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ABSTRACT

Context. There is a problem of forecasting the efficiency of real queuing systems with refusals in the case of incomplete
accessibility of service devices for the input flow of requirements. The solution of problem is necessary to create the possibility of
more accurate design and control of such systems operation in real time.

Objective. The aim of the research is to obtain an analytical description of the state’s final probabilities in a Markov queuing
system with refusals and with incomplete accessibility of service devices for the input flow of requirements that is necessary to
forecast the values of the queuing system performance indicators.

Method. The probabilities of queuing systems’ states with refusals in the case of incomplete accessibility of service devices for
the input flow of requirements are described by Kolmogorov differential equations. In a stationary state, these equations are
transformed into a linearly dependent homogeneous system of algebraic equations. The number of equations is determined by the set-
degree and for modern queuing and communication systems can be in the thousands, millions and more. Therefore, an attempt to
predict the efficiency of a system is faced with the need to write down and numerically solve a countable set of algebraic equations
systems that is quite difficult.

The key idea of the proposed method for finding an analytical description of final probabilities for a given queuing system was
the desire to move from the description of individual states (of 2" amount) to the description of groups of system states (of n+1
number) and to localize the influence of incomplete accessibility of service devices for the input flow of requirements in
multiplicative functions of incomplete accessibility. Such functions allow obtaining the required analytical description and assessing
the degree of the final probabilities transformation, in comparison with known systems, as well as assessing the forecasted values of
the noted queuing system’s efficiency indicators when building a system and choosing the parameters for its controlling.

Results. For the first time analytical expressions are obtained for the final probabilities of the queuing system states with refusals
and with incomplete accessibility of service devices for the input flow of requirements, which makes it possible to evaluate as well as
forecast values of all known system efficiency indicators.

Conclusions. The resulting description turned out to be a general case for well-known type of Markov queuing systems with
refusals. The results of the numerical experiment testify in favor of correctness the obtained analytical expressions for the final
probabilities and in favor of possibility for their practical application in real queuing systems when solving problems of forecasting
efficiency, as well as analyzing and synthesizing the parameters of real queuing systems.

KEYWORDS: Markov models, queuing systems, incomplete accessibility of queuing devices.

ABBREVIATIONS NOMENCLATURE
QS is a queuing system; A is the absolute QS capacity;
SAMS is the surface-to-air missile system; C," is number of combinations from » to m;
No. i,j is a cell address in Table 2: i- row number, e=2.71... is a second remarkable limit;
Jj-column number. /10 is a density distribution of the requirements flow at
the input of the QS;

/>0 is a density distribution of service duration;
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fris a function, which deforms the probability p, of
k-th state in incompletely accessible QS with respect to
the Erlang model;

I is a flow intensity of requirements at the input of QS;

i1, ..., iy are the individual numbers of service devices;

M is a designation of the exponential distribution of
random time intervals between the requirements of the
input flow and the time of servicing the requirements;

m is the number of devices in one group accessible for
service to the input requirements;

M/M/n is a designation of QS with refusals in the
Kendall-Basharin classification;

Mpyspaiv 1 the mathematical expectation of busy
devices number;

n is a number of identical channels/devices in the QS;

N is the total number of patients per month;

Naireq 18 the number of differential equations and states
in incompletely accessible QS with refusals;

n; is the number of requirements served by i-th device;

N,, is the number of patients accessible for “service”
to exactly m medical specialists per month;

N,uissea 18 the mathematical expectation of the enemy
aircraft number that broke through to the target;

Nissea.r1 18 the N4 calculated by the Erlang model;

Nsqps1s the number of SAM systems in grouping;

N 18 the number of requirements that entered the
system per month;

Niowin 18 the total number of enemy aircraft in the air
blow;

Pijx s a probability of a QS state at which devices
with numbers i, j, k are occupied with servicing;

Py 1s a probability derivative;

Py is a probability of a QS state in which exactly &
requirements are in the system;

Pigy is P, but for Erlang QS M/M/n model with
refusals;

