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ABSTRACT

Context. In the queuing theory of a research of the G/G/1 systems are relevant because it is impossible to receive decisions for
the average waiting time in queue in a final form in case of arbitrary laws of distributions of an input flow and service time.
Therefore, the study of such systems for particular cases of input distributions is important. The problem of deriving solutions for the
average waiting time in a queue in closed form for systems with distributions shifted to the right from the zero point is considered.

Objective. Getting solutions for the main characteristics of the systems — the average waiting time of requirements in the queue
for queuing systems (QS) of type G/G/1 with shifted input distributions.

Methods. To solve this problem, we used the classical method of spectral decomposition of the solution of the Lindley integral
equation. This method allows to obtaining a solution for the average waiting time for the systems under consideration in a closed
form. The method of spectral decomposition of the solution of the Lindley integral equation plays an important role in the theory of
systems G/G/1. For the practical application of the results obtained, the well-known method of moments of probability theory is used.

Results. For the first time, spectral expansions are obtained for the solution of the Lindley integral equation for systems with
delay, which are used to derive formulas for the average waiting time in a queue in closed form. The paper presents the final studies
for the remaining eight delay systems.

Conclusions. It is shown that in systems with delay, the average waiting time is less than in in the usual systems. The obtained
formula for the average waiting time expands and complements the well-known queuing theory incomplete formula for the average
waiting time for G/G/1 systems. This approach allows us to calculate the average latency for these systems in mathematical packages
for a wide range of traffic parameters. In addition to the average waiting time, such an approach makes it possible to determine also
moments of higher orders of waiting time. Given the fact that the packet delay variation (jitter) in telecommunications is defined as
the spread of the waiting time from its average value, the jitter can be determined through the variance of the waiting time.

KEYWORDS: delayed system, shifted distributions, Laplace transform, Lindley integral equation, spectral decomposition
method.

ABBREVIATIONS c,, is a coefficient of variation of service time;

LIE is a Lindley integral equation; !
QS is a queuing system;
PDF is a probability distribution function.

NOMENCLATURE
a(t) is a density function of the distribution of time
between arrivals;

A*(s) is a Laplace transform of the function a(t);

b(t) is a density function of the distribution of service
time;

B*(s) is a Laplace transform of the function b(t);

C, 1is a coefficient of variation of time between

arrivals;
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E, is a Erlang distribution of the second order;
E; is a shifted Erlang distribution of the second

order;

G is a arbitrary distribution law;

H, is a hyperexponential distribution of the second
order;

H, is a shifted hyperexponential distribution of the

second order;
HE, is a hypererlangian distribution of the second

order;
HE, is a shifted hypererlangian distribution of the
second order;
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M is a exponential distribution law;
M’ is a shifted exponential distribution law;
W is a average waiting time in the queue;

W*(s) is a Laplace transform of waiting time density

function;

A is a Erlang (exponential) distribution parameter for
input flow;

M,A, are parameters of the hyperexponential

(hyperelangian) distribution law of the input flow;

u is a Erlang (exponential) distribution parameter for
of service time;

Ly,1, are parameters

(hyperelangian) distribution law of service time;
p is a system load factor;

of the hyperexponential

T, 1s a average time between arrivals;

?;% is a second initial moment of time between

arrivals;
T, 18 a average service time;

rﬁ is a second initial moment of service time;

®_(s) is a Laplace transform of the PDF of waiting
time;

L (S) is a first component of spectral
decomposition;

y_ (S) is a second component of spectral
decomposition.

INTRODUCTION

In the study of G/G/1 systems, an important role is
played by the method of spectral decomposition of the
solution of the Lindley integral equation (LIE) and most
of the results in the queueing theory are obtained using
this method. The most accessible this method with
specific examples is described in the classic queueing
theory [1].

This article is devoted to the analysis of QS with time
lag, i.e. systems with input distributions shifted to the
right from the zero point. The latest results on such
systems are published in [2—7]. This article summarizes
the research results for the remaining eight out of sixteen
possible systems. In [2—7], as well as in previous works of
the authors, it was shown that the average waiting time
for a request in the queue in systems with time lag is less
than in conventional systems with the same load factor.
This is achieved due to the fact that the numerical
characteristics C; and c, decrease with the introduction

of the delay parameter t; >0. Thus, the operation of

shifting the distribution law transforms Markov systems
into non-Markov systems.

