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ABSTRACT

Context. The integrals of highly oscillating functions of many variables are one of the central concepts of digital signal and im-
age processing. The object of research is a digital processing of signals and images using new information operators.

Objective. The work aims to construct a cubature formula for the approximate calculation of the triple integral of a rapidly oscil-
lating function of a general form.

Method. Modern methods of digital signal processing are characterized by new approaches to obtaining, processing and analyz-
ing information. There is a need to build mathematical models in which information can be given not only by the values of the func-
tion at points, but also as a set of traces of the function on the planes and as a set of traces of the function on the lines. There are
algorithms which are optimal by accuracy for calculating the integrals of highly oscillating functions of many variables (regular
case), which involve different types of information in their construction. As a solution of a broader problem for the irregular case, the
work presents the cubature formula for the approximate calculation of the triple integral of the highly oscillating function in a general
case. The presented algorithm for approximate calculation of the integral is based on the application of operators that restore the
function of three variables using a set of traces of functions on the mutually perpendicular planes. Operators use piece-wise splines as
auxiliary functions. The cubature formula correlates with a formula of the Filon type. An error estimation of the approximation of the
integral from the highly oscillating function by the cubature formula on the class of differential functions is obtained.

Results. The cubature formula of the approximate calculation of the triple integral from the highly oscillating function of a gen-
eral form is researched.

Conclusions. The experiments confirm the obtained theoretical results on the error estimation of the approximation triple integral
from the highly oscillating function in a general form by the cubature formula. The prospect of further research is to obtain an esti-
mation of the approximation error on wider classes of functions and to prove that the proposed cubature formula is optimal by the
order of accuracy.

KEYWORDS: digital signal and image processing, cubature formula, numerical integration of highly oscillating functions of
many variables.

NOMENCLATURE
a3 (M ,AN/I ) is a class of functions, which are de-

mathematical modeling of phenomena and processes in
such scientific areas as astronomy, radiology, computed
tomography, holography and others. Methods of digital
signal and image processing are widely used in solving
such complex problems in these fields of science. Modern
methods of digital signal and image processing are based,
among other things, on new approaches to obtaining,
processing and analyzing information. Today, in mathe-
matical models, information can be given not only by the
values of a function in nodes, but also as a set of traces of
a function on planes or as a set of traces of a function on

fined in the domain and have limited derivatives;

& (o) is a three-dimensional integral from highly os-
cillating functions in a general form;

3 (o) is a cubature formula for calculating three-

dimensional integral;
f(xf,»,z) is a trace of function on the plane xy ;

f(x,y j22) is a trace of function on the plane y L
f(x,v,z¢) is atrace of function on the plane zg;
Jf(x,,2)

f(x,y,z) on the traces on planes;

is an operator that restores the function
Og(x,y,z) 1is an operator that restores the function
g(x,y,z) on the traces on planes;

p([ 3 (CO),CD3 (0))) is an error of approximation of the
integral by the cubature formula.
INTRODUCTION

rapid development of information
contributing to the development of

Currently a
technology is
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lines. The theory of computing integrals from highly os-
cillating functions of many variables (regular case) is an
example when cubature formulas are chosen depending
on the type of input information.

The integrals of highly oscillating functions of many
variables are one of the central concepts of digital signal
and image processing. Therefore, it is important to con-
tinue research in this direction, in particular, to develop
cubature formulas for the approximate calculation of inte-
grals from highly oscillating functions of many variables
in a general (irregular) case.

The object of study is a digital processing of signals
and images using new information operators [1].

New information operators allow restoring the func-
tions of many variables with high accuracy. Traces of the
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function on the planes or traces of the function on the
lines are used by new information operators.

The subject of study is an approximate calculation of
the integrals from the rapidly oscillating functions of three
variables in a general case.

The aim of the work is to construct the cubature for-
mula for the approximate calculation of the integral of the
rapidly oscillating function in a general form in the case
when the sets of traces of the function on the planes will
be used as information about the functions.

1 PROBLEM STATEMENT
It is necessary to construct and investigate the cuba-
ture formula of the approximate calculation of the integral
of highly oscillating function in a general case

& () = f(x,v,2) gf0g(x.y,2) dxdydz, (1)

O —_— —
O — —
Y ——

when the following information is given:

f(xp,»,2), 0 y<1l, 0<z<1, xp =kA;]—A/2,
f(x,yj,z), 0<x<l, 0<z<], yj:jAl—Al/Z,
f(x,p,z5), 0<x<1, 0<y<I1, zg =sA1-A1/2,
g(ip,y,z), 0<y<l 0<£z<1, ip:pAz—A2/2,
g(x,j/q,z), 0<x<1, 0<z<l, j/q:qu—Az/L
g(x,9,2,.), 0sx<1, 0<y<l1, Z,=rAy—Ay/2,
k,jos=L01, Ay =170y, pqr=110y, Ay=1/1(5.

