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ABSTRACT

Context. In the queuing theory of a research of the G/G/1 systems are relevant because it is impossible to receive decisions for
the average waiting time in queue in a final form in case of arbitrary laws of distributions of an input flow and service time.
Therefore, the study of such systems for particular cases of input distributions is important. The problem of deriving solutions for the
average waiting time in a queue in closed form for systems with distributions shifted to the right from the zero point is considered.

Obijective. Getting solutions for the main characteristics of the systems — the average waiting time of requirements in the queue
for queuing systems (QS) of type G/G/1 with shifted input distributions.

Methods. To solve this problem, we used the classical method of spectral decomposition of the solution of the Lindley integral
equation. This method allows to obtaining a solution for the average waiting time for two systems under consideration in a closed
form. The method of spectral decomposition of the solution of the Lindley integral equation plays an important role in the theory of
systems G/G/1. For the practical application of the results obtained, the well-known method of moments of probability theory is used.

Results. For the first time, spectral expansions are obtained for the solution of the Lindley integral equation for systems with
delay, which are used to derive formulas for the average waiting time in a queue in closed form.

Conclusions. It is shown that in systems with delay, the average waiting time is less than in in the usual systems. The obtained
formula for the average waiting time expands and complements the well-known queuing theory incomplete formula for the average
waiting time for G/G/1 systems. This approach allows us to calculate the average latency for these systems in mathematical packages
for a wide range of traffic parameters. In addition to the average waiting time, such an approach makes it possible to determine also
moments of higher orders of waiting time. Given the fact that the packet delay variation (jitter) in telecommunications is defined as

the spread of the waiting time from its average value, the jitter can be determined through the variance of the waiting time.
KEYWORDS: delayed system, shifted distributions, Laplace transform, Lindley integral equation, spectral decomposition

method.

ABBREVIATIONS
LIE is a Lindley integral equation;
QS is a queuing system;
PDF is a probability distribution function.

NOMENCLATURE
a(t) is a density function of the distribution of time
between arrivals;

A*(s) is a Laplace transform of the function a(t);

b(t) is a density function of the distribution of service
time;

B*(s) is a Laplace transform of the function b(t);

C, 1is a coefficient of variation of time between

arrivals;

Cu is a coefficient of variation of service time;

E, is a Erlang distribution of the second order;

E, is a shifted Erlang distribution of the second
order;

G is a arbitrary distribution law;

H, is a hyperexponential distribution of the second
order;

H, is a shifted hyperexponential distribution of the
second order;

HE, is a hypererlangian distribution of the second
order;

HE, is a shifted hypererlangian distribution of the
second order;

M is a exponential distribution law;

M" is a shifted exponential distribution law;
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W is a average waiting time in the queue;
W*(S) is a Laplace transform of waiting time density

function;

A is a Erlang distribution parameter for input flow;

M,Ay is a parameters of the hyperexponential
(hyperelangian) distribution law of the input flow;

p is a Erlang distribution parameter for of service
time;

His K2
(hyperelangian) distribution law of service time;

p is a system load factor;

is a parameters of the hyperexponential

T, 1s an average time between arrivals;

?;% is a second initial moment of time between

arrivals;

T, 18 an average service time;

tfl is a second initial moment of service time;

@_ (s) is a Laplace transform of the PDF of waiting
time;

y,(s) is a first component of spectral
decomposition;

y_(s) is a second component of spectral
decomposition.

INTRODUCTION
In the study of G/G/1 systems, an important role is
played by the method of spectral decomposition of the
solution of the Lindley integral equation (LIE) and most
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of the results in the queueing theory are obtained using
this method. The most accessible this method with
specific examples is described in the classic queueing
theory [1].

This article is devoted to the analysis of QS with
delay, i.e. systems defined by a pair of input distributions
shifted to the right of the zero point. In [2] for the first
time the results on the study of the M/M/1 system with

delay with exponential input distributions (M /M /1)
shifted to the left from the zero point, obtained by the
classical method of spectral decomposition, are presented.
Hereinafter, the superscript “—” will denote the operation
of shifting the distribution law.

In [2], it is shown that the average waiting time of a

queue in the M~ /M /1 system with delay is less than in
the classical M/M/1 system with the same load factor due
to the fact that the coefficients of variation of the arrival
and service times become less than one with the lag
parameter ty, >0. Thus, the operation of the shift of the

distribution law transforms the classical Markov system

M/M/1 into a non-Markov system M /M /1.

The results of [2], together with [1], made it possible
to extend the method of spectral decomposition of the
solution of the Lindley integral equation into systems

H; /H; /1, H3 /M~ /1 and M~ /H3 /1 with delay [3].

In [4], results are given for a HE, /HE, /1 system with
shifted hypererlangian distributions, and in [5] — for
systems E; /E; /1, E; /M™ /1 and M™ /E; /1.