The results of works [2—7] together with [1] allowed
to develop the method of spectral decomposition of the

solution (LIE) for the study of systems HE, /M~ /1,
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M"/HE, /1, H,/E;/1, E,/HE,/1, E;/HE,;/l,
HE, /H, /1, HE,/E;/1 u H,/HE, /1. Hereinafter,

the superscript “—” will mean the operation of shifting the
distribution law.

All the QS considered in the article, formed of the

four most known shifted laws of distributions M, E,,

H, , HE; are of type G/G/1.

In the queueing theory, the studies of G/G/ systems
are relevant due to the fact that they are actively used in
modern teletraffic theory, moreover, it is impossible to
obtain solutions for such systems in the final form for the
general case.

The object of study is the queueing systems type
G/G/1.

The subject of study is the main characteristics of the
systems — the average waiting time of requirements in the
queue.

The purpose of the work is obtaining a solution for
the average waiting time of requirements in the queue in
closed form for the above-mentioned systems.

1 PROBLEM STATEMENT
The paper poses the problem of finding the solution of
the average waiting time of claims in a queue in the
queueing systems, formed by four distribution laws

shifted to the right from the zero point: M™, E,, H,,

HE, . These four laws of distributions form 4x4=16

different QS G/G/1. The results for the first eight QS are
presented in [2].

When using the method of spectral decomposition of a
LIE solution to determine the average waiting time, we
will follow the approach and symbolism of the author of
the classical queuing theory [1]. To solve the problem, it
is necessary to find the law of waiting time distribution in
the system through the spectral decomposition of the

form: A*(=s)-B*(s)-1=y, (s)/y_(s), where v, (s)
and y_(s) are some fractional rational functions of s that

can be factorized. Functions , (s) and y_(s) must

satisfy special conditions according to [1], which are
omitted here.

To solve this problem, it is first necessary to construct
spectral expansions of the form

A*(=s)-B*(s)-1=y,(s)/y_(s) for these systems,

considering special conditions in each case.

2 REVIEW OF THE LITERATURE

The method of spectral decomposition of the solution
of the Lindley integral equation was first presented in
detail in the classic queueing theory [1], and was
subsequently used in many papers, including [8, 9, 13]. A
different approach to solving Lindley’s equation has been
used in the Russian-language scientific literature. That
work used factorization instead of the term “spectral
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decomposition” and instead of the functions _ (s) and
y_(s) it used factorization components , (z,t) and

o_(z,t) of the function 1-z-y(t), where y(t) is the

characteristic function of a random variable & with an
arbitrary distribution function C(t), and z is any number
from the interval (—1, 1). This approach for obtaining end
results for systems under consideration is less convenient
than the approach described and illustrated with numerous
examples in [1].

The practical application of the method of spectral
decomposition of the LIE solution for the study of
systems with different input distributions is shown in [2—
71, as well as in previous works of the authors.

In [10, 11] presents the results of the approach of
queues to the Internet and mobile services as queues with
a delay in time. It is shown that if information is delayed
long enough, a Hopf bifurcation can occur, which can
cause unwanted fluctuations in the queues. However, it is
not known how large the fluctuations are when the Hopf
bifurcation occurs. This is the first publications in the
English-language journals about queues with a delay.
Approximate methods with respect to the laws of
distributions are described in detail in [9, 13, 14, 23, 24],
and similar studies in queuing theory have recently been
carried out in [15-22].

3 MATERIALS AND METHODS
Consider the class of density functions f(t), which are
Laplace-convertible, that is, for which there is a function

F'(5)=[e™ f(tydt=L[f(1)]. Next, we use the delay
0

theorem as a property of the Laplace transform: for any
ty > 0, the equality will be satisfied

L[ f(t—ty)]=e 0 -F(s), (1)

where Re(S)>0. The considered density functions M,
E,, H,, HE, belong to this class.

Table 1 — Numerical Characteristics of Distributions

In [2-7], using equality (1), obtained spectral
decompositions  A*(-s)-B*(s)—-1=y,(s)/y_(s) and
derived formulas for the average waiting time for eight
systems. Based on these results, we can now formulate a
general statement.

Statement. Spectral

A" (-s)*B"(s)~1=, (s)/y_(s) of the LIE solution
for all with delay formed by the distribution laws from

Table. 1 completely coincide with the spectral expansions
for the corresponding usual systems. Thus, the main
A" (-s)*B"(s)-1 of the
decomposition is invariant to the operation of the time
shift of the density function.