2 REVIEW OF THE LITERATURE

New information operators have found their effective
application in various fields of science [1, 2]. In digital
signal and image processing, new information operators
have become an effective tool for calculating the integrals
of rapidly oscillating functions [3—7]. Cubature formulas
for approximate calculating of integrals of highly oscillat-
ing functions of many variables are built using various
information about the function. The developed algorithms
belong to Filon type methods [8, 9]. An overview of Filon
type methods in the one-dimensional case can be found in
[10-12], and their multidimensional analogue in [13].

Calculation of double integrals from highly oscillating
functions in a regular case on the example of Fourier co-
efficients is considered in [3, 4]. In these works cubature
formulas are built in two cases. In the first case, the in-
formation about the function was given by traces on the
lines, in the second it was given by the values of the func-
tion in nodes. In the first case, it is proved that the cuba-
ture formulas are optimal by the order of accuracy on the
class of differentiable functions. An algorithm for build-
ing cubature formulas with the optimal number of traces
also was considered. In the second case where the infor-
mation about the function was given in nodes cubature
formulas proved to be effective in terms of the use of in-
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put information and the time spent on calculating the in-
tegrals.

In [7, 14, 15] the calculation of integrals from highly
oscillating functions (regular case) is considered on the
example of Fourier coefficients. In these works algo-
rithms for the approximate calculation of integrals are
presented in three cases. In the first case, information
about function is given by set of traces of a function on
planes, in the second case information about function is
represented by set of traces on lines, and in the third case
we deal with values of a function at nodes. By analogy
with the two-dimensional case, it is proved that the cuba-
ture formulas for approximate calculating of integrals of
highly oscillating functions of three variables are optimal
by the order of accuracy on the class of differentiable
functions. In addition, the algorithm for building cubature
formulas with the optimal number of planes was consid-
ered in [15]. In the case where the information about the
function was given in nodes, the cubature formulas
proved to be effective in terms of the use of input infor-
mation and the time spent on calculating the integral.

Frequently in mathematical modeling of technical
processes there is a need to approximate the integrals of
higly oscillating functions in a general form. Methods and
algorithms for calculating integrals of highly oscillating
functions of one variable in irregular case can be found in
[16-21]. In [22, 23] methods and examples of approxi-
mate calculation of double integrals from fast-oscillating
functions of general form are presented.

In the case when the information about the functions
f(x,y) and g(x,y) was given by the sets of correspond-

ing traces on the lines, an algorithm for the approximate
calculation of the double integral from highly oscillating
functions of a general form was presented in [24, 25].
This paper aims to present an algorithm for approximate
calculation of the integral (1) in the case when the infor-
mation about the functions f(x,y,z) and g(x,y,z) will

be given by the corresponding sets of traces of functions
on the planes. This problem has not been solved yet.

3 MATERIALS AND METHODS
This paper considers H 31 (M M ) as a class of func-

tions, which are defined in the domain G = [0,1]3 and

<M,

\f("°=°)(x,y,z)

< M,\f(°"’°) *x,,2)

0,0,1)

/

(x,»,2)| <M,

|f(x,y,z)|£ﬂ, ‘f(l’l’l)(x,y,z) <M.

Definition 1. Under the traces of function f(x,y,z)

on the planes

X =kA1—A1/2, Yj =jAI=A1/2, zg =sA1—=A1/2,
kyjs=101, Ay =1/1,
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we understand a function of two variables
f(xp,,2), 0<y<1l, 0<z<1,
f(x,yj,z), 0<x<Il, 0<z<],
f(x,p,z5), 0<x<1, 0<y<I.
Definition 2. Under the traces of function g(x,y,z)
on the planes
)?p =pAy—Ay /2, )7q =qAy —Ay /2,
Z,=rAy—Ay /2, pgr=L10y, Ay =1/0p

we understand a function of two variables

g(%p,3,2), 0<y<l, 0<z<I1,
g(x,54,2), 0<x<1, 0<z<l,
g(x,3,%,), 0<x<1l, 0<y<l.

