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ABSTRACT

Context. In the queueing theory, the study of systems with arbitrary laws of the input flow distribution and service time is
relevant because it is impossible to obtain solutions for the waiting time in the final form for the general case. Therefore, the study of
such systems for particular cases of input distributions is important.

Objective. Getting a solution for the average delay in the queue in a closed form for queuing systems with ordinary and with
shifted to the right from the zero point hyperexponential and hypererlangian distributions in stationary mode.

Method. To solve this problem, we used the classical method of spectral decomposition of the solution of the Lindley integral
equation. This method allows to obtaining a solution for the average delay for two systems under consideration in a closed form. The
method of spectral decomposition of the solution of the Lindley integral equation plays an important role in the theory of systems
G/G/1. For the practical application of the results obtained, the well-known method of moments of probability theory is used.

Results. For the first time, a spectral decomposition of the solution of the Lindley integral equation for systems with ordinary and
with shifted hyperexponential and hyperelangian distributions is obtained, which is used to derive a formula for the average delay in
a queue in closed form.

Conclusions. It is proved that the spectral expansions of the solution of the Lindley integral equation for the systems under
consideration coincide; therefore, the formulas for the mean delay will also coincide. It is shown that in systems with a delay, the
average delay is less than in conventional systems. The obtained expression for the waiting time expands and complements the well-
known incomplete formula of queuing theory for the average delay for systems with arbitrary laws of the input flow distribution and
service time. This approach allows us to calculate the average delay for these systems in mathematical packages for a wide range of
traffic parameters. In addition to the average waiting time, such an approach makes it possible to determine also moments of higher
orders of waiting time. Given the fact that the packet delay variation (jitter) in telecommunications is defined as the spread of the
waiting time from its average value, the jitter can be determined through the variance of the waiting time.

KEYWORDS: delayed system, shifted distributions, Laplace transform, Lindley integral equation, spectral decomposition
method.

ABBREVIATIONS
LIE is a Lindley integral equation;
QS is a queuing system;
PDF is a probability distribution function.

HE, is a shifted hypererlangian distribution of the

second order;
W is an average delay in the queue;

W*(S) is a Laplace transform of delay density
' .NOMENCLATURE. o . function;
a(t) is a density function of the distribution of time b

s is a parameters of the hyperexponential
between arrivals;

. ) ] distribution law of the input flow;
A"(s) is a Laplace transform of the function a(t); U, 1, is a parameters of the hyperelangian distribution
b(t) is a density function of the distribution of service

. law of service time;
time;

p is a system load factor;

B™(s) is a Laplace transform of the function b(t); T, is a average time between arrivals;

C, 1is a coefficient of variation of time between . L .
T, 1s a second initial moment of time between

arrivals; val
; . . .. arrivals;
C, isa coefficient of variation of service time; M .
] ) o T, is an average service time;
G is a arbitrary distribution law; —
H, is a hyperexponential distribution of the second Tﬁ is a second initial moment of service time;
order;

. ) T @_ (s) is a Laplace transform of the PDF of waiting
H, is a shifted hyperexponential distribution of the time:

second order; L (5) is a first component of spectral

HE, is a hypererlangian distribution of the second .
order; decomposition;
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second component of spectral

y_(s) is a
decomposition.

INTRODUCTION

In the study of G/G/1 systems, an important role is
played by the method of spectral decomposition of the
solution of the Lindley integral equation (LIE). The most
accessible this method with specific examples is
described in the classic queueing theory [1].

This article is devoted to the analysis of the QS
H,/HE,/1 formed by two flows described by the usual and
shifted to the right from the zero point by the density
functions of the hyperexponential and hypererlangian
distribution laws of the second order. In the previous
works of the authors, it is clearly shown that in systems
formed by shifted distribution laws, with the same load
factor as compared with conventional systems, the
average delay becomes less.

This is achieved because the coefficients of variation
of the arrival ¢, and service times ¢, for shifted

distribution laws become smaller when entering the shift
parameter t; >0. Thus, the operation of shifting the

distribution law transforms ordinary Markov queuing
systems into a non-Markov system.

The results of works [2—7] in the domain of QS with
shifted distributions together with [1] made it possible to
develop the method of spectral expansion of the solution
(LIE) into the considered systems Hy/HE,/1.

Here the superscript “—” will mean the operation of
the shift of the distribution law.

In the queueing theory, the studies of G/G/1 systems
are relevant because they are actively used in modern
teletraffic theory; moreover, it is impossible to obtain
solutions for such systems in the final form for the general
case.

The object of study is the main characteristic — the
average waiting time of requirements in the queue of the
queueing systems type G/G/1.

The subject of study is the average waiting time of
requirements in the queue of the QS H,/HE,/1 and

[T L

H, /HE, /1. Here the superscript will mean the

operation of the shift of the distribution law.

The purpose of the work is obtaining a solution for
the average delay of requirements in the queue in closed
form for these systems.

1 PROBLEM STATEMENT
The paper poses the problem of finding a solution for
the average delay of requirements in a queue for QS

H,/HE,/1 and H; /HE; /1.

