Qy,

90(s) =
90,n(S). S €0,

where the sections of the boundary 0Q;, ..., 6, are

pair-wise distinct, do not have common interior points
and 0Q =0Q; U...0Q,, . Further, let ¢;(x,y), i=1,..,n,

be such that o =@q,i> and ;(X,y), i=1,..,n, be

oy

© Artiukh A. V., Lamtyugova S. N., Sidorov M. V., 2019
DOI 10.15588/1607-3274-2019-1-3

32

such that j(X,y)=0 on 0Q;
Q\8Q; . Then the function

and ®j(X,y)>0 in

n n
0i] [ o
R I B
_ o ®On J#i
?=7 1~ non (13)
— )
o op Zl_[wl

i=l j=1
J#i

has the property © 20 =P0- The formula (13) is called

the «gluing» formula and is denoted by ¢ = ECgy .
Another approach is connected with the continuation
of differential operators defined on 0Q inside the
domain. Let ®=0 be the normalized equation of the
boundary 6Q of the domain €. Then the operator D; at

regular points of 0Q  satisfies the equality

-Dyu

ou . .
- =— . In addition, the expression D;u has a
o on

meaning everywhere in Q .
It is known [3; 17] that the boundary conditions (9)
are satisfied by the bundle of functions

y=f-o(g+Df)+o’®, (14)

where f =ECf;, g=ECqg,.

Method of numerical analysis of steady creeping flow.
Using the solution structure (14) in the problem (8),
(9) let us make the substitution

(15)

is a new unknown

V=9+u,

where ¢o=f-o(g+D;f), u
function. Then for the function u we will obtain a

boundary value problem with homogeneous boundary
conditions

Au=1, (xy)eQ, (16)
ou

u =0, — =0, 17

|6Q anag ( )

where f :—Az(p.

Let us associate with the problem (16), (17) the
operator A acting in L, (Q) by the rule Au =A’u on the
domain of definition

0}
Q

positive definite on

— ou
Dp ={u eC“(Q)ﬂCI(Q):u|8Q =O,a—n

The operator A is Da.
Replenishing Dp in the energy norm ||u||A =4J[u, u]a

generated by the energy product [U, V] = _U Au Avdxdy ,
Q
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we obtain the energy space Hp of the operator A.

Hence, the problem of finding a generalized solution of
the problem (16), (17) will be equivalent to the problem
of finding the minimum in Hp of the energy functional

[3; 18]

2
Flu] = [ul[, —2(u, f) = [[I(Au)* +2AuAp]dxdy . (18)
Q
In addition, it follows from (14) and (15) that the

structure of the solution of the boundary value problem
(16), (17) has the form

U=m’d.

(19)

Let us choose a complete in L,(€2) sequence of
functions {t,} and discover an approximation of the
indeterminate component @ in the form

N

CDN = chtk .
k=1

(20)

Then it follows from (19) that we seek the
approximate solution of problem (16), (17) in the
following form

N

N
UN =®2ZCka = ch@k )
k=1 k=1

e2y)

where @ = cozrk .

It is obviously that the sequence {¢} is a coordinate
one [19]:

1) for anyone k @ € Hp;

2) for any N the elements ¢;, ..., @y are linearly

independent;
3) the system {@y } is complete in Hp .

Then to find the coefficients ¢, ..

can use the Ritz method [18], according to which we
obtain that C;, ..., Cy is a solution of a system of the

linear algebraic equations

., Cy in (21) we

N
Zci[(Pi: (PJ]A :_(A(p’ A(pj)v J :1""9 N 5 (22)
i=1

where (A, Agj) = H A Agjdxdy .
Q

From the general theorems on the convergence of the
Ritz method [18] the ensuing theorem follows.