A tree-dimensional integral from highly oscillating
functions of a general view is defined as (1) for

f(x,,2), gx,v,2) € H3’1 (M,]\N/I) .
Let

Xy =[xe-12:3%412]s Y =[ 9120974102 )
Zlg =[zg1/2,2541/2]

LxeXl, Lerlj,
hllk(x): 2= .
0,xe X1y, O,erlj,

LzeZlg,
hly (2) = ‘
S 0,z¢Zlg,

X =kA =AL/2, y;=jAI-A/2,
zg=sA =A1/2,  kjs=101, A =1/1],
X2, :[fp—l/zafpﬂ/z} Y2, :[j/q—l/Z:j;q-&-l/ZJa
22, =[Z112,2r112]-

1:xeX2p: l,erZq,
h2 (x)= h2, (y)=
p 0,x¢ X2, q 0,yeY2,,

12, (2) LzeZ2,,
Z)=
3r 0,z¢72,,

)ZPZpAz—Az/L )N/q:qu—Az/z,
Z,=rAy—Ay /2, pgr=Lty, Ay =1/ly.

Let define operator

Jf(x,y,z):Jlf(x,y,z)+sz(x,y,z)+J3f(x,y,z)—
—J1J2f(x,y,z)—J2J3f(x,y,z)—J1J3f(x,y,z)+
+J1J2J3f(x,y,z),
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where

0
NS (53,2) = D f (>3, 2R (%)
k=1

4
Jof (6,3.2)= 3 f (3.3 .2y () 5
J=1

3l
J3f (6 2,2) = ) (%3, 2)hly (2) -

s=1

The following properties are performed for the
operator

Jf(x,y,2):
Jj((xkayaz):f(xkvy’z)’ k:m
J(xayjaz):f(x’yjaz)a ]:m
I (x,3.25) = f(x,p.2), s=111.

Let define operator

Og(x,y,z)= 01g(x,y,z) + Ozg(x,y,z)+ 03g(x,y,z)—
—-0,02g(x,7,2)— 0,038 (x,7,2) - 0O03g (x,y,2) +
+010203g(x,y,z) )
where

Ly
O18(x,3,2) = 3 8(%, 3,202y, (x) ,
p=1
Ly
Or8(x.3,2) = 2, 8(x.54,2)h2y, (),
g=1
£y
O3g(x,y.2) = Y [(x, 9.5, )h25,.(2).

r=1

The following properties are performed for the
operator Of (x,y,z) :

Og(ip,y,z):g(fcp,y,z), p=L110,
Og(x,j/q,z)zg(x,j/q,z), 6121572,
=105 .

~

Og(x,y,%,)=g(x,.2,),

The following cubature formula

1
®3(0) = j JF(x,v,2) 080502 vz
0

[ I——
[ I——

is proposed for numerical calculation of (1).
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Theorem. Suppose that f(x,y,z)e e (M,M),
g(x,y,2)e Jia (M,M) . Let functions f(x,y,2),
g(x,y,z) be defined by N=3(1+3(p
F@poy2) faypnz) [z,
8(%p.5,2), &(x,54,2), g(x,.%), p.qr=1., on the

traces

k,j,s=1/¢; and

systems of perpendicular planes in domain G = [0,1]3 It

is true that
P[P0 @)=
Proof. It is important to note that

J

k

y oz
[ s (emg)dednde =
Vi Zs

:f(x,y,z)—f(xk,y,z)—f(x,yj,z)—
—f(x,y,zs)+f(xk,yj,z)+
+f(Xk,y,Zs)+f(x,yj,ZS)_f(xk,ngzs)-

Let us show the validity of equality by direct verifica-
tion:

X y z
[T [ 7" (eng)dednds =
Xk Vi Zg
Xy z
=[ [ M9 (Enz)| dzan-
Xk Yy s
X 1,1,0 1,1,0
=[] (r"M N ena)- M0 ez, | asin -
Xk Y
= .[ (f(l,O’O) (Eﬁ ‘%Z)—f(l’o’o) (é’nazs )) ;} dg=
= [ (£ r2)- 100 oz, a5
S R e B (RN |

:f(x,y,z)—f(xk,y,z)—f(x,yj,z)—f(x,y,zs)+

f(xk,yj,z)+f(xk,y,zs)+f(x,yj,zs)—f(xk,yj,zs).

The integral 7 3 (®) could be written in another form
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(o) =

[ ——

1
_[ F(x,,2)e 80D gy =
0

Jf (x,y,2)e 02502 gz +

C— — O ——

Il
[ T———
[ S

1

+]
0
1

+f
0

Hence, it is sufficient to show that

[ ——

1
[ [fCoy,2)=Jf (x,,2)] 802 dxdydz +
0

f(x’ ¥, Z) |:ei0)g(x7y,z) — eimOg(xay3Z) :| dxdde .