When using the method of spectral decomposition of
an LIE solution to determine the average waiting time, we
will follow the approach and symbolism of the author of
the classical queuing theory [1]. To solve the problem, it
is necessary to find the law of waiting time distribution in
the system through the spectral decomposition of the
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form: A*(—=s)-B*(s)-1=wy, (s)/y_(s), where wy,(s)
and y_(s) are some fractional rational functions of s that

can be factorized. Functions y, (s) and y_(s) must
satisfy the following conditions according to [1]:
1) for Re(s)>0 function y, (s) is analytic
without zeros in this half-plane;
2) for Re(s) < D function y_(s) is analytic
without zeros in this half-plane, where D is some (1)
positive constant defined by the condition:
lim a(t)/e " <.
t—o

In addition, functions y, (s) and y_(s) must have
the following properties:

im )

lim _(S)z—l. 2)
|s[->o0,Re(s)>0 S

|s|>o,Re(s)<D S

To solve the problem, it is necessary first to construct
for these systems spectral decompositions of the form

A*(=s)-B*(s)-1=wy, (s)/y_(s), taking into account
conditions (1), (2).

2 REVIEW OF THE LITERATURE

The method of spectral decomposition of the solution
of the Lindley integral equation was first presented in
detail in the classic queueing theory [1], and was
subsequently used in many papers, including [8, 9]. A
different approach to solving Lindley’s equation has been
used in Russian language literature. That work used
factorization instead of the term “spectral decomposition”

and instead of the functions _ (s) and y_(s) it used

factorization components ®, (z,t) and o_(z,t) of the

function 1-z-yx(t), where x(t) is the characteristic

function of a random variable & with an arbitrary
distribution function C(t), and z is any number from the
interval (—1, 1). This approach for obtaining results for
systems under consideration is less convenient than the
approach described and illustrated with numerous
examples in [1].

Practical application of the method of spectral
decomposition of the LIE solution for studying systems
with shifted distribution laws, i.e. systems with time
delay, shown in the works of the authors [2—7], as well as
in other works.

In the scientific literature, the term “system with
delay” does not occur, there is only one term “queues
with a delay in time” [10, 11]. In [10, 11] presents the
results of the approach of queues to the Internet and
mobile services as queues with a delay in time. It is
shown that if information is delayed long enough, a Hopf
bifurcation can occur, which can cause unwanted
fluctuations in the queues. However, it is not known how
large the fluctuations are when the Hopf bifurcation
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occurs. This is the first publication in the English-
language journals about queues with a delay.

Approximation methods with respect to distribution
laws are described in detail in [9, 13, 14, 23, 24], and new
research in queuing theory has recently been carried out
in [15-24].

3 MATERIALS AND METHODS
Let us first consider the system Hy/HE,/1, formed by
distribution laws with density functions

a(t)=pre " +(1-p)hpe ™, ()
b(t) = 4quite M +4(1-q)udte . (@)

The distribution laws (3) and (4) are the most common
distributions of non-negative continuous random
variables, since they have a wide range of variation of the
coefficient of variation.

Then we get

Ay
5+7\,2 ’

* A
A _ 1
(S) p5+7\,1

2p : 2n 2
° (S):q[5+2lu1] +(l_q)[5+2zuzj '

Then the spectral decomposition of the solution of the
LIE for the system H,/HE,/1 takes the form

+(1-p)

The first factor in the right part in square brackets is
equal to

0 ey Mhg = Py + (1= p)Ay |5
[p%1—5+(1_p)7~2—5}= (A —5)(ra—s) )
8 — &S
(2 =s)(2y=s)’

where are the intermediate parameters
ag =My, 8 = pAy+(1-p)A,. Similarly, we represent

the second factor
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2 2
Lo R el
q(160713 +16171ys + 4uifs” )
(2m +5)” (205 +5)”
(1-0)(161713 + 160135+ 4p3s”
T GmesPmrs)
_ by+bs+bys?

(2 +5) (2 +5)

where are the intermediate parameters by :16u12u%,

by =165y +(1-0)ua ], by = 4[auf +(1-q)u3].
Then the desired expression for the spectral
decomposition will be

Y, (S) _
(

(a9 —als)(bo +bls+b252)
v (o)

) (hy—s) (Mg —5)(2um +5)* (2us +5)

) (6))
2 =8) (A =5)(21 +5)" (215 +5)

M =3) (2 =) (2w +5)” (21 +5)

7

(
(

The polynomial in the numerator in the right part of
the decomposition (5) as a rule always has one zero [1]. In
this case, the free term of the decomposition is also 0:

aghy —16X1X2u12 u% =0. In the numerator of the fraction

in the right part of the decomposition a polynomial of the
sixth degree was obtained, the coefficients of which are
equal to:

Co = a9y — a4y +by (Ay +23) —16agH s (g +12) 5
C1 = 8ghy —ayby by —43g (1 +p3)+
+16(Aq + 212 )(Hy +1p )HyHy — 16891 H 7,
2

Cy =4(hy + 1) (kg +12)" +21yHn ] - ©)
—4(uy +12)(8g +4uyHp) — by,

€3 = 40y +h)(by +12) =4[y +12)” + 2]~ g,

Cq =Ry +hp =4y +1) -

The coefficients (6) are obtained using the Mathcad
symbolic operations, since the numerator of the
decomposition (5) even after the introduction of
intermediate parameters contains 42 terms. Apparently,
the lack of results for the system under consideration is
explained by the large laboriousness of the calculations.

We select the polynomial in the numerator of the
decomposition (5)

s° —0454 —c3s3 —0252 —C;S—Cp, @)
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because determining its roots is the main part of the
spectral decomposition method.

The study of polynomial (7) with coefficients (6)
using the Vietet formulas confirms the presence of four
negative real roots and one positive root, or instead of the
first — two negative real roots and two complex conjugate
roots with negative real parts.