Theorem 1. If o= f —w(g+D, f)eWZZ(Q) , then the

sequence Yy = @+Uy converges in the norm of W22 Q)

to a unique generalized solution of the problem (16), (17).
Method of numerical analysis of unsteady creeping
flow.
In the problem (5)«(7) let us also make the
substitution of the form (15) and for the function u we
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obtain the initial problem with homogeneous boundary
conditions

%+vAzu:f,(x,y)eQ,t>0, (23)
U,y =Uo> (X,Y)€Q, (24)
u. =0, M Z0, 0, (25)

oQ anag

where f = _VAZ(\D_'_@;_(P’ Up = Vo _(P|t:0'

With the problem (23)—(25) for t€[0,T] (T >0) let
us associate the operators A and B
L, (0,T; L,(Q)) by the rules Au=A%u, Bu=-Au on
the domains of definition

acting in

— ou
Dj ={u eCt@NCc'@:u, =0~

0}
50

— aou
Dg :{u eC*@NC (@ :ul,, =0~
0

o
-ol.
Q

The operators A and B are positive definite on Dp

and Dg respectively. Replenishing D, and Dg in the

"u"A =y/[u,u]a ”U"B =4yu,ulg,

generated by the energy products [U, V] = H Au Avdxdy ,
Q
[u,vlg = ”Vu Vvdxdy , we obtain the energy spaces H p
Q
and Hp .

Then the problem (23)—(25) can be written in the
operator form

energy  norms

%Bu+vAu=f,t>0, (26)

Uly_o =Uo - (27)

The structure of the solution of the initial-boundary
value problem (23)—(25) also has the form (19), but since
the problem is non-stationary, the approximation of the
indeterminate component @ in contrast to (20) is sought
in the form

N

Dy = O (D)7 -
k=1

(28)

Hence, we seek the approximate solution of the
problem (23)—(25) in the form

N
uy = e (Do (29)

k=1

where @y = w? 1 are elements of coordinate sequence.
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Then to find the functions ¢;(t), ..., Cy(t) in (29)

one can use the Galerkin method for non-stationary
problems [20], according to which these functions satisfy
the system of differential equations obtained from the
condition of the orthogonality of the residual

Rn :%BUN +VvAuy — f for equation (21) to the first

N coordinate functions @;, ..., @y :

N N
2. Oli, 01g +v2 G (O9, ¢jla =
i=1 i=1

=(f.9)), j=L..N, (30)

where (f, ;)= H(—VA(pA(pj —aYT(pV(pj dedy.
Q

The initial conditions for the system (30) are obtained
from the requirement of the orthogonality of the

discrepancy Iy =uy | o —Uo of the initial condition (29)
to the first N coordinate functions @y, ..., ¢y :

N

> (0)(@i, ®}) =g, ®j)> j=1,...N.
i=l1

€2))

The unique solvability of the Cauchy problem (30),
(31) for any N [21] follows from the positive
definiteness of the operators A, B and the properties of
the coordinate sequence. And from the theorems of
convergence of the Galerkin method [20; 22] the next
theorem follows.

Theorem 2. If

f = —VA2(p+6§—t(p €L, (0,T; L,(Q)), then the sequence

Up =Wo-¢_yer(@) and

YN =@+Uy converges in the norm of L, (0, T; W22 (D)
to the unique generalized solution of the problem (5)—(7).
4 EXPERIMENTS

A computational experiment was carried out for three
rectangles regions with various aspect ratios: a=b=1;
a=1,b=2and a=1, b=0.5.

The undefined component in the solution structure
(14) was approximated by an expression of the form

N, +3 Ny+3 X y
Dy= ) X CijBG(h__'jBé Poiak
i=3 j=-3 X y
a b . .
where hy =— hy N are steps of a splines grid by
X y
variables X and y accordingly.
Scalar products in systems (22) and (30), (31) were

calculated with accuracy 1076 according to the adaptive
procedure of numerical integration based on the Gauss
formula. The system (22) was solved by the Gauss
method with the choice of the principal element, and the
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Cauchy problem (30), (31) was solved by the Runge-
Kutta-Merson method with an automatic choice of the

integration step with accuracy 1075,
In the stationary problem (8), (9), the boundary
conditions were chosen in the form

_{—L
oo L0
which corresponds to the solid fixed walls of the cavity
Q and to the movement of the upper cover to the left
with unit velocity.