Corollary. The formulas for the average waiting time
for all systems with shifted distributions will have exactly
the same form as for the corresponding systems with
ordinary distributions, but with changed parameters due to
the time shift operation [2—7]. Consequently, the average
waiting time for systems with lag actually depends on the
magnitude of the shift parameter t; > 0.

expansions

expression spectral

Next, we present the main results obtained for the
systems HE, /M~ /1, M /HE;/1, H,/E;/1,
E, /HE; /1, E; /HE; /1, HE; /H, /1, HE;/E5/1 n

H, /HE; /1. To do this, we first summarize in Table 1

the numerical characteristics of the considered
distribution laws, which are used in [2-7].

The numerical characteristics of the shifted
distributions (Table 1) clearly indicate a significant
influence on them of the shift parameter t,. Now it is
necessary to determine the unknown parameters of these
distributions. These parameters were also obtained in [2—
7] and for the cases of density functions of the
distribution of intervals of input flows a(t) are given in
Table 2. Similar parameters for the service time
distributions b(t) will take place by replacing A with p.

Distribution laws T, Ti C}zL
M 1/) 2N\ 1
E, 1/A 3/(20\%) 1/2

1- pHr? =20 A, p(1— p)+ p(2— P)A3

H, p/ A +(1-p)/ 2, 2Ap/a2 +(1-p)/22] =P A 1A PA-P)+PC-PA)

[A=p)A, + p’»z]z

A 2Pk, (b —Ay)+ pL=2p)(y —1,)

HE /hy +(1=p)/ 3p/ (203 +3(1- p)/ (2\2
2 p/A+(1=-p)/ 2, p/(2r)+3(1-p)/ (213) 21— p)ry + ph
1 1ty .2 1
— - 2 — 4 Y
M 2o (k2+x)+t° (1+2ty)?
- 1 3 by !
E; Tt 72t 2(1+ Ay
— _ 234 2 2
H; PP, 212t 4 p)]+2[£2+(1 2|D)] (L= PN —2ZA2,pA - P)+ pC2- A
Moo Mooy Ao [t + (1= p)A; + PA, ]
— - - 2_ - - - 2
HE, p.d p)+t0 t§+2t0[£+(l p)]+37p2+3(1 2|O) AL —2ph, (A —2y)+ p(l 2p)(k£ Xy)
N A Mooh 20 22 AtoA Ay — Py —Ay) + 4]
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Table 2 — The parameters of the shifted distributions obtained by the method of moments

Distribution laws

Density function a(t)

Parameters p,A, A, A,

M- pe ) -y l—to

E; 02 (t—tg)e 204 = L s

H; pre M) 4 (1- p)a,e W p;i\/;m M= ﬁf_pto) 2y = (2%1:2))

HE; 4pa(t—ty)e 0 L a(1-p)ad(t-ty) p=1+\/1_ E —2t0)2272 3 = 72_9 N :2—(17:[))
2 4 g7 —ty)? +c2T] (B 1) (B 1)

Table 3 — The Laplace transform of the waiting time density function, the components of the spectral decompositions of the LIE
solution, the expressions for the mean waiting time