The coefficient of the polynomial (7) ¢y >0 is always

in the case of a stable system, when 0 < p < 1. Taking into

account the minus sign in the polynomial before the
coefficient, Vietet formulas do not contradict the fact that
there are four negative roots of the polynomial (7).
Denoting the negative roots of the polynomial (7) or
their negative real parts for convenience through
—S1, — Sy, —S3, —S4, and the positive root through s;, the
relation , (s)/y_(s) can be finally decomposed into

the following factors:

W (S) _ —S(5+81)(S+5))(S+83)(S+54)(S—Ss)
v_(s) (A —8)(hy—35) 2w +5)* (20, +5)°

.(8)

Now we build the functions y_(s) and y_(s) taking
into account the conditions (1) and (2):

S(S+S)(S+Sp)(S+S3)(S+5S4)

v (8) =

i (2uy +9)° (2u, +5)°
because the zeros of the polynomial (7): s=0,
—S,,—S5,—%,—S4 and double poles s=-2p;,

S = —2u, lie in the half-plane Re(s)<0,

v_ (S) _ _(7‘1 _5)(}“2 _S) ,
(s—55)
because its zeros and the pole lie in the region Re(s)> D
defined by condition (1).
The fulfillment of conditions (1) and (2) for functions
v, (S) and y_(S) is obvious, which is also confirmed by

figure 1.

=214 =215 -8 -S; -S3 -S4 ss A A Re(s)
Figure 1 — Zeros and poles of the function v (s)/v_(s) for the
system Hy/HE,/1
When constructing these functions, it is more
convenient to mark the zeros and poles of the relation

v, (s)/w_(s) on the complex s — plane to eliminate
errors in the construction of the functions w,(S) and
y_(S) . In Figure 1, the poles are marked with crosses,

and zeros are indicated by circles.
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According to the method of spectral decomposition,
the constant K is determined from the condition:

K - lim Y+ (s) _ 5152235; '
s—0 S 16u1 ns

The constant K determines the probability that the
demand entering the system finds it free. Through v (S)

and the constant K we define

K _ 51523354 (S+2Ml )2 (S+2M2 )2 .
V() T (5+5)(5+52)(5+5)(5+54)

(I)+(S)=

From here we get

(s)= 51575354 (S +21y )2(s+2u2 )2 9

R S ST [y

The desired average waiting time in the queue is equal
to the value of the derivative of the Laplace transform (9)
of the density function with a minus sign at the point
$s=0:

dw *(s) 1 1 1 1 1 1
- et —t—
ds |_p S 2 S35 0S4 W M
Finally for QS H,/HE,/1
wol ot 1t (10)

StoS2 S35 M M

From expression (9) if necessary, we can also
determine higher order moments for the waiting time. The
second derivative of the transformation (9) at the point
s =0 gives the second initial moment of the waiting time,
which allows us to determine the variance of the waiting
time. Taking into account the definition of jitter in
telecommunications as the spread of waiting time around
its average value [10], we thereby obtain the possibility of
determining jitter through variance. This is an important
result for analyzing latency sensitive traffic.

We now turn to the study of the H,/HE,/1 system with
shifted input distributions, i.e. to the system with a delay
in time. Such a system, unlike the usual system, we

denote H, /HE; /1. This system will be described by
distribution laws:

a(t)= pre ™) 1 (1- p)ne 20 (1)

b(t) = 4qui (t—to)e 210 4 4(1-q)udt—ty)e ) (12)

Density functions (11) and (12) are shifted to the right
from the zero point by the value ty >0 of second-order
hyperexponential and hyper-Erlang distributions. To find
the average waiting time in the queue for this system, we
prove the following statement.

Statement. The spectral decompositions

A" (=s)*B"(s)~1=w, (s)/w_(s) of the LIE solution

59



e-ISSN 1607-3274 PagioenexrpoHika, inpopmaTuka, ynpasminas. 2021. Ne 2
p-ISSN 2313-688X Radio Electronics, Computer Science, Control. 2021. Ne 2

and H,/HE,/1 completely
the spectral

for systems H,/HE; /1
coincide and have the form (8), i.e.
decomposition of A" (—S)*B*(S)—l is invariant to the

operation of the time shift of the density function.

Proof. For a H,/HE,; /1 system, the spectral
decomposition will be:
S
v ( ) ( _ p) ]etos
v_(s) Ay —S

Here, exponents with opposite signs of exponential
functions are reset to zero, and thus the shift operation in
the spectral decomposition is leveled. Thus, the spectral
decompositions of the solution of the LIE for the two
systems under consideration coincide.

Assertion is proved.

Corollary. The formula for the average waiting time
for a system with shifted distributions will have exactly
the same form as for system with ordinary distributions,
but with changed parameters due to a time shift operation
[2—7]. Consequently, the average waiting time for systems
with lag actually depends on the magnitude of the shift
parameter t, > 0.

Now we define the numerical characteristics, and
through them the unknown parameters of the distributions
(11) and (12) by the method of moments. To do this, we
write their Laplace transforms:

* A
A(9)=Ip !

(- p) 2 ks,
1

Ay +S

21,

2 2
B*(S):[Q(%J +(1—q)[mJ ]e*tos.