[ E——

p(1 (@0 (@)=

F(x,v,2) e 802 gxdydz —

[ L T——

Jf(x,y,2) ¢l008(x.y.2) dxdydz| <

O — = O — =

|
O — —
Ct— — Ot—m — O

|f(x$y$z)_Jf(xayaz)|dXdde+

IN
[ ) E——

[ ) E——

(0g(6,,2) _ i00g(x.y.2)

|f(xa Y, Z)| dxdydz .

il

We use the fact that

[ ——

ez'(ng(x,y,z)_ eimOg(x,y,z) _
= cos(owg(x, y,z))+isin(wg(x,y,z))—

—cos(wOg(x, y,z))—isin(wOg(x, y,z)) =
08(x,1,2)+008(x1,7) . 0(x,1,1)~008(x1,7)

2 2
wg(x,y,z)—Owg(x,y,2) - og(x,y,2)+00g(x,y,2) _

2 2
cog(x,y,z) - wa(x,y,z) x

2

x[i sin og(x,y,z) +2c00g(x,y,z) +cos wg(x,y,z) +2m0g(x,y,z)} _

=-2sin

+2isin

=2isin

og(x,y,z)—00g(x,y,z) eig(g(x,y,Z)Jng(x,y,Z))
2 .

=2isin

Thus,

111
p([3 (co),(D3((o)) <[ [ |/ Cey.2)=Jf(x.y.2)| dudydz +
000

111

M

000

0g(x,y,2) - 00gx, y,2) ef%(8(X’J’,Z>+Og(~wa2>)
2

dxdydz <

2isin
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! 1 ly'lz 1
f|1~’| Ty oy oz
<ZZZI I ff(l’l’l)(ém,@)dédndqudydﬂ
k=1 j=1s= lxk_l V-_lzs_l Xy Z
2

X

0y Ly £, P393 T
2MY 3y j j j

p=lg=lr=1% P oz

F—
2 = 2 2

0=

L1 l
2 1

sin

w(g(x,y,z)—Og(x,y,z»} vy <
. <

x Y o z
it

<MZZZ J |x xk|dx j |y y]|dy I |z zsldz-i-

k=1 j=1s=1y
k—

1 1
2 ’2 2

Xy
! /2/21*

> " _o|g(x,y,2) - Og(x,y,2)
E S5 T T |

xdydz <
p=lg=lr=l3 |5 |z
p5 e s
k+7 y/+l Z 1
<MZZZ I |x xk|dx J |y yj|dy I |z z]|dz+
k=lj=ls=lx ! ,
k— j—* s——
2 2 2

1 1
q+— ~

+2Mi/22§: J J. J. mm{ %

X yz
f [ ] e (enodednds

]d‘dyd c<

qulrlvlvlzl ‘N}vfr
Py e
5CII+1)~’ 5+1
2 0y Ly Ly, P73 ™
~, 3417 Al Al
<
<My 1 4 +2M min ZZZ J ~J. J.dxdydz
p=lqg=1r=13 17 12
P

¥ o9y 1Z
) p+ q+ r+—

ol b
2 ZZZ I I I ‘x poy quz z,|dxdydz | =

p=lg=lr=1%

Mo 30% A% A
:gZA1+2Mhm{%£Af Eo3%2 2* 8% A%

2 4 4 4

:MA13 +M min 2;@A23 =
64 64

I Smia 22001
64 gl 64 5
4 EXPERIMENTS

There are two types of testing algorithms [7]:

— testing of programs in order to identify errors in
their design and coding of computational algorithms for
solving problems;

— testing of computational algorithms implemented by
specific programs, in order to study their functionality in
solving problems in this class.
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In the study of cubature formulas for the approximate
calculation of integrals from highly oscillating functions
of many variables, main attention is dedicated to the sec-
ond type of testing. The key issues of the second type of
testing include: algorithms [7]:

— definition of a set of characteristics of the computa-
tional algorithm;

— classification of solved problems and compilation of
test sets;

— solving test problems, substantiation of values of
characteristics and their estimations;

— verification, interpretation and confirmation of test
results;

— automation of the testing procedure.

The purpose of testing is to check and identify on a set
of test tasks the functionality of cubature formulas on
such characteristics as E (accuracy), T (time to solve the
problem on a computer), M (computer memory required).

In this paper, the subject of testing is the cubature

formula ®> (w) for the approximate calculation of the

integral / 3 (@) in the case when the information about the

functions f(X,y,z) and g(x,y,z) is the corresponding

traces of functions on mutually perpendicular planes. The

purpose of testing is to identify the functionality of the

cubature formula on such a characteristic as accuracy.
The test set of tasks includes functions of the follow-

ing type:

- f(x,y,z)=const, f(x,y,2)=q(x)+h(y)+1(2),

- f (x5, p,2) = q(x0)h(y)i(2),

= f(x,3,2) = g(x)h(y)t(2) + u(x)v(y)w(z) ,

- f(x,y,z)=sin(x+y+z),

- f(x,y,z)=cos(x+y+2z),

- g(x,y,z) = const, g(x,y,2) = ¢(x) +y(y)+n(2).,

- g(x,y,z)=sin(x+y+z),

- g(x,y,z)=cos(x+y+z).