All the QS considered in the article, formed of the

four most known shifted laws of distributions M~ , E,,

H;, HE; are of type G/G/1.

In the queueing theory, the studies of G/G/ systems
are relevant due to the fact that they are actively used in
modern teletraffic theory, moreover, it is impossible to
obtain solutions for such systems in the final form for the
general case.

The object of study is the queueing systems type
G/G/1.

The subject of study is the main characteristics of the
systems — the average waiting time of requirements in the
queue.

The purpose of the work is obtaining a solution for
the average waiting time of requirements in the queue in
closed form for the above-mentioned systems.

1 PROBLEM STATEMENT
The paper poses the problem of finding the solution of
the average waiting time of claims in a queue in the
queueing systems, formed by four distribution laws

shifted to the right from the zero point: M™, E;, H;,

HE,. These four laws of distributions form 4x4=16
different QS G/G/1.

When using the method of spectral decomposition of
an LIE solution to determine the average waiting time, we
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will follow the approach and symbolism of the author of
the classical queuing theory [1]. To solve the problem, it
is necessary to find the law of waiting time distribution in
the system through the spectral decomposition of the

form: A*(—s)-B*(s)-1=wy, (s)/y_(s), where wy,(s)
and y_ (s) are some fractional rational functions of s that

can be factorized. Functions y, (s) and y_(s) must

satisfy the following conditions according to [2]:

1) for Re(s)>0 function y, (s) is analytic
without zeros in this half-plane;

2) for Re(s)<D function y_(s) is analytic
(1)

without zeros in this half-plane, where D is some
positive constant defined by the condition:

lim a(t)/e " <.
t—o0
In addition, functions y, (s) and y_(s) must have

the following properties:

im ()

lim 7(5)2—1. 2)
|s[->0,Re(s)>0 S

|s|>o,Re(s)<D S

:1,

To solve the problem, it is necessary first to construct
for these systems spectral decompositions of the form

A*(-s)-B*(s)-1=wy, (s)/y_(s), taking into account

conditions (1), (2) in each case.

2 REVIEW OF THE LITERATURE

The method of spectral decomposition of the solution
of the Lindley integral equation was first presented in
detail in the classic queueing theory [1], and was
subsequently used in many papers, including [6, 7]. A
different approach to solving Lindley’s equation has been
used in [8]. That work used factorization instead of the
term  “spectral decomposition” and instead of the

functions +(S) and y_(s) it used factorization

components ©, (z,t) and _(zt) of the function

1-z-y(t), where y(t) is the characteristic function of a

random variable & with an arbitrary distribution function
C(t), and z is any number from the interval (=1, 1). This
approach for obtaining end results for systems under
consideration is less convenient than the approach
described and illustrated with numerous examples in [1].

The practical application of the method of spectral
decomposition of an LIE solution for the study of systems
with hyperexponential and exponential input distributions
shown in [10].

In [2], for the first time, the results of an analysis of

QS M /M /1 with shifted exponential distributions are

presented. In [3], results are given on systems H, /H, /1,

Hy /M /1 and M~ /H, /1 with delay, in [4] — on the
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system HE, /HE, /1 with delay, and in [5] — on the

systems E; /E; /1, E; /M~ /1 and M™ /E; /1.

In [9] presents the results of the approach of queues to
the Internet and mobile services as queues with a delay in
time. It is shown that if information is delayed long
enough, a Hopf bifurcation can occur, which can cause
unwanted fluctuations in the queues. However, it is not
known how large the fluctuations are when the Hopf
bifurcation occurs. This is the first publication in the
English-language journals about queues with a delay.
Approximate methods with respect to the laws of
distributions are described in detail in [13-15], and
similar studies in queuing theory have recently been
carried out in [16-18].

3 MATERIALS AND METHODS
Consider the class of density functions f(t), which are
Laplace-convertible, that is, for which there is a function

F'(s)=[e ™ f(t)dt=L[f(t)]. Next, we use the delay
0

theorem as a property of the Laplace transform: for any
ty > 0, the equality will be satisfied

L[ f(t—ty)]=e 0 -F(s), 3)

where Re(S)>0. The considered density functions M,
E,, H,, HE, belong to this class.

In [2-5], using equality (3), obtained spectral
decompositions  A*(-s)-B*(s)-1=y_(s)/y_(s) and
derived formulas for the average waiting time for eight
systems. Based on these results, we can now formulate a
general statement.