The first derivative of the function with a minus sign
at the point s =0 gives the values of the T;

(13)

and the second derivative at the same point gives the r% :

To= pAL (- pAg!
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(a-p) P
=12 42ty [+ ]+ 2+
% =4 O[XI ” —1 [12

2

Then the value C;%

2o [(1- pPAT =205 p(1- Q)+ P(2— PIA3] L(15)
r
[toh g + (1= P)Ay + Phy 2

By doing the same with distribution (12), we
determine the corresponding characteristics for the service
time

T, =qu (- Qs+, (16)
-9,

NENETNE

—t0+2t[
BoM2 2 g

. (17)

_ B 200Gy —ip) 00200 ) (o
2touyy + (1= Dy + I

R=l\S]

The mechanism for determining the parameters of
distributions (3), (4), (11) and (12) using both the first
two initial moments and the three initial moments is
described in detail in [2] and [3], respectively. Here we
give ready-made expressions for these parameters. For
distribution (11) unknown parameters are found by
expressions

_1o 1 (% 1)
2°\4 2@ty +¢iT]
Ay =2(1-p)/ (T, ~ty), and for distribution (12)

=2p/ (% ~1t)

3(T, —ty)?
e T )
27 \4 g3, 1) +c2T]
Hy =2(1-0)/ (7, — 1) -

From these expressions it follows that the shift
parameter is limited by the condition t) <7, <7, . In

addition, the range of applicability of the system is
determined by the non-negativity of two expressions
under the square root for p and g.

The algorithm for calculating the average waiting time
for given input parameters is reduced to the sequential
determination of the unknown parameters of distributions
(11) and (12). Next, we determine the coefficients of
polynomial (7) using the above expressions (6) and find
the necessary roots with negative real parts
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—S1, =Sy, —S3, —S4. Substituting the absolute values of
these roots in expression (10), we determine the average
waiting time.

The presence of such roots is due to the existence and
uniqueness of the spectral decomposition. Conducted
numerous experiments only confirm this fact.

4 EXPERIMENTS
Tables 1 and 2 below show the calculation data in the
Mathcad package for the usual Hy/HE,/1 system and for

the system H, /HE, /1 with a delay for cases of low,
medium and high load p=0,1;0,5;0,9 for a wide range
of variation coefficients of variation ¢, , ¢, and for the

shift parameter t,. Results for a usual system are
compared with data for a close Hy/H,/1 system. Dashes in
table. 1 means that at such values of the parameters the
H,/HE,/1 system is not applicable.

The results for the H, /HE, /1 system with a delay
are compared with the results for the conventional system
H,/HE,/1. The load factor p in both tables is determined

by the ratio of average intervals p=7, /7T, . The

calculations used the normalized service time Tu =1.

The results for the Hy/HE,/1 and H,/H,/1 systems
coincide to whole parts, but the range of service
parameters for the first system is wider than that of the
second.

The H, /HE; /1ls ystem is applicable for small
values of the coefficients of variation, in particular, when
p=0,9 ¢; =0,2 and t,=0,99, the average delay is only a
W =0,187 few units of time.

Table 1 — Results of experiments for QS H,/HE,/1 and

H,/HE,/1
Input parameters Average delay
For QS For QS
P ©.¢.) H,/HE,/1 H,/H/1
(1;0.71) 0.086 —
[(RH)) 0.111 0.111
0,1 (2;2) 0.446 0.445
(4;4) 1.791 1.779
(8;8) 7.173 7.112
(1,0.71) 0.755 —
[(RH)) 1.000 1.000
0,5 (2;2) 4.043 4.044
(4:4) 16.235 16.129
(8;8) 64.844 64.178
(1;0.71) 6.771 -
[(RH)) 9.075 9.000
0,9 (2;2) 36.169 36.200
44 144.773 144.833
(8;8) 577.875 577.861
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Table 2— Results of experiments for QS H, /HE; /1 and

H,/HE,/1
Input parameters Average delay
. For QS H, /HE; /1 For OS
P (@36 Hz/ng/l
t%=0.99 | t=0.5 t=0.01

(1;0.71) 0.03 0.04 0.09 0.09

(1;1) 0.06 0.07 0.11 0.11

0.1 (2;2) 0.23 0.36 0.44 0.45

44 0.93 1.56 1.79 1.79

(8;8) 3.74 6.38 7.16 7.17

(1;0.71) 0.26 0.48 0.75 0.76

(L1 0.51 0.75 0.99 1.00

0.5 (2;2) 2.04 3.15 4.03 4.04
(4:4) 8.15 12.73 16.17 16.24

(8;8) 32.62 51.07 64.58 64.84

(1;0.71) 2.49 6.00 6.77 6.77

(LD 4.73 8.29 9.06 9.08

0.9 (2;2) 18.92 33.20 36.14 36.17
4:4) 75.69 123.39 144.63 144.77

(8;8) 302.78 | 528.43 577.29 577.88

S RESULTS

The paper presents the spectral expansions of the
solution of the Lindley integral equation for the ordinary
system H,/HE,/1 and the system with a delay, which are
used to derive the formula for the average waiting time in
the queue for these systems in closed form.

The operation of the shift in time on the one hand,
leads to an increase in system load with a delay. The time
shift operation, on the other hand, reduces the variation
coefficients of the interval between receipts and the
service time of requirements.

Because the average waiting time in the G/G/1 system
is related to the coefficients of variation of the arrival and
service time intervals with the quadratic dependence, the
average waiting time in the delay system will be less than
in the conventional system with the same load factor.

6 DISCUSSION
Thus, the range of change of parameters for the

H, /HE, /1 system is much wider than that of the

conventional system H,/HE,/1.
It is obvious that the average delay in a system with a
delay depends on the shift parameter t, .