In the non-stationary problem (5)—(7) (v=1), the
initial condition is chosen in the form

y:b’

0,V
’ oQ\{y =bj,

on

Voo =

‘V|t:0 =0,

which corresponds to the beginning of the motion from
the rest state, and the boundary conditions have the form

_ {et -1,
o0 0,
which also corresponds to the solid impermeable walls of
the cavity Q and the motion of the upper wall to the left

y=b,
oQ\{y =b},

0, v

Vil =" 5

from the rest state with the speed et-1.
For the stationary problem, in accordance with the
«gluing» formula (13), we have:

(Lo, g @=X)
b—y+xy(a—x)

and for unsteady flow
f_0 goE-Dv@-%
’ b—y+xy@-x)

Then the problem solution structure for the domain
has the form

Y= mM + D (steady problem),
b-y+xy(a-x)
p— 7t J—
_U=eh@-x

+ 0’ D (unsteady problem),
b-—y+xy(a-x)

where the function ®(X,y) is defined by (10).

For the pressure calculation, the following formula
was used:

0 0
pouy)= | a—pdx+—pdy+C=
mm X O
3 3 3 3
=vp J (82\‘/ +a—\3Vde—[a—\£+ awzjdy+c.
MM ox“oy oy ox>  Oxoy

5 RESULTS
Figure 1, 2 and 3 show the pressure contours of the
obtained approximate solution for the rectangles
a=b=1;a=1,b=2 and a=1, b=0.5 respectively.
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6 DISCUSSION

For small Reynolds numbers (v =1 corresponds to
Re =1), the flow is symmetrical and slow. It can be seen
from the figures 1-3 that with the increasing of time from
1 to 10, the pressure in the cavity has become steady. The
pressure contours for unsteady flow are the same as for
unsteady one when t=10.

The maximum pressure of the flow is located at the
top left corner of the cavity, and the minimum pressure
occurs at the top right corner of the cavity. This behavior
corresponds to the fluid movement from right to left on
the lid. The pressure is decreases at the lower part of the
cavity.

Thus, the stream function is an intermediary between
the Navier-Stokes equation and obtaining the various
characteristics of flow: speed, pressure etc. Other
numerical results are shown in [23].

CONCLUSIONS

The solution methods for steady and unsteady flows in
the driven cavity were further developed. These
algorithms are based on Ritz or Galerkin method and the
R-functions method, which allows satisfying the
boundary conditions precisely. We compared steady and
unsteady flow and it has been shown that unsteady flow

1.0 < o
20 \ ) ,!/ / -20
. 10 } { k [-10 4
e
f \
0.6 /’J \
N 11 \‘ﬁ /
1 L~
) | o] o
0.0,
0.0 0.2 0.4 0.6 0.8 1.0
a

=
/|
I
/
N
L
4
B

0.6

becomes steady when the time increases. In addition, the
various numerical experiments were carried out.

The scientific novelty of the research is the obtained
methods do not change when the region is changed. The
only thing one should do is to build a normalized
boundary equation of a new flow domain. This benefit
allows researches to get the solution faster and easier.

The practical significance is that the developed
methods can be programmed easy and can be used for
several practical applications. The only restriction is it
must be possible to represent a boundary of flow domain
by means of R-functions.

The prospects for further research are to investigate
more complicated flow domains, for example, domains
with inserts, to use other coordinate function with the aim
of obtaining more precise solution and to reduce
computation time with the help of parallel computing on
CPU and GPU.
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YHCEJbHUI AHAJII3 NOBUIBHUX CTAIIOHAPHUX TA HECTAIIIOHAPHUX B’SI3KUX TEYI METO/JOM R-
®YHKIII

ApTiox A. B. — kaHz. ¢i3.-Mar. Hayk, JOLEHT Kadeapu MPUKIaIHOI MaTeMaTHKU XapKiBChbKOTO HALliOHAIBHOI'O YHIBEPCHTETY
paznioenekTpoHiky, XapkiB, YkpaiHa.