P,ese 18 a service refusal probability;

P,efise.£r1 15 @ service refusal probability for Erlang QS
M/M/n model with refusals;

Perice 1S a service probability of QS;

Pyervice £ 18 @ service probability for Erlang QS M/M/n
model with refusals;

Qijkis the area of accessibility for input flow
requirements by devices with numbers 7, j, k

qn 1s a probability of requirements’ accessibility for
service to a group of m service channels/devices;

R[Sy, S1] is the edge R that connects the vertex S, with
the vertex S;;

Rgyyrs1s the SAM fire zone radius;

S,-x 1s the size of area with “A” multiple overlapping
of fire zones;

Sarmax 18 the maximum possible coverage area by
means of all SAM systems in grouping;

Sar.100 18 the size of the cover area by all SAM systems
in grouping on the terrain;

S;jx 18 a system state, at which devices with numbers 7,
J, k are occupied with servicing;

Sy is vertex of graph and a system state, at which
exactly k requirements are under service;
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¢ is a current time;

T, is a mathematical expectation of requirement’s
service duration by the service device;

T; is the total time spent by the i-th device for
servicing;

T\vori 1s the time of system operation per month;

v; is the probability of transferring the requirement for
service to one of channels provided that i accessible
channels are already busy;

v is the intensity of transferring the requirement for
service to one of channels provided that i accessible
channels are already busy;

Y 18 the probability that a patient will be accessible
for “service” to the specialists of one group of m doctors;

APy, is the relative error in the service probability
forecast for the Erlang model;

u is a performance of one service device as the inverse
value to the mathematical expectation of service time;

&, is the maximum number of groups of m devices
from the total number of n devices;

7 is the ratio of a circle length to its diameter;

p is a load factor of a QS with a simplest flow of
requirements.

INTRODUCTION

In the field of transport, trade, medicine, industry,
information networks, control systems and in other areas,
there is often appears repeated massive demand (flow of
requirements) for various services. To work out such
requirements, the corresponding “service” systems are
created.

The wide distribution and diversity of such systems
has caused the need to develop appropriate models of
queuing systems for solving problems of analysis,
synthesis and control of real systems. The moments of
each requirement occurrence and the duration of its
working out (service) are not known in advance (are
random). If all service devices are busy, requirements can
wait for their turn. “Impatient” requirements may leave
the queue at an unknown point in time. Therefore, most
models are stochastic

In real systems, as a rule, the conditions of the central
limit theorem of A. Ya. Khinchin [1] are satisfied, and an
input flow of requirements, that is close to the simplest
one, is automatically generated. For such conditions, there
are well-known models

However, in some real systems, not every free device
can start servicing the next requirement that enters the
system.

So, at a gas station, refueling a car with fuel can be
done only with a device that has the required type of fuel,
which can lead to a refusal to refuel the driver’s car even
if there are free devices, but with the wrong type of fuel.

In communication systems, there may be load
schemes in which some of the options for connecting the
sender to the recipient cannot be implemented, and the
subscriber may receive a denial of service even if there
are free channels, but in a different load group.
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In a polyclinic, not every specialist doctor can consult
the next patient who needs medical care.

In a grouping of anti-aircraft missile forces, the next
enemy aircraft may be in the zone of fire of a SAM
system, which is still busy firing at the previous aircraft,
while for other SAM systems this aircraft was outside
their zones of fire. Such an aircraft will receive a refusal
of service and will be able to attack with impunity and hit
a protected object despite the presence of free SAM
systems in the grouping.

To control such systems, the problem arises of
forecasting the effectiveness of their work, taking into
account the incomplete accessibility of service devices.

The models of incompletely accessible queuing
systems were studied most deeply in the theory of
teletraffic [2], where an analytical description of the
probabilities of states for the case of a single-link ideal
incomplete switching circuit [2] was obtained (the third
Erlang formula).

However, in the general case, an incompletely
accessible circuit has 2" states, which leads to the need to
compose and solve a system of 2" differential and,
accordingly, algebraic equations.