As one would expect, a decrease in the coefficients of
variation and due to the introduction of the shift
parameter into the laws of the distributions of the input
flow and service time, entails a decrease in the average
waiting time in systems with a delay several times. Thus,
we expand the range of applicability of the H,/HE,/1
system in the teletraffic theory.

The full adequacy of the presented results is
confirmed by the fact that when the shift parameter t,

tends to zero, the average waiting time in a system with a
delay tends to its value in a conventional system. In
general, the adequacy of the presented mathematical
models of systems is achieved by correctly using the
classical method of spectral decomposition of LIE for the
considered systems.
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The results obtained extend the theory of systems
G/G/1 and complement the well-known incomplete
formula of queuing theory for the average waiting time.

CONCLUSIONS

In this work, the problem of deriving a formula for the
average delay of requests in the queue for the considered
systems is solved.

The scientific novelty of the results is that for the first
time the spectral decomposition of the solution of the
Lindley integral equation for the considered systems was
obtained which are used to derive expression for the
average waiting time in the queue for this system in
closed form.

These expressions complements and expands the well-
known incomplete formula for the average waiting time in
the G/G/1 systems with arbitrary laws of input flow
distribution and service time.

The practical significance of the work lies in the fact
that the obtained results can be successfully applied in the
modern theory of teletraffic, where the delays of
incoming traffic packets play a primary role. For this, it is
necessary to know the numerical characteristics of the
incoming traffic intervals and the service time at the level
of the first two moments, which does not cause
difficulties when using modern traffic analyzers [10].

Prospects for further research are seen in the
continuation of the study of systems of type G/G/1 with
other common input distributions and in expanding and
supplementing the formulas for average waiting time.

ACKNOWLEDGEMENTS
This work was carried out as part of the author's
scientific school “Methods and Models for the Research
of Computing Systems and Networks”, registered at the
Russian Academy of Natural Sciences on 31.03.2015 and
was supported by the University of PSUTI.

REFERENCES

1. Kleinrock L. Queueing Systems, Vol. I: Theory. New York:
Wiley, 1975, 417 p.

2. Tarasov V. N., Akhmetshina, E. G. The average waiting
time in a H-2/H-2/1 queueing system with delay, Journal of
Samara State Technical University, Ser. Physical and
Mathematical Sciences, 2018, No. 2, pp. 702-713. DOL
https://doi.org/10.14498/vsgtul 607

3. Tarasov V. N. The analysis of two queuing systems
HE2/M/1 with ordinary and shifted input distributions,
Radio Electronics, Computer Science, Control, 2019,
Vol. 49, No. 2, pp. 71-79. DOI: 10.15588/1607-3274-2019-
2-8

4. Tarasov V. N. Queuing systems with delay, Radio
Electronics, Computer Science, Control, 2019, Vol. 50,
No. 3, pp. 55-63. DOI: 10.15588/1607-3274-2019-3-7

5. Tarasov V. N., Bakhareva N. F. Comparative analysis of
two queuing systems M/HE2/1 with ordinary and with the
shifted input distributions, Radio Electronics, Computer
Science, Control, 2019, Vol. 51, No. 4, pp. 50-58. DOL:
10.15588/1607-3274-2019-4-5

6. Tarasov V. N. Analysis of H-2/E-2/1 system and her of the
analog with shifted input distributions, Radio Electronics,

© Tarasov V. N., Bakhareva N. F., 2021
DOI 10.15588/1607-3274-2021-2-6

62

10.

14.

15.

16.

18.

19.

20.

21.

22.

Computer Science, Control, 2020, Vol. 52, No. 1, pp. 90-97.
DOI: 10.15588/1607-3274-2020-1-10

Tarasov V. N., Bakhareva N. F. Model of teletraffic based
on queueing systems E-2/HE2/1 with ordinary and shifted
input distributions, Radio Electronics, Computer Science,
Control, 2020, Vol. 53, No. 2, pp. 65-74. DOI:
10.15588/1607-3274-2020-2-7

Brannstrom N. A. Queueing Theory analysis of wireless
radio systems. Appllied to HS-DSCH. Lulea university of
technology, 2004, 79 p.

Whitt W. Approximating a point process by a renewal
process: two basic methods, Operation Research, 1982,
Vol. 30, No. 1, pp. 125-147.

Novitzky S., Pender J., Rand R. H., Wesson E. Limiting the
oscillations in queues with delayed information through a
novel type of delay announcement. Queueing Systems,
2020, Vol. 95, P. 281-330.

. Novitzky S., Pender J., Rand R. H., Wesson E. Nonlinear

Dynamics in Queueing Theory: Determining the Size of
Oscillations in Queues with Delay. SIAM J. Appl. Dyn. Syst.,
18-1, 2019, Vol. 18, No. 1, pp. 279-311. DOI:
https://doi.org/10.1137/18M 1170637

.RFC 3393 [IP Packet Delay Variation Metric for IP

Performance Metrics (IPPM)] Available at:
https://tools.ietf.org/html/rfc3393. (accessed: 26.02.2016).

. Myskja A. An improved heuristic approximation for the

GI/GI/1 queue with bursty arrivals. Teletraffic and
datatraffic in a Period of Change. ITC-13. Elsevier Science
Publishers, 1991, pp. 683—688.

Aliev T. I. Approximation of Probability Distributions in
Queuing Models, Scientific and technical bulletin of
information technologies, mechanics and optics, 2013,
No. 2, pp. 88-93.