It is due to the fact that trigometric functions belong to
a wider class of functions H>"" (M,M), r>1, and for
functions of the form t(x,y,z)=§(x)+C(y)+06(z) the

operator Oz(x,y,z) exactly restores the function. The

latter is easily verified by the following lemma.
Lemma. If ©(x, y,2) =&(x)+E(y)+0(2),

(x,y,z) G, (x,y1,21) € G, then

‘c(-xayaz)_T(xlayaz)_T(x:ylaz)_r(x:yzzl)+
+(x, 15 2) +(xg, v,z )+ T (v, 21) = (3, 01,21 = 0.
The proof of the lemma is a direct test:

t(x,y,z)—t(x,3,2)—t(xp,2) - (%, 3,71 ) +
+T(x1,y1,z)+‘c(xl,y,zl)+‘c(x,y1,zl)—t(xl,yl,zl):
=8(x)+8(»)+6(2) —&(x1) - C(¥) —0(2) - &(x) -
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€ =6(2) =&(x) =C(») = 0(z1) +
+E(x1) +C(y) +0(2) +E(x) + C(») +0(z1) +
+6(x) +C(v) +0(z1) = &(x ) =C(y1) = 6(z1) = 0.

S RESULTS
This section provides a fragment of testing the cuba-

ture formula ®° () of the approximate calculation of the

integral 7 3(o)). Information about functions f(x,y,z)

and g(x,y,z) is given by the corresponding traces of
functions on mutually perpendicular planes. The Table 1
calculations  I° (w) for

shows the results of

f(x,y,z)=sin(x+y+z)and g(x,y,z)=cos(x+y+z)
for different /1, ¢, and for ®=2n, ® =51, ®=10n. For

each case, table 1 shows the value of the obtained ap-
proximation error

82‘13(0))—433 (w)‘,

as well as estimates of the approximation error £ ob-
tained in this work. According to Theorem, the following

error estimation of approximation of the integral [ 3 (®)
by the cubature formula ®>(w) is valid:
M o 1

+ M min 2;——
4 g23

M1
64 g13

If we approximate the integral / 3 (o) for

S(x,y,z)=sin(x+y+z) g(x,y,z)=cos(x+y+z),
then

E =

+min| 2;
640, 64053

All calculations were performed in the computer
mathematics system Wolfram Mathematica 10.

Table 1 — Calculation 7° (®) by cubature formula 3 (@)

¢ ® Re(d)3 ((o)) Im((l>3 (o))) € E

5| 2n —0,04483571402443004 ~0,005659773384241312 1.00-107° 9.10-1074
10 | 2= ~0,04483413982444644 ~0,005657576013215849 1701076 1.13-107%
5 5m 0,00716043088301338 0,002969393727490588 2.59.1072 2.08-1073
10 | 5 0,00715783879935095 0,002951850395219029 1.16-1072 261-1074
15 | 5m 0.00714366140868924 0.002947434378359690 3.58.10°0 773.107°
20 | s¢; 0,00714168524396518 0,002932224529620142 1581073 3261070
25 | 5n 0,00715234766233286 0,002945672856298047 5.13.107° 1.67-107>
5 1 10n -0,00180433697415137 0,000356265110351913 739.1074 4.05-1073
10 | 10m —0,00140102828305083 ~0,000261065518418426 3.62-10°0 5.06-1074
15 | 10z ~0,00139749596727245 ~0,000261837407624295 241.1077 1.05-1074
20 | 10m —~0,00035388799218903 —0,000260805717278864 139.107° 6.33.107
25 | 10m ~0,00139663624810749 -0,00026136986950217 836-10~7 324107
20 | 20n ~0,000353887992189033 0,00050210512582646 583.1074 1241074
25 | 20m ~0.000246554652733453 —~0.00008515953820463 1301072 6.38-107

6 DISCUSSION

In Table 1, it becomes obvious that with increasing ¢,
ie. with increasing traces of  functions
f(x,y,z)=sin(x+y+z) and g(x,y,z)=cos(x+y+2z)
on the planes for each variable, the accuracy of calcula-
tions increases. In each case, for different ¢ and different
® , the accuracy of the approximate calculation of the
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integral [ 3 (o) by the cubature formula is less @3 (®)

than the theoretical estimate of the approximation error,
which was obtained in Theorem. This indicates that the
numerical experiment confirms the theoretical results
presented in this paper.