JlamtioroBa C. M. — kanp. ¢i3.-MaT. HayK, JOLUEHT KadeIpu BUIOI MaTeMaTUKH XapKiBCBKOTO HAalliOHAJIBHOI'O YHIBEPCUTETY
Micbkoro rocrogapersa imeni O. M. Bekerosa, XapkiB, YkpaiHa.

CugopoB M. B. — kaux. ¢i3.-mar. HayK, JOLEHT, JOLUESHT Kadeapu MPUKIAAHOI MAaTeMAaTHKH XapKiBCbKOrO HAlliOHAIBHOTO
YHIBEPCUTETY PaIiOeIeKTPOHIKH, XapKiB, YKpaiHa.

AHOTAIIA

AKTyaJIbHiCTB. Y CTaTTi po3TIIsAaeThes JiHiIMHA CTAlliOHapHA 1 HecTallioHapHa 3aa4a Tedii B’13K01 HECTUCIINBOI PiJUHH.

Merta po6otu. [lopiBHSHHS PO3POOICHUX METOJIB YUCEIBHOTO aHai3y CTAIlIOHAPHUX Ta HECTAIIOHAPHUX 3aj7a4 Tedii B’SI3KO1
HECTHCIIUBOI PiUHH.

Metopn. Teuis B’sI3K0T HECTHCIIMBOI PiAMHU OIMUCYETHCS HEMiHiiHOW cuctemoro Hap’e-Ctokca BiIHOCHO BEKTOpa IIBUIKOCTI,
THCKY, T'YCTHHH, 00’€MHHUX CHJI Ta B’S3KOCTI PiAMHU. 32 IONOMOTrOI0 BBEACHHS (yHKLIi Tedii cucTeMa 3BOAUTHCS JO MMOYATKOBO-
KpaifoBoi 3a/adi 3 HENiHIMHUM QudepeHIiaTbHIM PIBHAHHAM YETBEPTOro Mopsaky. s po3B’s3aHHS 3amadi BUKOPHCTOBYIOTHCS
CTPYKTypHO-Bapiauifiauii Meton R-¢yHkiii 1 meronu Pitia ta [anpopkina i cTamioHapHOI Ta HeCTaliOHApHOI Tedil BiIIOBiAHO.
Meron R-dyHKuiit 103BOISIE TOYHO BpaXyBaTH KpaifoBl yMOBH Ta 3BECTH IX 10 OJHOPIJHHX, IO € HEOOXITHOIO YMOBOIO MOKJIMBOCTI
3acTocyBaHHSI MeToAiB Pitua ta I'ajbopkiHa. Y cTallioHAPHOMY BHNAJIKy 3a7ada 3BOIAMUTHCS JO PO3B’S3aHHS CHCTEMH JIHIHHHX
anreOpaidHuX PIBHSHb, y HECTAlliOHAPHOMY — CHCTEMHM 3BHYAHHHUX Iu(epeHLiabHUX PiBHSIHb. EneMeHTaMy MaTpuupb € CKaispHi
JNOOYyTKM y HOpMax BIINOBIIHHMX IudepeHLiaTbHuX orepaTopiB. UucenbHe IHTErpyBaHHsS BHMKOHYBAJIOCH 32 JOIIOMOTOIO
KBagpaTypHuX opmyn [aycca 3 16 By3namu, po3B’si3aHHs CHCTEMH JIIHIHHUX anreOpaidHux piBHsAHb — MeTogoM [aycca, cuctemu
3BUYAiHUX AudepeHIianbHuX piBHAHb — MerogoMm Pynre-KyTti 3 aBromatuyHuM BHOOpOM KpOKY iHTerpyBaHHs. JloBeneHO
ICHYBaHHS €IMHOTO PO3B’ 53Ky MOCTABICHUX 3a/1a4.