Statement. Spectral expansions

A’ (-s)* B (s)—1=wy,(s)/w_(s) of the LIE solution
for all sixteen systems under consideration with delay
completely coincide with spectral expansions for the
corresponding ordinary systems, i.e. the main expression
A" (-s)* B (s)—-1 of the spectral decomposition is

invariant to the operation of the time shift of the density
function.
The proof is carried out on the example of the

M /M /1 system.
The density function of the distribution of intervals
between the requirements of the input flow in this case is

equal to
“Mt-to)
a(t): re , tZtO , (4)
0, 0<t< tO
and for service time
l’tefu(t*"o) t>t
b(t)= LU (5)
0, 0<t<t,
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Functions (4) and (5) are exponential distributions
shifted to the right of the zero point.
Let us write the Laplace transforms of functions (4)
and (5) taking into account property (3):
8 5
Ar(s)="8 T pa(s)= ke "
S+A S+

Then the expression for the spectral decomposition of

the solution of the LIE for the M /M /1 system will
take the form:

vy (s) peo® _Heitos
v_(s) A-s p+s
s(s+p—2)
(L=s)(n+s)

Here, exponents with opposite signs of exponential
functions are reset to zero, and thus the shift operation in
the spectral decomposition is leveled. The right-hand side
of expression (6) completely coincides with the spectral
decomposition of the solution of an LIE for the classical
system M/M/1. It will be similar for other systems, the
spectral expansions for systems with delay and ordinary
systems will coincide [2-5].

Assertion is proved.

Corollary. The formulas for the average waiting time
for all systems with shifted distributions will have exactly
the same form as for the corresponding systems with
ordinary distributions, but with changed parameters due to
the time shift operation [2-5]. Consequently, the average
waiting time for systems with lag actually depends on the
magnitude of the shift parameter t, > 0.

I= Ku—(k—s)(u+s) _
(o-5)(u+5)

(6)

Further, taking into account conditions (1) and (2), we
construct functions y_ (s) and y_(s), and using the
latter, we determine the Laplace transform of the waiting
time density function. So, for the M" /M /1 system we
have:

):w, Wﬁ(s):}&—s.

v (n+s)

Note that the function y__(s) has no zeros and poles

in the half-plane Re(s)> 0, and the function y_ (s) has

no zeros in the half-plane Re(s) <A.
According to the method of spectral decomposition,
the constant K is determined from the condition:
S _
K = tim V(&) _ jiy STRA —1-A/ps
s—>0 S s—>0 S+
parameters A and p are determined by expressions (7) and
(8) by the method of moments:

T, =A "+t (7

where the

T, =+ (®)
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The constant K determines the probability that the
demand entering the system finds it free.

In this case, the ratio A/u does not determine the load
factor as in the case of the M/M/1 system and the
parameters A and p are not the intensity of input flow and
service time, respectively. The Laplace transform for the
waiting time distribution function, following [1], has the

form: @ (s)= K__ (1=2/u)u+s) , and the Laplace
v.(s)  (s+p-2)
transform of the waiting time density function

W*(s)=sd)+(s)=W~ ©)

Then the average waiting time in the queue for the QS

M /M /1 is equal to the value of the derivative of the
Laplace transform (9) of the density function with a
minus sign at the point S=0:
dwW *(s
——()|S =0= k/—“ . Finally, the average waiting
ds p—Xr

time in the queue for QS M /M /1

W Me (10)
n—=A

Distributions (4) and (5) contain two parameters; to
determine them by the moments method, the moment
equations (7) and (8) must be supplemented with
expressions for the second-order initial moments. As the
second moments it is more convenient to use the

coefficients of variation:

c, =(1+ity) ", (11)

Gy =(+uty) ™" (12)

Then, as input parameters for calculating the QS

M /M /1, we set the values to, T, Cos Ty Cu s and the

unknown parameters A, i and t; are determined from the
system of moment equations (7), (8), (11) and (12).

This system of equations is overdetermined and the
input parameters will be bound by the condition

¢, =1-(1-¢,)/p- (13)

where p=7, /7, is load factor.

Similar reasoning for other systems with a delay will
lead to similar results. To do this, in Table 1 we give the
numerical characteristics of the considered laws of
distributions, which were used in [2-5].

The numerical characteristics of the shifted
distributions (Table 1) clearly indicate a significant
influence on them of the shift parameter t0. The numerical
characteristics of the shifted distributions (Table 1)
clearly indicate a significant influence on them of the shift
parameter t,. Now it is necessary to determine the
unknown parameters of these distributions. These
parameters were also obtained in [2-5] and for the cases
of density functions of the distribution of intervals of
input flows a(t) are given in Table 2. Similar parameters
for the service time distributions b(t) will take place by
replacing A with .

Table 3 shows the Laplace transformations of the
waiting time density functionsr in the queues in the
systems under consideration, the components of the
spectral expansions of the LIE solution, as well as the
expressions for the average waiting time in the
corresponding systems.

A detailed description of the algorithms for
calculating the average waiting time for the systems under
consideration can be found in [2-5]. In this way, are the
published results for eight of the sixteen systems.