In addition, it is important to note that in the paper all
theoretical statements were made for functions f(x,y,z)
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and g(x,y,z) which belong to the class of functions
Jige (M M ) Obviously, functions sin(x+y+z),

cos(x+ y+z) are the functions that belong to a broader
class of functions. This suggests that the cubature formula

@3 () has a good approximation accuracy and should be

researched on other classes of functions.

It is also worth noting that when conducting numerical
experiments, it is important to always test the cubature
formulas on the so-called “bad” functions of the class.
The “bad” functions of the class include functions that in
nodes (lines, planes) are zero, and between nodes (lines,
planes) are the furthest from zero [4]. On such functions
algorithms, in our case the cubature formula has the
greatest error. The building of bad functions in the case
when the information about the function is given by the
traces of the function on the planes is a cumbersome task
and requires additional research. Therefore, in this ex-
periment we will not consider testing the cubature for-

mula ®° (o) for a “bad” function of class. This problem
will be considered in further works, when the optimality
by the order of accuracy of the cubature formula @3 (®)

will be proved. The study and testing of cubature formu-
las for the approximate calculation of integrals from
highly oscillating functions of three variables (regular
case) can be found in more detail in [7].

CONCLUSIONS

The problems of digital signal and image processing
with the use of new information operators are considered
in the paper.

The scientific novelty is that for the first time the cu-
bature formula of approximate calculation of integrals
from highly oscillating functions of three variables (ir-
regular case) has been presented. The main difference of
the proposed cubature formula is that it uses traces of
functions and planes as information about function. The
cubature formula has high approximation accuracy. An
estimate of the approximation error on the class of differ-
ential functions is obtained.

The practical significance of this work is that the
new methods of obtaining input information about the
function in the form of traces of the function on the planes
opens new ways in the building of mathematical models,
in particular in digital signal processing.

The prospects for further research are to obtain an
estimate of the approximation error on a wider class of
functions and to prove that the proposed cubature formula
is optimal by the order of accuracy.
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VIK 519.6
KYBATYPHA ®OPMYVYJIA HABJIMKEHOI'O OBUUCJEHHSA IHTETPAJIA BIJI IIBUAKOOCIATIOIOYOL
®YHKIIIi TPbOX 3MIHHUX (IPPET'YJIAPHUI BUIIAIOK)
Heuyiisitep O. II. — 1-p ¢i3.-mMaT. HayK, TOLEHT, 3aBixyBad Kadenpu iHGopMaiHHUX KOMII IOTEPHUX TEXHOJIOTIH I MaTeMaTHKH
VYkpalHChKOT iH)KEHEepHO-TIeAaroriyHoi akaxemii, XapkiB, YkpaiHa.

AHOTAIIA

AKTyalIbHiCTB. [HTErpanyu Bix MBUAKOOCHMITIOYUX QYHKLI 6araTb0X 3MIHHUX € OZHHM 3 LEHTPAIbHHUX MOHSITH HU(pPOBOT 00-
poOKu curHaNiB Ta 300pakeHb. O0’€KTOM JOCHIIKEHHS € NH(poBa 0OPOOKH CUTHAIIIB Ta 300pa)KeHb 3 BUKOPHCTaHHSAM HOBHX iH]O-
pMmauiitaux omeparopiB. Mera pobotu — mobymoBa KyOaTypHOi (GopMynn HaGIMKEHOro OOYMCICHHS HMOTPIHHOTO IHTETpalty Bix
IIBUAKOOCIMIIIOI0YOT (yHKIIT 3araqbHOro BUAY. IHpopManis npo ¢pyHKHii 3amaeTsess Habopamu CIiliB GyHKIIH HA TIIOIMHAX.