PesyabTaTn. OGUUCITIOBATBHIA €KCIIEPUMEHT MPOBEICHO I 3a/adi Tedii B S3K01 HECTHCIUBOI PIAMHY Y Pi3HUX HMPSIMOKYTHHX
obmactsix. HaBenmeni rpacdiky miHi pIBHS THCKYy Ta BHKOHAHO aHANI3 OTPUMAHHMX peE3yJIbTATIB, SIKi JHOOpE IOTOIKYIOTHCS 3
pe3yibTaTtaMy, OTPUMAaHUMH HIIUMH aBTOPaMH.

BucnoBkun. [IpoBeseHi 00YHCITIOBaIbHI €KCIEPUMEHTH ITOKA3aly, 10 TPH 30UIbIICHH] Yacy (QYHKLIs Tedil, BEKTOP MIBUIKOCTI
Ta 1HII XapaKTePUCTUKH Tedil BUXOMATH y CTAI[lOHAp, IO IMiATBEP/DKYE Npale3laTHICTh METoXiB. B momanbmioMy riaHyeTbes
MOPIBHSHHS HETHITHUX METO/IB PO3B’sI3aHHS HEMIHIHHUX 3a7a4.

KJIFOYOBI CJIOBA: piBusinus Has’e-Crokca, craiioHapHa Tedisi, HeCTallioHapHa Tedist, B’s3Ka pianHa, QyHKLis Tedii, MeTox
R-¢yHskuiit, MmeTox nocnigoBHUX HaOMIKeHb, MeToA Pitma, meton ["anpopkiHa.
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YN CJEHHBINA AHAJIA3 MEJUIEHHBIX CTAIIMOHAPHBIX M HECTAITHOHAPHBIX BSI3KMX TEYEHHI
METO/IOM R-®YHKI[II1

ApTiox A. B. — kanz. ¢pu3.-mMar. HayK, JOUEHT Kadeapbl NPUKIAJIHON MATEeMAaTHKH XapbKOBCKOTO HALIMOHAIBHOIO YHUBEPCUTETA
PaavolIeKTPOHUKH, XapbKOB, YKpauHa.

JlamTioroBa C. H. — xaHn. ¢us.-mar. Hayk, IOLEHT Kadeapsl BhICHIEH MaTeMaTWKH XapbKOBCKOTO HAIIMOHAIBHOTO
YHUBEpcUTEeTa ropoJckoro xo3siicrea umenu A. H. bekeroBa, XapbkoB, YkpauHa.

Cugopos M. B. — xanz. ¢u3.-MaT. HayK, JOLEHT, JOLUECHT KadeIphl MPUKIIAJHON MaTeMaTHKH XapbKOBCKOTO HAIIMOHAIBHOTO
YHHUBEPCUTETA Pafu03IEKTPOHUKY, XapbKOB, YKpauHa.

AHHOTAIIUA

AKTYyalIbHOCTB. B cTaThe paccMaTpuBaeTcs JIMHEHHAS CTAllMOHAPHAS U HECTALMOHApHAs 3aJaya TeUEeHHs BSI3KOH HEC)KUMaeMOH
JKHIKOCTH.

Leas padorsl. CpaBHEeHHE pa3paOOTaHHBIX METOAOB YUCICHHOTO aHAJIHM3a CTAMOHAPHBIX M HECTAIIMOHAPHBIX 3a/1a4 TCUCHHS
BSI3KOM HEC)KMMAEMOM JKHIKOCTH.