Table 1 — Numerical Characteristics of Distributions

Distribution laws T, g C}ZL
M 1/\ 2/)2 1
E, 1/\ 3/(20%) 1/2
_n2yv2_ _ _ 2
H, D/, +(1=p)/A, Ap/i2 (- p) /2] (1= pHA — 242, p( p)+2p(2 PA;
(1= P)A; + PA,]
A2 =2phy (M —Ay)+ p=2P)(A —Ay)?
HE I +(1=p)/ N 3p/ @A) +3(1- p)/ (A3 ! e L
> P/ P)/ A, p/(2A)+3(1-p)/(2A3) A= o+ P T
_ 1 1oty o 1
M P 2(;L2+ A (1+289)°
- 1 3 ty .2 1
— - 27 -
E; ATl 2t 21+ )
. p+(1—p)+t0 t§+2t0[£+(1—|0)]+2[£+(1—p)] (1= pHAE =200, p(— p)+ P2 — P23
2 Moo Lk AN [th ks + (1= P)A, + Ph,
HE- PP 2ot Py (=P, 3P 30-D) M =2phy (A =) + P(1-2P)( —25)”
2 NN Mook g Atydhy — POy —y) + 4, T
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Table 2 — The parameters of the shifted distributions obtained by the method of moments

Distribution laws Density function a(t) Parameters p, A, Aq, A,
1
™M™ pe M) G
1
E; 22 (1-ty)e W) -
2~
T, —ty)? 2p 2(1-p)
Ha e M) L p)ae () 1, (T —1) A =— A=’
2 P ( p) 2 P=2%a (T, —ty)* + 2T ] (. ~1) (B, —1)
- ot ot 3(%, —ty)? __2p _20-p
HE 4prt—ty)e2M ) L 4(1- p)A2(t —ty)e P (70) L R N VA h=— Ay =—
2 PA (t—t)) (1-p)A3(t—tp) P=S+7 815, —ty)? + O] T, 1) T, 1)

Table 3 — The Laplace transform of the waiting time density function, the components of the spectral decompositions of the LIE
solution, the expressions for the mean waiting time

Qs The Laplace transform of the waiting time density function and the The expressions for the average waiting time
components of the spectral decompositions
(1=%/u)(n+s) s(str-2) 7 Mn
W*(s)=—""—+, =—————2, y_(s)=A-5s. W=—"
M /M /1 (s) (5+n-1) v.(s) sy Y (s)=2-s "
2
* 1-p)(2pn+s S(S+5S;)(s+s
M™/E; /1 " (S)z((s+s)l()(s+52))’ &)= ((2;1(8)2 o W= P
4p(1-p)
y_(s)=Ar-s.
S, (S +my)(s+n,) s(s+s))(s+5,) W=7 HFH e S}, S, absolute values of
W*(s)=————5—=C, gy (s) =7 —— ——, SO
M~ /Hj /1 ko (S+5)(s+5,) (s+m)(s+uy) , ,
s negative zeros of the function numerator
v_(s)=%-s. v, (s)/v_(s) .
W' (s) - s,sz(zu+s)2 v (3)73(“31)(5*52) srs 1
C4s(s+s)(s+s,) 0 @us)? W=-"22_— where s =(H-7~)+\/(H-7»)2+87~H,
By /B3 /1 us(s+s)(s+s) ) (2u+s) 55, n 1
\V_(S):_(Zk*s) ) S, = 2(“-7») .
(s—s3)
. o2 W =1/s —1/p , where
EE/M_/I W (S):M,\M(S):M,\%(s):—w. >
u(s+s) S+p s-s, S = (1—40) / 2+ [(n— 402 + 40 (n 1) .
5/S,(S+ S+ S(S+S;)(S+S _
W *(s =w, +(S)=M, =i+i—i—i, where s;,S, absolute values
e e ks (S+57)(s+5,) (s+m)(s+my) S S WM
2002 (s_xl)(xz_s) of negative zeros of the function numerator
v RONACE
s (s + s(s+s s—2 ) (A, —5S W =1/s,—1/u, where s; absolute values of negative
H; /M~ /1 W *(s)= 1 ( “),W+( )= ( +1),\IL(5):( D2, ) 1 ‘ 1
p(s+s) S+u S—S, zeros of the function numerator y, (s)/y_(s) .
W *(s)= 2515225354(5+2H1)2(3+2H2)2 ’
16pip5(s+5)(S+S)(S+S3)(S+S4) 1 1 1 1 1 1
W=—+—+—+—-———— where 5,5,,53,5,
HE- /HE- /1 v (S):s(s+sl)(s+sz)(s+s3)(s+s4) S| S S5 Sy M M
2 2 * [(s+2u1)2(s+2u2)2] absolute values of negative zeros of the function
v_()- (24, 5220, - 9)? numerator v, ($)/y_(s) .
- (5-55)(5—56)(5—57) |
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4 EXPERIMENTS
Tables 4-7 below show the data of calculations in the
Mathcad package for four characteristic systems

M™ /M /1, E; /E; /1, H; /H, /1, HE; /HE; /1 for
cases of low, medium and high load p=0,1;0,5;0,9 for a
wide range of variation coefficients of variation ¢; , C,
and a shift parameter t . Results for systems with a delay

are compared with results for usual systems. It is obvious
that the average waiting time in a system with a delay
depends on the shift parameter t .