The Laplace transform of the waiting time density function and the

The expressions for the average waiting time

Qs components of the spectral decompositions
s (s+1) (2 —5)2(27» —5)2 W =1/s;—1/p, where s, absolute values of
HE; /M /1 W*(S)=¥, ‘V+(5):M , w_(s)= ! 2 . negative zeros of the function numerator
n(s+sy) (n+s) (5=5)(s—53)(S—5S4) v, (5)/v_(s) -
2 2
W (s) = 610,030, (21, +5)" (21, +5) B
16uf13 (5+6)(s+0,)(S+63)(S +5y4) o
M~ /HE; /1 W = H
S(sS+0y)(S+0,)(S+03)(S+0y) 2(1-
v, (5)-2Cro)CroE o) [ (), (=)
(2p; +5) (20, +59)
" Slsz(s+2u)2 s(s+s)(s+5,) W=i+i—l,where s;, S, absolute values of
H3/E;/1 W (s):4 2(s+8)(5+8y) v+(8)= s+2u) %M
e " ! 2 ( * “) negative zeros of the function numerator
y_(8)=-(A =8)(Ay —8)/(5—53) - v, (s)/w_(s).
2 2
W' (s)= 2(5126263(54(S+2},l1) (s+2u,) ’ wol, bt i—i—i,where
U5 (S+06;)(s+0,)(s+03)(s+0o Gy Oz O3 Oy K Ko
B/ HE- /1 16pi13 (S +07)(s+0,)(s+03)(s+0y)
2 2 . §(5+0,)(5+65)(5+53)(S +04) (5)__(2}‘_3)2 6}, 0y, O3, 04 absolute values of negative zeros
V5= u, +9)2(2u, +5)° P VB (s-05) of the function numerator y, (s)/w_(s) ..
* S8, (s+ S+ s(s+s;)(s+s _
(5)=—1 2( ul)( ) > (5)=7( ( 2), W =i+i—i—L , where s, s, absolute
— (s+51)(s+8 )y (s+m)(s+,) S S, W My
2 (21 —5)? values of negative zeros of the function
v.(s)=— s-s; numerator v, (s)/y_(s) ..
. 1S (s+mp)(s+psy) s(s+s)(s+5,) 101 1
Wi (s)=—"—5—"1, W, (S)=7—7—, W=—t——"—— wh bsolut
- s (5+5)(5+5,) +(s) (5+m)(5+ ) 51+32 — where S;,S, absolute
HE, /H, /1 _g)? _g)? values of negative zeros of the function
__(2n-s) (28, -5)
v_(s)= (5—5)(5—5,)(555) numerator v, (s)/y_(s) .
2
S5y (s+2 S(s+5))(s+s _
W*(S)=212(—H), \V+(5)=¥(22) W =i+i—l,where S|, S, absolute values of
- 4p”(s+s;)(s+s,) 2u+s) S, S U
2 (27%—5)2 (27»2—5)2 negative zeros of the function numerator
Y s s v (s)/v-(s).
2 2
W' (s) 2515?:25354(S+2H1) (5+2p) ’ wol, byttt to where
U5 (S + 5 )(S+5,))(S+S3)(S+5S 1 S S3 0S4 W My
e JHE= /1 163 (S +81)(S +8,)(S +83)(S +84) Si% S S WM
2 2

S(S+3)(S+5,)(S+83)(S+54) 7(5):7(7” -s)(x, -5) .

v-()= [(s+2m) (s +2m)°1 (s—s5)

S|, Sy, S3, S4 absolute values of negative zeros of

the function numerator . (s)/w_(s) .
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Table 3 shows the Laplace transformations of the
waiting time density function in the queues in the systems
under consideration, the components of the spectral
expansions of the LIE solution, as well as the expressions
for the average waiting time in the corresponding
systems.

A detailed description of the algorithms for
calculating the average waiting time for the systems under
consideration can be found in [2—7]. Thus, the published
results for the last eight of the sixteen systems are
presented here.

4 EXPERIMENTS
The results of numerical simulation are presented to
confirm the adequacy of the proposed QS models with
time lag. Tables 46 below show the data of calculations

in the Mathcad package for three systems HE, /M~ /1,
E,/H,/1, Hy /HE; /1 for cases of low, medium and
high load p=0.1;0.5;0.9 for a wide range of ¢, , ¢, and
a shift parameter t, .

Table 4 — Results of experiments for QS HE, /M™ /1 and
HE,/M/1

Input Average waiting time
parameters
HE, /M /1
P Cu For QS 2 For QS
N ¢, =01 ¢, =05 ¢, =099 HE,/M/1
(t=0.9) (t=0.5) (t,=0.01)
0.71 0.000 0.005 0.029 0.03
2 0.000 0.013 0.078 0.08
0.1
0.000 0.016 0.094 0.10
8 0.000 0.017 0.099 0.11
0.71 0.005 0.181 0.610 0.62
2 0.008 0.458 1.966 2.00
0.5
4 0.009 0.599 4.503 4.62
8 0.009 0.655 9.706 10.15
0.71 0.344 2.956 6.516 6.61
2 0.805 16.002 22.465 22.59
0.9
1.102 60.607 77.044 77.28
8 1.260 238.99 295.29 295.96

Table 5 — Results of experiments for QS E, /H, /1 at Cu=2
for the E,/H,/1 system

Input parameters Average waiting time

R S e T

E;/H; /1 E»/Hy/1
0.637 1.005 0.99 0.055
0.672 1.333 0.5 0.065

0.1 | 0.700 1.818 0.1 0.128 0.160
0.706 1.980 0.01 0.156
0.707 1.998 0.001 0.159
0.357 1.005 0.99 0.504
0.530 1.333 0.5 0.877