Aras A. K., Chen X. & Liu Y. Many-server Gaussian

limits for overloaded non-Markovian queues with
customer abandonment, Queueing Systems, 2018,
Vol. 89, No. 1, pp. 81-125. DOI:

https://doi.org/10.1007/s11134-018-9575-0

Jennings O. B. & Pender J. Comparisons of ticket and
standard queues, Queueing Systems, 2016, Vol. 84, No. 1,
pp. 145-202. DOI: https://doi.org/10.1007/s11134-016-
9493-y

. Gromoll H. C., Terwilliger B. & Zwart B. Heavy traffic

limit for a tandem queue with identical service times,
Queueing Systems, 2018, Vol. 89, No. 3, pp. 213-241.
DOI: https://doi.org/10.1007/s11134-017-9560-z

Legros B. M/G/1 queue with event-dependent arrival
rates, Queueing Systems, 2018, Vol. 89, No. 3, pp. 269—
301. DOT: https://doi.org/10.1007 /s11134-017-9557-7
Bazhba M., Blanchet J., Rhee CH., et al. Queue with
heavy-tailed Weibull service times, Queueing Systems,
2019, Vol. 93, No. 11, pp. 1-32. DOL
https://doi.org/10.1007/s11134-019-09640-z/

Adan I., D’Auria B., Kella O. Special volume on ‘Recent
Developments in Queueing Theory’ of the third ECQT
conference. Queueing Systems, 2019, Vol. 93, No. 1, pp. 1-
190. DOT: https://doi.org/10.1007/s11134-019-09630-1
Adan ., D’Auria B., Kella O. Special volume on ‘Recent
Developments in Queueing Theory’ of the third ECQT
conference: part 2, Queueing Systems, 2019, pp. 1-2.
DOI: https://doi.org/10.1007/s11134-019-09637-8

Tibi D. Martingales and buffer overflow for the
symmetric shortest queue model. Queueing Systems,
Vol. 93, 2019, pp. 153-190. DOI: 10.1007/s11134-019-
09628-9



e-ISSN 1607-3274 PapioenexTpoHika, inpopmaTuka, ynpasminas. 2021. Ne 2
p-ISSN 2313-688X Radio Electronics, Computer Science, Control. 2021. Ne 2

23. Jacobovic R., Kella O. Asymptotic independence of 24. Wang L., Kulkarni V. Fluid and diffusion models for a

regenerative processes with a special dependence system of taxis and customers with delayed matching.
structure. Queueing Systems, Vol. 93, 2019, pp. 139-152. Queueing Systems, 2020, Vol. 96, pp. 101-131. DOI:
DOI: 10.1007/s11134-019-09606-1 10.1007/s11134-020-09659-7

Received 19.01.2021.
Accepted 18.04.2021.

YK 621.391.1:621.395

MOJEJII BATPUMKU HA BA3I CACTEM 3 3BUMAMHUAMM TA 3 3CYHYTHUMU NITEPEKCHOHEHTHUM TA
TI'IMEPEPJIAHT'IBCBKUM BXITHUMH PO3IIOAIJIAMU

Tapacos B. H. — 1-p TexH. Hayk, mpocdecop, 3aBimyBad kadeapu mporpamMHOro 3abe3ledeHHs Ta YNPaBIiHHA B TEXHIUYHHX
cucremax [ToBOI3BKOTO IEpKABHOTO YHIBEPCUTETY TEJICKOMYHIKaIlii Ta indpopmaruku, PO.

BaxapeBa H. ®. — n-p TexH. Hayk, npodecop, 3aBiayBad kadeapu iHGopMaTUKU Ta 0OUUCIIOBAIBLHOI TeXHIKH [10BOI3BKOTO
JIep’KaBHOTO YHIBEPCHUTETY TEIEeKOMyHiKalii Ta ingopmaTtuku, PO.

AHOTAULIA

AKTYyaJbHicTb. Y Teopil MacoBOro 00CIyroBYBaHHS JOCIIIKEHHS CHCTEM JOBUIBHIMH 3aKOHAMH PO3MOALIIB BXiHOTO OTOKY i
yacy OOCIYrOBYBaHHsS aKTyallbHI B 3B’S3Ky 3 THM, IIO HE MOXHA OTPHMATH PIMICHHS AJS 3aTPUMKH B KIiHIICBOMY BHIJIAALI B
3araJlbHOMY BHIIQJIKy IIPH JOBUIBHUX 3aKOHAaX PO3MOAUIB BXIZHOTO IOTOKY i 4acy oOciayroByBaHHs. ToMy B cydacHii Teopil
TeseTpadika BaxIIMBI JOCTIPKCHHS TAKHX CUCTEM JUTSI OKPEMHUX BUITAJIKIB BXITHUX PO3MOILIIB.

Meta po6orn. OTpuMaHHs pilIeHHS U1 CEpeHBOI 3aTPUMKH B 4ep3l B 3aMKHYTIH (opmi Ui CHCTEM MacoBOTO
00CITyroByBaHHs 31 3BUYAlHUMU 1 3 3CYHYyTUMH BIIPABO BiJl HYJIbOBOT TOYKH PO3IOJIIAMH B CTAJIOMY PEKHMI.