The load factor p in both tables is determined by the
ratio of average intervals p=T, /T, . The calculations

used the normalized service time ?“ =1.

Table 4 — Results of experiments for QS M~ /M~ /1 and

M/M/1
Input parameters Average waiting time
For QS For QS
C
P Y K " MM/ M/M/1
0.9 0.91 0.1 0.001
0.5 0.95 0.5 0.028
01 0.1 0.99 0.9 0.090 0.1
0.01 0.999 | 0.99 0.109
0.9 0.55 0.1 0.010
0.5 0.75 0.5 0.250
0.3 0.1 0.95 0.9 0.810 1.000
0.01 0.995 | 0.99 0.980
0.9 0.19 0.1 0.090
0.5 0.55 0.5 2.250
09 0.1 0.91 0.9 7.290 9:000
0.01 0.991 0.99 8.821

Table 5 — Results of experiments for QS E; /E; /1

and Ez/Ez/l
Input parameters Average waiting time
For QS For QS
C C
P » W o BB N Ey/Ey/1
0.643 0.071 0.9 0.000
0.672 0.354 0.5 0.002
01 0.700 0.636 0.1 0.013 0.017
0.706 0.700 | 0.01 0.016
0.389 0.071 0.9 0.001
0.530 0.354 0.5 0.081
0.5 0.672 0.636 0.1 0.309 0.390
0.704 0.700 | 0.01 0.382
0.134 0.071 0.9 0.034
0.389 0.354 0.5 1.057
09 0.643 0.636 0.1 3.519 4.359
0.701 0.700 | 0.01 4.271
5 RESULTS

As one would expect, a decrease in the coefficients of
variation C; and C, due to the introduction of the shift
parameter t; >0 into the laws of the distributions of the

input flow and service time, entails a decrease in the
average waiting time in systems with a delay several
times.
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Table 6 — Results of experiments for QS H, /H, /1 and

Hy/Hy/1
Input parameters Average waiting time
ForQS H; /H, /1 For OS
po| (@0 HZ/H?/I
t0:0.9 t{]:OS tO:O. 1

(1.1 0.06 0.07 0.10 0.11

01 (2.2) 0.28 0.36 0.42 0.45

’ (44 1.19 1.54 1.73 1.78

(8.8) 4.81 6.31 6.97 7.11

(1.1) 0.56 0.75 0.95 1.00

05 (2.2 2.31 3.13 3.87 4.04
’ 44 9.29 12.61 15.45 16.13
(8.8) 37.22 50.50 61.54 64.18

(1.1 6.04 8.30 8.91 9.00

0.9 (2.2) 24.14 33.22 35.84 36.20
’ 44 96.51 132.30 143.27 144.83
(8.8) 386.03 | 527.68 571.47 577.86

Table 7 — Results of experiments for QS HE; /HE5 /1 and
HE,/HE,/1

Input parameters Average waiting time
0 ©: Cu) For QS HE; /HE; /1 For QS
HE,/HE,/1
t=0.9 t=0.5 t=0.1
(0.71;0.71) 0.01 0.01 0.02 0.02
01 (2;2) 0.29 0.32 0.33 0.34
' (4;4) 1.21 1.55 1.66 1.68
(8:8) 4.93 648 7.05 7.16
(0.71;0.71) 0.27 0.31 0.39 0.40
05 (2;2) 2.32 3.15 3.82 3.98
' (4;4) 9.35 12.94 15.85 16.53
(8;8) 37.50 52.13 63.96 66.73
(0.71;0.71) 3.06 4.11 4.39 4.40
09 (2;2) 24.42 33.36 35.88 36.21
' (4;4) 97.71 1333 143.8 145.31
(8;8) 390.90 532.7 574.5 580.56
The adequacy of the presented results is fully

confirmed by the fact that when the shift parameter t

tends to zero, the average waiting time in the delayed
system tends to its value in the usual system. The above
calculation results are in good agreement with the results
of work [11] in the range of parameters in which the
systems under consideration are valid.

6 DISCUSSION
The operation of the shift in time on the one hand,
leads to an increase in system load with a delay. For

example, fora M~ /M~ /1 system with a delay, the load
increases by a factor of (1+uty)/(1+Ait;) compared to a

usual M/M/1 system.