0.5 | 0.672 1.818 0.1 1.716 2.094
0.704 1.980 0.01 2.051
0.707 1.998 0.001 2.089
0.077 1.005 0.99 4.544
0.389 1.333 0.5 8.473

0.9 | 0.643 1.818 0.1 16.538 20.072
0.701 1.980 0.01 19.674
0.707 1.998 0.001 20.031
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Table 6 — Results of experiments for QS H, /HE; /1 and
H,/HE,/1

Input Average waiting time
parameters
o ©; Cu) For QS H, /HE; /1 Hﬂ/,;{gﬁl

=099 | t=0.5 | t=0.01 A

(1;0.71) 0.03 0.04 0.09 0.09

(L;1) 0.06 0.07 0.11 0.11

0.1 (2;2) 0.23 0.36 0.44 0.45

4:4) 0.93 1.56 1.79 1.79

(8;8) 3.74 6.38 7.16 7.17

(1;0.71) 0.26 0.48 0.75 0.76

(L;1) 0.51 0.75 0.99 1.00

0.5 (2;2) 2.04 3.15 4.03 4.04
(4:4) 8.15 12.73 16.17 16.24

(8;8) 32.62 51.07 64.58 64.84

(1;0.71) 2.49 6.00 6.77 6.77

(L;1) 4.73 8.29 9.06 9.08

0.9 (2;2) 18.92 33.20 36.14 36.17
(4:4) 75.69 123.39 | 144.63 144.77
(8;8) 302.78 | 528.43 | 577.29 577.88

Results for systems with a delay are compared with
results for usual systems. It is obvious that the average
waiting time in a system with a delay depends on the shift
parameter t;. The load factor p in both tables is

determined by the ratio of average intervals p=71, /T, .

The calculations used the normalized service time ?“ =1.

5 RESULTS
The paper presents mathematical models of eight
systems with time lag. As one would expect, a decrease in
the coefficients of variation ¢, and ¢, due to the

introduction of the shift parameter t; >0 into the laws of

the distributions of the input flow and service time, entails
a decrease in the average waiting time in systems with a
delay several times. This is the main result of the
presented models.

The adequacy of the presented results is fully
confirmed by the fact that when the shift parameter t,

tends to zero, the average waiting time in the delayed
system tends to its value in the usual system.

If conventional systems, including exponential and
Erlang distributions, are applicable only for point values
of the input parameters, then systems with delay are
applicable for interval values of these parameters. This is
the second most important result and the advantage of the
presented systems.

The above calculation results are in good agreement
with the results of work [25] in the range of parameters in
which the systems under consideration are valid.

6 DISCUSSION

The operation of the shift in time on the one hand,
leads to an increase in system load with a delay.

The time shift operation, on the other hand, reduces
the variation coefficients of the interval between receipts
and of the service time of requirements. Since the average
waiting time in the system G/G/1 is related to the
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coefficients of variation of the arrival and servicing
intervals by a quadratic dependence, the average waiting
time in the delayed system will be less than in the usual
system under the same load factor.

For example, for the E;/H,/1 system when loading
p=0.9 and the shift parameter t,=0.99, the variation

coefficient C, of the interval between receipts decreases

from 1/+/2 for a usual system to 0.077. The service time
variation coefficient Cu decreases from 2 to 1.005, and

the waiting time decreases from 20.072 units of time for a
usual system to almost 4.544 units of time for a delayed
system (Table 5).

In addition, the introduction of the shift parameter
leads to a fairly wide range of variation in the coefficients

of variation ¢, and Cu> in contrast to usual systems,

which are applicable only in the case of fixed values of
the coefficients of variation. Therefore, systems with
delay extend the range of their applicability in the modern
theory of teletraffic.

CONCLUSIONS

The paper presents the spectral expansions of the
solution of the Lindley integral equation for eight systems
with delay, which are used to derive expressions for the
average waiting time in the queue for these systems in
closed form.

The scientific novelty of the results is that spectral
expansions of the solution of the Lindley integral equation
for the systems under consideration are obtained and with
their help the calculated expressions for the average
waiting time in the queue for systems with delay in closed
form are derived. These expressions complement and
expands the well-known incomplete formula for the
average waiting time in the G/G/1 systems with arbitrary
laws of input flow distribution and service time.