Mertopn. [Ins1 BUpIlICHHS] IOCTaBJICHOTO 3aBAaHHsI OYB BUKOPUCTAHHMI KJIACHYHUII METOJ CIIEKTPAJIbHOrO PO3KIIAJAHHS PillICHHS
inTerpaipHoro piBHsHHS Jlinmm. eit Metox mo3Boiisie OTpUMATH PIllICHHS Uil CEPEIHBOTO Yacy OYiKyBaHHS Ul PO3TIISIHYTHX
CHCTEM B 3aMKHYTill (opMi. MeTOA CHEKTPaIbHOTO PO3KJIANaHHS PIlICHHS 1HTETpalbHOTO PiBHAHHA JIIHIUTI Tpae BayKIUBY PONb B
teopii cuctem G/G/1. [y mpakTHYHOTO 3aCTOCYBaHHS OTPUMAHUX PE3YJIBTATiB OyJIO BUKOPUCTAHO BiJOMHI METOJ MOMEHTIB TEOPii
HMOBIpHOCTEH.

PesyabTaTu. Briepuie OTpUMaHO CIEKTpalibHI PO3KIAJaHHS PILICHHS IHTErpajbHOro piBHSAHHS JIMHMIM Ui cucTeM 3i
3BHYAHUMU Ta 3 3CYHYTHMH THIICPEKCIIOHHMILIOHAJBHE 1 THUIEPEpIIAHriBChKE PO3MOJAUIAMH, 32 JOIOMOIOI SKOTO BHBEICHO
PO3paxyHKOBE BHPAa3 I CEPEAHBOT 3aTPUMKH B 4ep3i B 3aMKHYTiH (opmi.

BucHoBku. J[0BeIeHO, 10 CHEKTpanbHI PO3KIAJAHHS PIlICHHS IHTErPajlbHOrO piBHAHHSA JIMHAIM A PO3IIISTHYTHX CHCTEM
36iraroTecst, ToMy GopmysH ISl cepenHbol 3aTPUMKH Takoxk OyayTh 30irartucs. [lokasaHo, 110 B cHCTeMax 3 3ami3HEHHSM Y Yaci
cepeHill yac OYiKyBaHHS MEHIIE, HiXK B 3BUYaiHHX cucTeMax. OTprMaHe pO3paxyHKOBE BHpa3 Ul Yacy OYiKyBaHHS PO3LIMPIOE i
JIOTIOBHIOE BiIOMY He3aBepLIeHY (GopMyiy Teopii MacoBOro 0OCIyTrOBYBaHHS ISl CEPEOHBOI 3aTPHUMKH JISi CHCTEM 3 JOBITBHUMH
3aKOHaMHU PO3MOALIIB BXIJHOTO IOTOKY i 4acy oOciyroByBaHHS. Takui IiAXiJ DO3BOJIIE pPO3paxyBaTH CEPEIHBOI 3aTPUMKH IS
3a3HaYCHUX CHUCTEM B MaTEMaTHYHMX MaKeTaxX ISl IIHPOKOro Aiarna3oHy 3MiHM IapameTpiB Tpadiky. KpiM cepeqHBOI 3aTpHUMKH,
TaKU{ MiIXiZ 1a€ MOXIIMBICT TaKOXX BH3HAYMTH MOMEHTH BHIIMX IOPSIKIB 4acy O4iKyBaHHs. 3 OISy Ha TOH QakT, mo Bapiamis
3aTPUMKH TAKeTiB (JUKUTTEP) B TEJICKOMYHIKaIlil BU3HAYAETCA SIK JMCIEPCisl Yacy O4iKyBaHHS BiJ] HOro CepeJHHOr0 3HAUCHHS, TO
IDKUTTEP MOXKHA Oy/ie BUSHAUMTH Yepe3 IUCIEPCilo 3aTPUMKH.

KJIFOYOBI CJIOBA: cucrema 3 3ami3HeHHSIM, 3CYHYTi po3mnoainy, neperBopenns Jlamnaca, interpansae piBHsHHs JIMHILH,
METOJI CHEKTPaJIbHOTO PO3KJIaJaHHS.

YK 621.391.1:621.395
MOJEJIN 3AJEP)KKHN HA BA3E CUCTEM C OBbIYHBIMHU U CIBUHYTBIMU
T'HNEPOKCIIOHEHIIMAJIBHBIM U THTIEPOPJIAHI'OBCKHUM BXOJHBIMH PACIHIPEJEJIEHUAMNA

Tapacos B. H. — n-p TexH. Hayk, mpodeccop, 3aBeAyrOIHid Kaeapoil MporpaMMHOr0 OOCCICUCHHS M YNPABICHUS B
TEXHUUYECKHX cucTeMax [10BOMKCKOro rocy 1apCTBEHHOTO YHUBEPCUTETA TEIEKOMMYHHUKALUK 1 nH(popMaTuku, PO.

BaxapeBa H. ®. — 1-p TexH. HayK, podeccop, 3aBeayromas kapeapoil nHPOPMATHKN U BHIYUCIUTEIBHON TEXHUKU
[ToBOMKCKOro rocyJapCTBEHHOTO YHHBEPCUTETA TEIIEKOMMYHHUKAIMK 1 HHPopMaTuku, PO.