For the values n=50+100 and more encountered in
practice, it is not possible to solve such a problem which
complicates the control of such systems and makes the
topic of this article relevant.

The object of research is a steady-state process of
servicing in M/M/n queuing system with refusals and with
incomplete accessibility of service devices for the input
flow of requirements.

The subject of research is the distribution law of the
final probabilities of groups of states in queuing system
M/M/n with refusals and with incomplete accessibility of
service devices for the input flow of requirements.

The research goal is to obtain an analytical
description for final probabilities of states groups for the
queuing system M/M/n with refusals and with incomplete
accessibility of service devices for the input flow of
requirements and also checking the correctness of the
results by transforming the obtained description into a
description of known Erlang system M/M/n.

The noted final probabilities are a complete
description of the systems operation and allow estimating
the expected values of all known indicators for the
queuing systems efficiency.

1 PROBLEM STATEMENT

The queuing system consists of several groups of
similar devices. Each device can be included in one or
several groups of service devices.

The requirements flow with intensity | and density
i) =1 e~ enters the queuing system. The requirement
of the input flow gets into service in one of the devices
groups. If there are no free devices in this group, then the
request is denied service and leaves the system. If there
are free devices in this group, then any free device is
selected to service the request with the same probability
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for all free devices. Service duration is random and has
exponential distribution f,(t) = uefut. By virtue of the

noted distribution densities, a Markov process with
continuous time and discrete states arises in the system.

The problem statement of constructing a model of an
incompletely accessible queuing system with refusals in
theory of teletraffic is known [2]. In the actual area of air
defence, the task of formalizing real processes with the
transition to a model of an incompletely accessible
queuing system with refusals will be considered in section
experiments.

In order to visually demonstrate the logic of
formalizing physical processes when building a model of
an incompletely accessible queuing system, let’s consider
a simplified example of a city polyclinic work, where n
medical specialists see patients. Let’s assign an individual
number to each doctor (service device): iy, iy, ..., iy and
conditionally represent the areas of diagnosis inherent in
each specialist doctor by circles (Fig. 1).

When making a diagnosis and prescribing treatment,
there are mutually overlapping areas of physicians’
capabilities (Fig. 1, areas Qp;, Qa3, Qi3, Qi23). So, for
example, a patient with pain symptoms of the spine can
be seen by a surgeon, by a vertebrologist and by a
neuropathologist (Fig. 1, area Qi,3), about which the
patient can receive information from a nurse at the
polyclinic registry. In this case, the group of doctors
available to the patient includes three (m; = 3) specialist
doctors. Let us introduce the necessary concept.

X,

o

Figure 1 — Visualization of the principles for choosing an
affordable device to serve the next requirement

The coverage ratio of the requirements flow by a
specific group of m service devices (specialist doctors) is
the share of requirements (patients) in the input flow that
is available for servicing at once by all m devices
(specialist doctors) of a particular group (m=>0). In the
given example, the value of the patients flow share
depends on the qualifications of doctors and on the
structure of the patients’ flow. There are also such
symptoms of patients that are available for analysis only
by a specific specialist doctor (Fig. 1, areas Qy, Q,, Q3,).
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Let us formulate the noted property: the capabilities of
an incompletely accessible system for servicing the input
flow of requirements are characterized by the presence of
the devices groups’ operation areas with m-multiple
“coverage coefficient”, that is, such areas where the input
requirement can be accessible for servicing by all m
devices of a particular group.

The probability that the next requirement of the input
flow will be accessible for service immediately to m
devices of a particular group is denoted by a symbol
0.0, indicating the numbers of i; devices.

Such “areas” of coverage (areas of possible service),
for example, a neuropathologist, can be not only with a
surgeon or vertebrologist, but also with a general
practitioner and other specialist doctors. That is, the same
doctor-specialist can “participate” in the formation of
specialists (devices) groups different in composition and
number m of doctors that care patients (service input flow
requirements).

A list of such groups of doctors (service devices) in
the area of symptoms-complaints of patients can be pre-
established, for example, by the head doctor of a
polyclinic.