The practical significance of the work lies in the fact
that the obtained results can be successfully applied in the
modern theory of teletraffic, where the delays of
incoming traffic packets play a primary role. For this, it is
necessary to know the numerical characteristics of the
incoming traffic intervals and the service time at the level
of the first two moments, which does not cause
difficulties when using modern traffic analyzers [12].

Prospects for further research are seen in the
continuation of the study of systems of type G/G/1 with
other common input distributions and in expanding and
supplementing the formulas for average waiting time.
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Tapaco B. H. — 1-p TexH. Hayk, npodecop, 3aBiayBau Kadeapu MPOrpaMHOTO 3a0C3MEYCHHS Ta YIPAaBIiHHS B TEXHIYHUX
cucremax [ToBOI3BKOro JIep)KaBHOTO YHIBEPCUTETY TeIeKOMYHiKalliii Ta inpopmaruky, Pociiicbka denepartis.
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AHOTAIIA

AxTyanbHicTh. Y Teopii MacoBoro oociyroByBaHHs nocuimkeHHs cucteM G/G/1 akTyanbHi gepes Te, [0 HE MOXKHA OTPUMATH
piLIeHHs U1 yacy O4iKyBaHHS B KiHLIEBOMY BHIJISJI B 3arajbHOMY BHUIIQJKY IPU JOBUIBHHUX 3aKOHAX PO3IOALTIB BXiJJHOTO IOTOKY i
4yacy oOCIyroByBaHHs. TOMy € BOKJIMBHUMH JOCIIJDKEHHS TaKUX CHCTEM JUIsl OKPEMUX BHIIQJIKIB BXIIHHMX PO3moALTiB. Po3risHyTo
3a7ady BUBEACHHS DILlIEHb /Ui CEPeJHbOr0 Yacy OYiKyBaHHS B 4ep3i y 3aMKHYTIH (opmi Iyt cHCTeM 3i 3CyHYTHMH BIIPaBO Bil
HYJIbOBOI TOUKH BXiJJHUMHU PO3MOIITaAMH.

Meta podoru. OTpuMaHHs pilIeHHS I OCHOBHOI XapaKTEPUCTHKH CUCTEMH — CEPEIHBOTO Yacy OYiKyBaHHS BUMOT Y 4ep3i s
JIBOX CHCTEM MacoBOro oocimyroByBaHHs Ty G/G/1 31 3cyHYTUMHU BXiTHAMH PO3MOIIIAMH.

Mertoa. J{yisi BUpILICHHS TIOCTABICHOTO 3aBAaHHs OyB BUKOPHCTAHUI KIACHYHUN METOJ CHEKTPAIBLHOTO PO3KIAAaHHS PIlICHHS
interpanpHoro piBHsHHs Jlinmii. Ileit MeTon a03BOJIsSE€ OTPUMATH PILICHHS IS CEPEJHBOTO 4Yacy OYiKYBaHHS Ui PO3IJISHYTHX
CHCTEM Y 3aMKHYTIH (opmi. MeToJ ClieKTpalbHOTro PO3KJIaJaHHs PIllleHHs IHTerpaabHOrO piBHAHHA JIIHIUI rpac BaXKIMBY poib y
teopii cuctem G/G/1. 171t mpaKTUYHOTO 3aCTOCYBaHHS OTPUMAHMX Pe3yJIbTaTiB OyJI0 BUKOPUCTAHO BiJTOMHUI METOJ MOMEHTIB Teopii
HMOBIpHOCTEH.

PesynbraTn. Brepuie oTpMMaHO CHEKTpalbHI PO3KJIAJAHHS PILICHHS IHTErpanbHOro pPiBHSHHS JIMHIN Ui PO3TIISTHYTHX
CHCTEM, 3a JOMOMOTOI0 SIKMX BUBEICHI PO3PaxyHKOBI BHPa3H A CEPeIHBOTO Yacy OYIKYBAaHHA B 4ep3i y 3aMKHYTIH ¢opmi.
Y po6oTi mozaHi 3aBepuIaibHi AOCTIIKESHHS U PEIITH BOCBMU CHCTEM 3 3aITi3HCHHSM.