The time shift operation, on the other hand, reduces
the variation coefficients of the interval between receipts
and of the service time of requirements. Since the average
waiting time in the system G/G/1 is related to the
coefficients of variation of the arrival and servicing
intervals by a quadratic dependence, the average waiting
time in the delayed system will be less than in the usual
system under the same load factor.
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For example, for the M /M /1 system when
loading p=0,9 and the shift parameter t,=0,9, the

variation coefficient C, of the interval between receipts

decreases from 1 for a usual system to 0,19, the service
time variation coefficient Cy decreases from 1 to 0,1, and

the waiting time decreases from 9 units of time for a usual
system to almost 0.,09 units of time for a delayed system
(Table 4).

In addition, the introduction of the shift parameter
leads to a fairly wide range of variation in the coefficients

of variation ¢, and Cu> in contrast to usual systems,

which are applicable only in the case of fixed values of
the coefficients of variation. Therefore, systems with
delay extend the range of their applicability in the modern
theory of teletraffic.

CONCLUSIONS

The paper presents the spectral expansions of the
solution of the Lindley integral equation for eight systems
with delay, which are used to derive expressions for the
average waiting time in the queue for these systems in
closed form.

The scientific novelty of the results is that spectral
expansions of the solution of the Lindley integral equation
for the systems under consideration are obtained and with
their help the calculated expressions for the average
waiting time in the queue for systems with delay in closed
form are derived. These expressions complements and
expands the well-known incomplete formula for the
average waiting time in the G/G/1 systems with arbitrary
laws of input flow distribution and service time.

The practical significance of the work lies in the fact
that the obtained results can be successfully applied in the
modern theory of teletraffic, where the delays of
incoming traffic packets play a primary role. For this, it is
necessary to know the numerical characteristics of the
incoming traffic intervals and the service time at the level
of the first two moments, which does not cause
difficulties when using modern traffic analyzers [10].

Prospects for further research are seen in the
continuation of the study of systems of type G/G/1 with
other common input distributions and in expanding and
supplementing the formulas for average waiting time.
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YIK 621.391.1:621.395

CUCTEMMU MACOBOI'O OBCJIYI'OBYBAHHA 3 3AIIIBHEHHSAM
TapacoB B. H. — 1-p TexH. Hayk, npodecop, 3aBimyBau kadeapu mporpamHoro 3abe3redeHHs] Ta yNPaBliHHA B TEXHIYHUX
cuctemax [10BOJI3BKOrO AEpKaBHOTO YHIBEPCUTETY TelIeKOMYHIKalliil Ta iHpopmatuku, Pocis.

AHOTAIISA

AxTyanbHicTh. Y Teopii MacoBoro obcimyroByBaHHs nociikeHHs: cucteM G/G/1 akTyanbHi B 3B’SI3Ky 3 THUM, IIO HE MOXKHA
OTpPHUMATH PIlIEHHs JUIS Yacy OYiKyBaHHS B KIHI[EBOMY BUTIISAI B 3araJIbHOMY BHIIQJKY IIPH JOBITBHHUX 3aKOHAX PO3MOALTIIB BXITHOTO
MOTOKY 1 yacy oOciyroByBaHHs. TOMYy BaXIHBI JOCHI/DKCHHS TaKHX CHUCTEM JUIS OKPEMHX BHIIQJKIB BXiTHHX PO3IOJLTIB.
Po3risiHyTO 3amady BUBEIEHHS PIllleHb Ul CEPEAHBOTO Yacy OYiKyBaHHS B 4ep3i B 3aMKHYTiH (OpMi I cHUCTeM 3i 3CyHYTHMH
BIIPABO BiJ] HYJIbOBOI TOUKHU BXiTHUMH PO3MOIiIAMH.

Meta po6oTu. OTpuMaHHS PillICHHS Il OCHOBHOI XapaKTEPUCTHKU CUCTEMH — CEPEJHBOTO Yacy O4iKyBaHHsS BUMOT B 4ep3i Juis
JIBOX CHCTEM MacoBoro oocimyroByBaHHs Ty G/G/1 31 3CyHYTUMH BXiJHUMH PO3MIOIIIAMH.

Metona. /{151 BUpiIEHHS TOCTABICHOTO 3aBAaHHA OyB BHKOPHCTAHHH KIACHYHHII METOJ] CIIEKTPAIbHOTO PO3KIAAAHHS PIillICHHS
inrerpansHoro piBHsHHA Jlimmpr. Llei MeTox 103BoJsle OTpUMATH PILIEHHS JUIL CEPEAHBOTO Yacy OUIKYBaHHS UIS PO3TIITHYTHX
CHCTEM B 3aMKHYTiil (opMi. MeTox CreKTpaJbHOrO PO3KIAaHHS PIICHHS iHTErpajabHOTrO piBHAHHSA JIIHIII rpae BaXIIMBY pPOJIb B
teopii cuctem G/G/1. 171t mpaKTUYHOTO 3aCTOCYBaHHS OTPUMAHHX Pe3yJIbTaTiB OyJI0 BUKOPUCTAHO BiJIOMHUI METOJ] MOMEHTIB Teopii
HMOBIpHOCTEH.