Metoa. TeueHue BSI3KOM HeC:)KUMaeMOM JKUAKOCTH OMUCHIBaeTCs HeIMHeWHoM cucteMoil HaBbe-CToKca OTHOCUTENIBHO BEKTOpa
CKOPOCTH, JaBJICHNUS, TNIOTHOCTH, OOBEMHBIX CHJI M BSI3KOCTH JKUIKOCTH. C IOMOIIBIO BBEACHUS (PYHKIIMU TOKA CHCTEMa CBOIUTCS K
HAYaJIbHO-KPAeBOM 3aJaue C HEJMHEUHBIM TU(PPEpPCHIMATBHBIM ypPaBHEHUEM YETBEPTOro mopsaka. Jlis penieHus 3amadu
UCIOJNIb3YIOTCS CTPYKTYPHO-BApHAIMOHHBI MeToa R-dyHkuuit u metoapl Putna u TanepkuHa Ui CTallMOHAPHOTO U
HECTAaLMOHAPHOT0 TEUYEHHsI COOTBETCTBEHHO. MeTo R-(yHKIMI MO3BOIISIET TOYHO YOBICTBOPUTH KPACBbIM YCIOBUSIM U CBECTH MX
© Artiukh A. V., Lamtyugova S. N., Sidorov M. V., 2019
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K OJHOPOIHBIM, YTO SIBJISICTCS HEOOXOIMMBIM YCIOBHEM HPHMEHHMOCTH MeToioB Putma u anmepkuna. B cranmonapHom cirydae
3ajaya CBOJUTCS K PELICHHIO CHCTEMBI JMHEHHBIX anreOpandeckux ypaBHEHHH, B HECTAl[HOHAPHOM — CHCTEMbI OOBIKHOBEHHBIX
I GepeHIMATBHEIX  yPaBHEHUH. OJIEMEHTaMH MAaTpUIl SBISIFOTCS CKaJspPHbIE IPOM3BEICHUS B HOPMAax COOTBETCTBYIOIIMX
i depeHanbHbIX onepaTopoB. YUCIEHHOE MHTErPUPOBAaHUE BBINONHAIOCH C MOMOLIBIO KBaapaTypHbIx dopmyn I'aycca ¢ 16
y3laMHM, pelIeHHe CHUCTEeMbl JMHEHHBIX anreOpandecKuX ypaBHeHMH — MeTonom ['aycca, cucTeMbl OOBIKHOBEHHBIX
mudbepeHIManbHEIX  ypaBHeHHHT — MeTomoM PyHre-KyTTel ¢ aBToMaTmueckmM BBIOOpPOM IIara HHTETPHPOBaHUS. JloKazaHO
CYIIECTBOBAHNE €ANHCTBEHHOTO PEIICHUS TOCTABICHHBIX 3a/1a4.

PesyabTatel. BeraucnuTenbHblil 9KCIEPUMEHT NPOBEACH Ul 3aJaud TEUCHUs BSA3KOH HECKHMMAeMOH >KUAKOCTU B PA3IMUYHBIX
MIPSIMOYTOJIBHEIX oOuacTsix. [IpuBeneHs! rpaduKy JIMHUH ypOBHS JAaBJICHHS U BBIIIOIHEH aHAIIN3 ITOJYYEHHBIX PE3yIbTaToB, KOTOPHIE
XOPOILIO COIJIACOBBIBAKOTCA C pe3y/IbTaTaMy, NOTy4YE€HHBIMU APYTHMH aBTOPAMHU.

BruiBoasl. [IpoBenieHHbIE BBIYUCIUTEIBHBIE IKCIIEPUMEHTHI MOKA3ali, YTO IPH YBEJIMYCHHH BPEMEHHU (YHKLHS TOKA, BEKTOD
CKOPOCTH U JpPYTHe XapaKTEPUCTUKH TEUEHHUs BBIXOJAT B CTAI[MOHAp, YTO IOATBEPXKAAeT pabOTOCIIOCOOHOCTH MeTOnOB. B
JanmbHEHIIeM MIaHUPYeTCsl CPaBHEHHE METOJI0B PELIEHNs] HETMHENHBIX 3aa4.

KJIFOUYEBBIE CJIOBA: ypaBnenne HaBne-CTOkca, cTallMOHapHOE TEYEHHE, HECTAIIMOHAPHOE TEYEHHE, BS3KAas KHUIKOCTh,
¢yHKIus Toka, Mmetoq R-dyHKumii, MeTon mocnenoBaTeNsHBIX NpUOIIKEeHUit, MeTon Putna, meton ["anepkuna.
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