Metoa. CyuacHi MeToau 1uppoBoi 0OpoOKH CHTHAJIIB XapaKTEepU3YIOThCSI HOBUMH ITAXOJaMHU 10 OTPHMAaHH:, 0OpoOKH Ta aHa-
nizy iHdopmarii. € HeoOXiHICTE Oy yBaTH MaTEeMaTHYHI MOJIEN, B KUX iH(GOPMAIliS MOKE 33]]aBaTHCS HE TUTBKH 3HAYCHHAME (Y-
HKIIT B TOYKaXx, a 1 K CyKYyIHICTb CJIiiB (YHKIUIi Ha IUIOMMHAX, K HAOIp ciiniB GyHKLUIT HA JiHIAX. [CHYIOTh ONTUMaJIBHI 32 TOYHIC-
TIO aJFOPUTMHU OOYMCIICHHS IHTErpaiiB BiJl IBHIKOOCHMIIOIOUNX (QYHKIIH 6araThboX 3MiHHMX (PETyJSIpHHH BHIIAJIOK), SIKi B CBOIH
noOy10Bi nepenbavyaroTh pi3Hi TUIM 3amaHHs iHpopmauii. Sk po3B’s3aHHs ORI MIMPOKOI 3a4a4i Uil HEPETYJIIPHOrO BUOAIKY B
poboti npencraBiaeHo KybarypHy (GopMmyiy HaGIMIKEHOro OOYMCICHHs MOTPIHOrO iHTerpaay BiJ MIBHAKOOCHWIIIOYOI QYHKLIT y
3aranbHOMY BHZII. [IpeacraBieHnii anropuT™M HaOMMKEHOTO OOYMCIEHHS iHTErpany 0a3yeThCs HAa BHKOPUCTAaHHI OMEpaTOpiB, SKi
BiJHOBIIOIOTH (PYHKIIIO TPHOX 3MIHHHX 3 BUKOPHCTaHHSAM HAOOpy ClifiB (YHKIi Ha B3a€MONEPIEHANKYIIAPHUX MUiomuHax. Omne-
paTtopyu BUKOPUCTOBYIOTh B SIKOCTI JONMOMDKHHMX (DYHKIIH KyckoBo-cTami cruiaitnu. KybatypHa ¢opmyna BimHOCHTBCS 10 (opMy
tuny Paiinona. OTprMaHa OIiHKa TOXHOKH HAOIMKEHHS IHTErpaly BiJl MIBHIKOOCHMIOWYOT QyHKIIT KybaTypHOIO GOopMyIow Ha
Kiaci qudepeHIifoBHUX QyHKIIIH.

PesyabTaTn. J{ocnimkena kyoarypHa Gopmyna HaOIMKEHOTO 00YHCIICHHS MOTPIHHOTO IHTErpaty Bijl HIBHIKOOCIMIIIONYOI (Y-
HKLI 3aralbHOTO BUIY.

BucHoBku. [IpoBeaeHi ekClIepUMEHTH MiATBEPAMIN OTPUMaHI TEOPETHYHI Pe3yJIbTaTH IIOA0 OLIHKHU MOXHOKH HAOIVKSHHS 110-
TPIHHOTO iHTErpasy BiJ MIBHAKOOCHMIIOIYOI QYHKIII 3araJbHOTO BUAY KyOaTypHOIO (opMyioro. [lepcnekTHBO0 moganbpux A0-
CITIHKEHb € OTPUMAHHS OLIHKU MOXMOKM HaOMIKEHHS Ha OUIBII MIMPOKUX Kiacax (YHKLiH. A TakoX JOBECTH, IO 3alPOIIOHOBAHA
Ky0aTypHa GopMyIia € ONTHMAIBHOIO 32 MOPSIKOM TOYHOCTI.

KJIIOYOBI CJIOBA: mudposa 06podka curHaiiB Ta 300paxeHb, KybaTypHa (popMyIa, YUCeNbHe IHTErpiBaHHS IIBHIKOOCIIH-
JFOOYMX (YHKILiH 6araThox 3MiHHUX.

VK 519.6
KYBATYPHAS ®OPMVYJIA NIPUBJINKEHHOI'O BBIYUCJIEHUSA UHTETPAJIA OT
BBICTPOOCHMLINPYIOIIEN ®YHKIUU TPEX IEPEMEHHBIX (MPPET VJISIPHBIN C.HY‘lAFl)
HeuyiiButep O. I1. — 1-p ¢us.-mar. HayK, JOIEHT, 3aBenyrouid kadeapoir HHPOPMAIIMOHBIX KOMITBIOTEPHBIX TEXHOJIOTHHA U
MaTeMaTHKH Y KpauHCKOW MH)KEHEPHO-TIIeAaroruueckoil akanieMun, XapbkoB, YKparHa.

AHHOTAIUSA

AKTyaJIbHOCTB. IHTErpasbl 0T OBICTPOOCHMILIMPYIOMNX (YHKIMH MHOTHUX MEPEMEHHBIX OTHOCSTCS K OJHHM U3 LEHTPAIBHBIX
HNOHATHH 1M(POBOH 00pabOTKKM CHrHANOB U M300paxkeHnil. OOBEKTOM HCCICIOBAHUS SABIsETCS LK(pPOBasi 0OpabOTKM CHUTHAJIOB U
N300paKeHUH C UCIOJIb30BaHUEM HOBBIX MH(OPMALMOHHBIX onepaTopoB. Llenb paboTsl — nocTpoeHne KyOaTypHbIX Gopmys mpu-
ONMKEHHOTO BBIYUCIICHUSI TPOWHOTO MHTETpaja OT OBICTPOOCHMILIMPYIOMHKX (YHKIHH B o0meM Buae. HpopMaus o QyHKIHIX
3agaeTcsi HabopamH ciieoB (PyHKIHH Ha TIIOCKOCTSX.