PesyabTaTu. Brnepuie oTpuMaHO CHEKTpajibHI PO3KIAaHHS DIillCHHS IHTErpalnbHOro pPiBHSAHHA JIMHIUIM JIs PO3IJISTHYTHX
CHCTEM, 3a JIOMOMOTOI0 SIKMX BUBEJCHI pO3paXyHKOBI BUPa3u [UIs CEPEHBOr0 4acy OYiKyBaHH B uep3i B 3aMKHYTIil hopmi.

BucnoBku. [lokazaHo, o B cucTeMax 3 3ali3HEHHSAM Y 4aci cepeiHill 4ac O4YiKyBaHHS MEHINIE, HDK B 3BHYAHHHX CHCTEMaXx.
OTpuMaHi pO3paxyHKOBI BHpasW A 4Yacy OUIKyBaHHS PO3MIMPIOIOTH 1 JIOMOBHIOIOTH BiIOMY He3aBeplueHy (opmyny Teopii
MacoBOT'0 0OCITyTOBYBAHHS JUISl CEPEAHBOr0 acy ouikyBaHHs it cucteM G/G/1. Takwit miaxin J03BOJIsI€ po3paxyBaTH CEpeaHiil qac
OUiKyBaHHS I 3a3HAUCHUX CHUCTEM B MaTeMaTHYHMX ITaKeTax Ul MIMPOKOTO Jiara3oHy 3MiHM mapamerpiB Tpadiky. Otpumani
pe3ysbTaTH 3 YCIIIXOM MOXYTh OyTH 3acTOCOBaHI B cydacHid Teopii Tenerpadika, Je 3aTpUMKM MaKeTiB BXiAHOTro Tpadiky
BiJIirparoTh MEPIIOPSIHY poib. JlaHi pe3ynbTaTH 3 yCIiXoM MOXYTh OyTH 3aCTOCOBaHI B cy4yacHii Teopil Tenerpadika, 1e 3aTpUMKH
MaKeTiB BXiIHOTo Tpadiky BigirparoTh mepuiopsaHy poib. KpimM cepeHboro yacy o4ikyBaHHS, TAKHH MiJXiJ Aa€ MOXKIIMBICTh TAKOK
BU3HAYUTH MOMEHTH BHIIMX IMOPSA/IKIB 4acy OYiKyBaHHs. 3 OrisiLy Ha TOM (akT, IO Bapiallis 3aTPUMKH MAaKeTiB (IKHTTEp) B
TEJIEKOMYHIKaIlii BU3HAYAETHCA K JUCIIEPCis Yacy OUYIKYBaHHS BiJ HOTO CEpPEeAHBOTO 3HAYEHHS, TO JUKUTTEP MOXKHA Oy/1e BUSHAYUTH
yepe3 TUCTIEPCio 4acy OYiKyBaHHS.

KJIFOUYOBI CJIOBA: cucrema 3 3ami3HEHHSIM, 3CyHYTI pO3IOAily, neperBopeHHs Jlamnaca, iHTerpanbHe piBHSHHS JInHmmm,
METO/]] CHEKTPAILHOTO PO3KIIaaHHS.

VK 621.391.1:621.395
CUCTEMBI MACCOBOI'O OBCJIYKUBAHUSA C 3AIIA31bIBAHUEM
Tapacos B. H. — 1-p Texn. Hayk, mpodeccop, 3aBenyroumii kadeapoil mporpaMMHOro OOECIeYeHHS W YHpaBIEHHS B
TEeXHHYECKHX cucTeMax IToBOKCKOro rocy1TapcTBEHHOTO yHUBEPCUTETA TeNeKOMMYHUKaui 1 nadopmaTuku, Pocenst.

AHHOTAIUA

AxTyanbHOCTh. B Teopun maccoBoro oGcmyxuBanus uccienoBanusi cucreM G/G/1 akTyanbHBI B CBSI3H C TEM, YTO HEJB3S
MOJTYYUTh PEIICHUs Ui BPEMCHU OXKUIAHMS B KOHEYHOM BHJE B OOIIEM Cllydae IpH IPOU3BOJIBHBIX 3aKOHAX pPaclpeieieHHi
BXOJHOTO IIOTOKAa W BPEMEHH 00CiykuBaHWs. [109TOMy Ba)KHBI HCCIEOBAHMS TAKUX CHUCTEM JUISl YACTHBIX CIIy4aeB BXOJHBIX
pacnpenenenuii. PaccmoTpena 3amada BBIBOAA pELICHHH ISl CPETHErO BPEMEHHM OXKHJIAHUS B OYepely B 3aMKHYTOW Qopme s
CHCTEM CO CABUHYTHIMH BIPABO OT HyJIEBOH TOUKH BXOJHBIMHU PACIPENCTICHUAMH.