BucHoBku. [lokazaHo, 1m0 y cucTeMax 3 3ami3HEHHSM Y 4aci CepeHil Jac O4iKyBaHHS MEHINE, HDXK Y 3BHYaWHUX CHCTEMaXx.
OTpuMaHi PO3paxyHKOBI BHpa3H ISl 4Yacy OUYiKyBaHHS PO3IIMPIOIOTH 1 JONOBHIOIOTH BiIOMY He3aBepIIeHy (opMyiry Teopil
MacoBOT'0 0OCITyTOBYBAHHS JUIsl CEPEAHBOr0 acy odikyBaHHs it cucteM G/G/1. Takwit miaxin J03BOJIsSIE po3paxyBaTH CepenHiil qac
OYiKyBaHHs JUIS 3a3HAYCHUX CHCTEM B MAaTEMAaTHYHMX IaKeTax IS IIMPOKOrO Aialla3oHy 3MiHM mIapamerpiB Tpadiky. Orpumani
pe3yNbTaTH 3 YCIIIXOM MOXYTh OyTH 3aCTOCOBaHI B cydacHid Teopil Tenerpadiky, A€ 3aTpUMKHM MaKeTiB BXIiZHOTO Tpadiky
BiZlirparoTh MepIuopsaHy poib. KpiM cepeqHboro uyacy O4ikyBaHHs, TaKdil MiIXiA Ja€ MOXJIMBICT TAKOXK BHU3HAYUTH MOMEHTH
BUILUX TMOPSJKIB Yacy OYIKyBaHHs. 3 OMIsiAy Ha TOH (akT, 10 Bapiallis 3aTPUMKH IMakKeTiB (IKUTTEp) B TEIEKOMYyHiKarlil
BHU3HAYAETHCS SIK TUCTIEPCis 4acy OYiKyBaHHS BiJl HOTO CepeTHHOTO 3HAYCHHS, TO JUKUTTEP MOKHA Oyie BU3HAUUTH Yepe3 TUCIIEPCito
Yacy O4iKyBaHHS.

KJIIOYOBI CJIOBA: cuctema 3 3ami3HEHHsIM, 3CYHYTi po3noainu, neperBopeHHs Jlammaca, iHTerpansHe piBHsSHHS JliHmi,
METO/] CHEKTPAIBHOTO PO3KIIaaHHS.
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CUCTEMBI MACCOBOI'O OBCJIYKUBAHUS C 3AIIA3IbIBAHUEM BO BPEMEHU

TapacoB B. H. — n-p texn. Hayk, mpodeccop, 3aBemyromiuii kadexpoil MporpaMMHOr0 OOECIICUeHHS] W YMpaBICHUS B
TEXHUYECKHX CcHCTeMax IIOBOKCKOrO TOCYyJapCTBEHHOTO YHHBEPCHTETa TeIeKOMMYHHKanuidi u uH(popmaTtuku, Poccuiickas
Denepanus.

Baxapesa H. ®. — 1-p Texn. Hayk, mpodeccop, 3aBemyromas Kadenpodl WHGOPMATHKHA M BBIYHCIMTEIBHOW TEXHUKH
[ToBOKCKOTO TOCYJapCTBEHHOTO YHIBEPCUTETA TEIEKOMMYHHKAIMH 1 HHpopMaTuky, Poccuiickas @eneparust.

AHHOTAIUSA

AKTyasnbHOCTb. B Teopun maccoBoro obcmyxuBanus uccienoBanusi cucreM G/G/1 axkTyasibHbI B CBSI3H C TEM, YTO HEJb3s
MOJNyYUTh PELICHHs A BPEMEHH OXKHJAHUS B KOHEYHOM BHAE B OOILIEM cilydae IpPH NPOM3BOJBHBIX 3aKOHAX pacIpeiesieHUi
BXOJHOTO TIOTOKAa M BPEMEHH 00CTyXHBaHMSA. [109TOMy Ba’KHBI HCCIEJOBAHMS TAKUX CHUCTEM JUIS YAaCTHBIX CITy4aeB BXOJIHBIX
pactpenenennii. PaccMoTpeHa 3agada BBIBOJIAa PEIICHHUN UIS CPEITHETO BPEMEHH OXXKUAAHHS B O4YEpEeOH B 3aMKHYTOH (opme Iyt
CHCTEM CO CABUHYTHIMH BIIPABO OT HYJIEBOH TOUKH BXOJHBIMH PACIIPENCICHUIMHE.

Leas padorsl. [Toryuenue penreHus JIsi OCHOBHOH XapaKTEPUCTHKH CHCTEM — CPEIHETr0 BPEMEHH OXKHIAHUS TPeOOBaHUI B
ouepeu 1 cucteM MaccoBoro obciyxusanust (CMO) tuna G/G/1 co CIBHHYTHIMH BXOAHBIMH PacIipe/ielICHUSIMU.