AHHOTADIUA

AKTyanbHOCTB. B Teopum MaccoBoro oOCIyKMBaHUSI HCCIECJOBaHUS CHCTEM IIPOM3BOJIHBIMH 3aKOHAMH pacHpe/eleHUH
BXOJIHOT'O TIOTOKA M BPEMEHHU OOCIY)KUBAHHS aKTYaJIbHBI B CBSI3M C TEM, YTO HEJNb3s MOIYYUTh PEIICHUS IJIsl BpEMEHH OXKHIaHUs B
KOHEYHOM BHJE B OOIIEM Cilydyae IIPU HPOW3BOJIBHBIX 3aKOHAX PACIpPEeIeHHH BXOIHOTO IOTOKAa W BPEMEHH OO0CITY>KHBaHMSI.
ITosToMy B COBpEeMEHHOH Teopuu TesieTpauKa Ba)KHBI HCCICNOBAHMS TAaKMX CHCTEM JUI YacTHBIX CIIy4aeB BXOJHBIX
pacnpeneneHui.

Heas pa6otbl. [lomydeHne pemieHus Ui CpemHEW 3alepKKH B OYepeId B 3aMKHYTOH (OpMe Ui CHCTEM MacCOBOTO
OOCTyXUBaHHA C OOBMMHBIMH M C CABHHYTHIMH BIIPaBO OT HYJIEBOH TOUYKH THIIEPIKCHOHEHIHMAIBHBIM H THIIEP3PIAHTOBCKUM
pacnpeencHUsIMH B yCTAHOBUBILIEMCS PEXKUME.

Meron. [lns pelieHus MOCTaBJICHHOM 3afayd HUCIOJB30BAH KJIACCHYECKMH METOJ| CIEKTPAIbHOIO Pa3JIOKEHHS PEILICHUS
UHTErpajbHOro ypasHeHus JIunuin. JlaHHBIM MeTOJ II03BOJISCT MOJyYUTh PELIeHUE AJs CPeHEH 3aepKKU AJIs pPacCMaTpUBAEMBbIX
CHCTEM B 3aMKHyTOH (opme. MeTol CHEeKTPaIbHOTO Pa3IoKeHUs! PEIeHUs] UHTETPAbHOIO ypaBHEeHUs JIMHIIM MrpaeT BaXKHYIO
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pons B Teopun cucreM G/G/1. [ns MpakTHYECKOTO NPHMEHEHUs IOTyYCHHBIX PE3yJbTaTOB HCIIOIb30BAH HM3BECTHBIH METOJ
MOMEHTOB TEOPHHU BEPOSITHOCTEH.

Pe3yabTaTsl. BriepBele MOMy4eHO CHIEKTPalbHOE Pa3lIoKCHUE PELICHUS HHTErpajbHOro ypaBHeHMs JIMHUIM Ui cucteM ¢
OOBIYHBIMU U C CIBUHYTBIMH T'MIEPIKCIIOHEHIINANBHBIM U TUIIEPIPIAHTOBCKUM PacIpeieICHUsIMU, C TIOMOLIbIO KOTOPOTO BBIBEIEHO
pacuetHas hopMyJia Ul CpeiHei 3aJepKKU B OUepelId B 3aMKHYTOI1 (opMme.

BoiBoabl. Jloka3aHO, YTO CIIEKTPAIbHBIC PAa3lOKEHMS DPEIICHUS] WHTETPANbHOTO ypaBHEHWS JIMHAIM AT paccMaTpPHBACMBIX
CHCTEM COBMNAJAIOT, MOITOMYy (OPMyIBI AT CpeAHeHW 3afepKKHM Takke OymyT coBmamarh. I[lokaszaHo, 4To B CHCTEMax C
3ama3/bIBAHIEM BO BPEMEHM CpEIHSS 3aJlepiKka MEHbBIIe, YeM B OOBIYHBIX cHcTeMax. [loimydeHHOe pacdeTHOE BBIPAKCHUE IUIS
BPEMEHHU OXUJIAHUS pacHIApseT W JONOJHSAET W3BECTHYIO HE3aBEpPIICHHYI0 (DOPMYIy TEOPHH MAacCOBOTO OOCIY)KMUBAHUS [UIS
CpPEJHEIO BPEMEHM OXKUAAHHUS JUId CUCTEM C IIPOU3BOJIBHBIMM 3aKOHAMU DPACHpEAEICHUH BXOJHOIO IIOTOKA U BPEMEHU
obcimyxuBaHus. Takoil MOAXOJ IMO3BOJSIET PAacCUMTATh CPEAHEE BPEMsl OXKUIAHUS I YKa3aHHBIX CHCTEM B MaTEMaTHYECKHX
HaKeTax JUlsl IIMPOKOro JUana3oHa N3MEHEHUs napameTpoB Tpaduka. Kpome cpejHero BpeMeHH 0XKMAAHUS, UMEETCS BO3MOXHOCTh
ONpefeNeHuss U MOMEHTOB BBICIIMX IIOPSIIKOB BPEMEHH OXKHIAHUS. YUHTbIBass TOT (haKkT, YTO BapHalMs 3aJepKKU IaKEeTOB
(JuKUTTEp) B TETEKOMMYHHKAIMAX ONPENENIeTCs Kak pa3dpoc BPEMEHH OXHIAHHSA BOKPYT €r0 CPEIHETO 3HA4EHHMS, TO DKHTTEp
MOXHO OyJIeT OIPEETUTh Yepe3 JUCIEPCUIO BPEMEHHU OXKHIAHUS.

KJ/JIIOUEBBIE CJIOBA: cuctema c 3ama3gblBaHHEM, CABHHYTHIE paclpelienieHus, npeodpa3oBanue Jlamraca, nHTErpansHOe
ypaBHeHue JIMHAIN, METO CIIEKTPAIbHOIO Pa3I0KEHUS.
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