Hean padorsl. [lonyueHne pemieHus A1 OCHOBHOM XapaKTEPUCTHKU CHUCTEM — CPEIHEro BpeMEHH OXHIaHus TpeOoBaHUI B
ouepeau aist cucteM MaccoBoro obcyxuBanusa (CMO) tuma G/G/1 co cABUHYTBIME BXOAHBIMHU paclpeeICHUSIMH.

Mertoa. /Jlns perieHuss NMOCTaBICHHOM 3alayd MCIOJB30BaH KIACCHYECKMH METOJl CHEKTPAIbHOTO Pa3IOKEHHsI pEIICHUs
HHTETpaIbHOTO ypaBHeHUs JIunmmu. JlaHHBI MeTOX IO3BOJISIET MHOJYYHTh pEIICHHE [UIS CPEJHEr0 BPEMEHH OXHIAHWS IS
paccMaTpUBaeMBIX CHCTEM B 3aMKHYTOH (opMme. MeTox CIIeKTPanbHOTO Pa3JIokKEHHs pelIeHHs HHTErPaJbHOTO ypaBHEeHUS JInHamm
Urpaer BaxHyI0 poiab B Teopuu cucteM G/G/1. Jlns npakTH4ecKOro HPHMEHEHHMsS ITOJNYYEHHBIX pPe3yJbTaToOB MCIONB30BaH
U3BECTHBIA METOJ MOMEHTOB TEOPHU BEPOSITHOCTEH.

Pe3ynbTaThl. Briepsble momydeHbl CHEKTpalbHbIE Pa3liOKEHHs PELICHHs HHTEIPaIbHOrO ypaBHeHMs JIMHAMM JUis CHUCTeM, C
MIOMOIIBIO KOTOPBIX BBIBEJICHBI PACYETHBIC BBIPAXKEHUS U1 CPEAHEr0 BPEMEHH OXKHUJIaHus B O4epeIu B 3aMKHYTOH dopme.

BriBoabl. ITomydeHsl cieKTpaabHbIE Pa3IoKEHHs PEHICHHsT HHTETPAIBLHOTO ypaBHEHUs JIMHIIHN U paccMaTPUBAaEMBIX CHCTEM
U C UX HOMOIIBIO BBIBEJICHBI PAaCUETHBIEC BBHIPAKCHHUS IS CPEJHETO BPEMEHH OXXMAAHMSA B OYEPEAN JUIS STHX CHCTEM B 3aMKHYTOI
¢dopme. ITokazaHo, 4To B CHCTEMax C 3ama3/bIBAaHAEM BO BPEMEHH CpelHee BpeMs OXKHIAHHUS MEHbIIe, YeM B OOBIUHBIX CHCTEMax.
[NomyueHHble pacdeTHBIE BBIPaXKEHHS JUI BPEMEHHU OXHIAHHS PACIIUPSIOT M JIOHNOJHSIOT W3BECTHYIO HE3aBEpIICHHYIO (HOpPMYITy
TEOPHH MacCOBOTO OOCIYXXHMBaHHs Al CpPEAHEro BpeMeHu oxuganus i cucteM G/G/1. Takoll moaxoja MO3BOJSET PacCUMTATh
CpefiHee BpeMs OXHJAHUA JUIsl yKa3aHHBIX CUCTEM B MaTeMaTHYeCKUX IaKeTax s HIMPOKOro AMAara3oHa W3MEHEHMs IapaMeTpoB
Tpaduka. Kpome cpemHero BpeMeHM OXHAAHMS, TAKOH MOAXOJ JAeT BO3MOXKHOCTH ONPEAENUTbh M MOMEHTBHI BBICIIHX MOPSIKOB
BPEMECHHU OXHUJAHUA. YUMUTHIBas TOT (aKT, YTO BapuallMs 3aJEPKKU [AKETOB (IDKUTTEP) B TEICKOMMYHHUKALUAX ONpEieIsIeTcs KakK
pa3bpoc BpeMEHH OXHAAHHSA OT €r0 CPeIHEro 3HA4YCHHs, TO JDKUTTEP MOXKHO OyAeT ONpeNelHTh Yepe3 IHCIEPCHI0 BPEMEHU
OXKHJAHUS.
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KJ/IIOUEBBIE CJIOBA: cuctema c 3ama3sIBaHHEM, CABUHYTHIE pacpeseeHus, npeoopasosanue Jlamaca, nHTErpatsHOe

YpaBHEHHUE HI/IH}:[J'II/I, METO/ CIICKTPAJILHOT'O PAa3JIOKCHUS.
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