Metoa. [{ns penieHus IOCTaBJICHHOH 3aJaddl HWCIONB30BaH KIACCHYECKHMH METOJ CHEKTPAIbHOTO pA3JIOKEHHS pEICHUs
MHTETPANbHOTO ypaBHeHUs JIunamu. JlaHHBI METOA MO3BOJSIET TOMYYHUTh PELIEHHE OISl CPEOHEr0 BPEMEHH OXUAAHUS TS
paccMaTpUBaeMbIX CHCTEM B 3aMKHYTOH (opme. MeTo/ CrIeKTpabHOTO Pa3iiokKEHHs PeIIeHHs] HHTErPAIbHOrO ypaBHeHUs JIMHH
WTpaeT BaXHyIO pons B Teopun cucteM G/G/1. i NpakTHIECKOTO IMPUMEHEHHS IONYyYEHHBIX PEe3ylbTaTOB HCIIOIb30BAH
U3BECTHBIA METOJ] MOMEHTOB TEOPUHU BEPOSITHOCTEH.

Pe3yabTaTsl. BriepBble moydeHbI CHEKTpalbHBIE Pa3lOKEHHs PEUIeHHs HHTEIPaIbHOTO ypaBHEHUS JIMHIUIM Ui CHCTEM, C
TIOMOIIBIO KOTOPBIX BHIBEJICHBI PACUECTHBIE BBIPKEHHUS JUISL CPEJHET0 BPEMEHH OXKHJIAHUS B OYEepear B 3aMKHYTOH opme. B pabore
IIPE/ICTaBIICHbI 3aKII0UYNTENBHBIE HCCIISIOBAHUS ISl OCTABLIMXCSl BOCBMH CHCTEM C 3aIla3/bIBAHUEM BO BPEMEHHU.

BriBoasl. [TonmyueHb! crieKTpaIbHbIe Pa3IoNKEHHs PELICHHs] HHTErPAILHOTO ypaBHEHUs JIMHIUTH JUTs paccCMaTPUBAEMBIX CHCTEM
U C UX MOMOILbIO BBIBEJICHBI PACUECTHBIEC BBIPAXKEHHUS AT CPEJHEr0 BPEMEHH OXHAAHMS B OYEPEIM JUIS 3THX CHCTEM B 3aMKHYTOMH
¢dopwme. IlokaszaHo, 4TO B CHCTEMax C 3ama3/bIBAHUEM BO BPEMEHH CpEIHEE BPEMS OKHMIAHHSA MEHbIIE, YEM B OOBIUHBIX CHCTEMaX.
[NomyueHHble pacdeTHBIE BBIPAXKEHHS U BPEMEHH OXHAAHWS PACIIUPSIOT W JOMOJHSIOT W3BECTHYIO HE3aBEPIICHHYIO (HOpPMYITy
TEOPHH MAacCOBOTO OOCITY)KWBaHHMS JUIA CPEIHET0 BpeMeHH okumanus s cucteM G/G/1. Takoit moaxon MO3BOJSIET pacCUUTATh
cpexHee BpeMs OKHJAHUS JJI1 YKAa3aHHBIX CHCTEM B MAaTEMaTHUYECKUX ITaKeTax Ul MIMPOKOTO JHara3oHa W3MEHEHUs HapaMeTpoB
tpaduka. Kpome cpemHero BpeMeHH OXHAAHMS, TaKOH IMOAXOJ TaeT BO3MOXKHOCTH ONPENENUTh M MOMEHTHI BBICIIHX IOPSIKOB
BPEMEHU OXKHJAaHUS. YUHTHIBAsl TOT (aKT, YTO BapHaIMs 3aJeP>KKH MAKeTOB (IDKUTTEP) B TEIEKOMMYHHKAIMAX OIpeJelsieTcs KaK
pa3bpoc BpeMEHH OXHAAHHS OT €ro CPEeIHEro 3HA4YCHHs, TO JDKUTTEP MOXKHO OyAeT ONpeNelMTh Yepe3 IHCIEPCHI0 BPEMEHU
OXKHJAHUS.

KJ/IFOYEBBIE CJIOBA: cuctema c¢ 3ama3gsiBaHMEM, CABUHYTHIC paclpeneieHus, npeodpasoBanue Jlamnaca, WHTEerpaibsHOe
ypaBHeHue JIMHIUTH, METO CIIEKTPATBbHOTO PA3I0KEHHS.
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