Metoa. CoBpeMeHHBIE METOIBI IN(PPOBOH 00PabOTKH CHTHAIOB XapaKTepPH3yIOTCSI HOBBIMH ITOJXOJAMH K ITOIydYeHHUIO, obOpa-
6oTke u aHaM3y nHpopMarmu. EcTh HEOOXOANMOCTH CTPOUTH MaTeMaTHIECKHE MOJICIH, B KOTOPEIX HH(OPMAIHs MOXKET 3a1aBaTh-
Cs1 HE TOJIBKO 3HAYCHUSIMH (YHKLIUH B TOYKaX, HO ¥ KaK COBOKYITHOCTb CIIEOB (DYHKIMU Ha IUIOCKOCTSIX, KaK Habop cienoB (yHK-
K Ha JTUHUSX. CyIIecTBYIOT ONTUMAJIBHBIE 110 TOYHOCTH JTOPUTMBI BHIYMCICHHS MHTETPAJIOB OT OBICTPOOCIMILIMPYIONIHMX (QyHK-
LUl MHOTUX MEPEMEHHBIX (PEryJISpHBII Clyuail), KOTOpBIE B CBOEl IIOCTPOCHUH IPEAyCMaTPUBAIOT Pa3IM4HbIC TUIIBI 33/laHUs MH-
¢dopmanun. Kak perrerue 6osiee mIMPOKOM 3aa4u st oOLIero ciydast B paboTe mpeacTaBieHa KyoaTypHas GopMyia mpubImKeH-
HOTO BBIYMCJICHUSI TPOHHOIO MHTErpajla 0T ObICTPOOCHMIIMPYIOMMX (QYHKUMH B oOweM Buze. IIpeacTaBiieHHBIH aaroput™ MpH-
OJIM)KEHHOTO BBIYMCIICHUS MHTErpana 0a3upyercss Ha MCHOJIb30BAHWH ONEPAaTOPOB, KOTOPHIC BOCCTAHABIMBAIOT (YHKIMIO TPEX Me-
PEMEHHBIX C HCIIOJb30BaHHEM Habopa ciefoB QYHKIMI Ha B3aUMHOINCPIICHIMKYISIPHBIX IIOCKOCTX. OnepaTtopsl HCIOIb3YIOT B

© Nechuiviter O. P., 2020
DOI 10.15588/1607-3274-2020-4-7

72



e-ISSN 1607-3274 PapioenexrpoHika, inpopmaTuka, ynpasainss. 2020.
p-ISSN 2313-688X Radio Electronics, Computer Science, Control. 2020.

Ne
0

4
4

Ka4ecTBE BCIOMOTATENbHBIX (PYyHKIMH KyCOYHO-TIOCTOSIHHBIE cIUTaiiHbl. KyGarypHas ¢opmyrna otHOocuTcs K hopmyiam tuma Daii-
noHa. [ToiydeHHa olleHKa NOTrPEIIHOCTH NPHUOJIMKEHHST HHTerpajia OT ObICTpoOCIILIHpyomeit GpyHkImn KyoatypHoit Gpopmyioit Ha
Ki1acce nuddepeHpyeMbIx GyHKIUH.
Pesyabtarnl. Uccnenosana kybaTypHast GpopMyna NpUOIMKEHHOTO BBIYMCIICHHS TPOIHOIO MHTErpaja OT ObICTPOOCHMILUIUPYIO-
X GyHKUUi obuiero Buja.
BbiBoabl. [IpoBeieHHBIC KCIIEPUMEHTHI OATBEPANIIH MOIYyYEHHBIE TEOPETHYECKUE PE3yIIbTAaThl 00 OLIEHKE NOTPELIHOCTH MPH-
OMKEHHsI TPOMHOTO MHTETpaita OT OBICTPOOCHIIUTUPYIOMNX GYHKIUH o0mero Buga KybatypHoi hopmynoii. [lepcnexTruBoii nanb-
HEWIINX UCCIENOBAHUN SBISCTCS MOJIyYeHHE OLIEHKH ITOTPENIHOCTH MPUOIMKeHns Ha Ooiee IMPOKUX Ki1accax QyHKIMH. A Tarke
JI0Ka3aTh, 4TO MPEeJIoKeHHas KyOaTypHast (hopMyIIa sIBISIETCS ONTUMAIBHOI MO MOPSIIKY TOYHOCTH.

KJIFOYEBBIE CJIOBA: nudposas 06paboTka CUTHAIOB U H300pakeHHi, KybaTypHasi (GopMyJia, YUCICHHOE UHTCTPUPOBAHHE
OBICTPOOCIMILIMPYIONIHMX (PYHKINI MHOTHX IEPEMEHHBIX.
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