The maximum number of groups &, of m specialists
from the total number of n doctors (service devices)
exactly coincides with the number of combinations C,”
from n by m [3]:

e n!
T ml(n—-m)’

0<m<n. (1)

In the noted situation, a vector of probabilities ¢,, of
requirements’ accessibility to service channels arises.

In practice, the larger the doctors’ group accessible in
terms of symptom-complaints, the higher probability that
the next patient will be accessible for “service” to any of
the doctors in this group. For different groups of doctors
within the same size m, this probability turns out to be
approximately the same:

Oiipy =Tm - ()

The direct calculation of necessary probability g,, can
be difficult. However, an indirect estimate can be made
on the basis of the polyclinic registry data, say for a
month. For each patient, indicate the number of medical
specialists who could successfully see this patient,
diagnose and prescribe treatment.

Then you can calculate the total number N of patients
per month and the number N,, of patients accessible for
“service” to exactly m medical specialists at the same
time (0 <m <n), which is equivalent to the number N,, of
“favorable” events in the case scheme [3].

The estimate of the probability that the next
requirement (patient) will be accessible for “service” to
any group of service devices (specialists) consisting of
exactly m devices can be found as the ratio of the
favorable cases number to the total number of cases:
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gn =23 0<m<n. 3)

On the other hand, if the probability that a patient will
be accessible for “service” to one of the specialists of one
group of m doctors is equal to y,, (2), and the number of
such groups is estimated by &, (1), then the probability of
being accessible for “service ” or by the first or second ...
or by &,-th group of specialists can be found as the sum
of these probabilities:

Em
dm :ZYm :‘im'Ym :CIT'Yma
i=1

0<m<n. “4)

Equating expressions (3) and (4), we obtain the
probability estimate v,,:

Cl v :Tm then
:L:q_”% 0<m<n. %)
Vm m m’
N-C; C,

An estimate of the average service duration 7,,, of one
requirement and the performance p of the service device,
as well as the intensity / of requirements flow into the
system can be found taking into account the total number
of requirements N, that entered the system, the number
of requirements N served during the time of system
operation T, and the number »; of requirements served
by i-th device, as well as the total time 7; spent by the i-th
device for servicing:

tn, T, 1 &
Taver :Z_l'_l:_ZTi;
N on Nig 6)
n= 1 I = Ntotal )
Tavr Twork

The considered variant of parameter estimation allows
us to proceed to the formal problem statement. In a
partially accessible queuing system M/M/n with refusals
and with the probability vector of the requirements
accessibility to groups of service channels (y,,), a flow of
requirements of intensity / enters.

A requirement that met several accessible free
channels is transferred for servicing to any of these
channels with the same probability. A request that met
busy all accessible channels leaves the system unserved
(receives a refusal of service). The service time is
exponentially distributed with the parameter p=1/7,,,.

The problem is to find expressions for the final
probabilities P, (k=1,2,...,n) of group states of the
service process, in which there are exactly k requirements
in the system with refusals and with incomplete
accessibility of service devices, which corresponds to the
occupancy of exactly k& channels, and to find the service
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probability Py ;.. of requirements. In such a way there is
a problem of forecasting the efficiency of real queuing
systems with refusals in the case of incomplete
accessibility of service devices for the input flow of
requirements.

2 REVIEW OF THE LITERATURE

The first model for calculating the part of calls that
receive service at a telephone station was described by
A. K. Erlang [4] in 1909. The process of the telephone
station included the receipt and service of applications
from subscribers to switch communication channels with
other subscribers. The service of each requirement
consisted in connecting the subscriber — the source of the
application to the free channel of communication with the
required subscriber. After the end of this call, the channel
was released and could be used to service the next
requirement. The requirement that arrived at the telephone
station at the time when all channels were busy, received
a denial of service. The moments of requirements receipt
and the end of their service were random.

The Erlang-developed model of the requirements mass
service system at the telephone station turned out to be a
universal tool for describing the processes of service in
different systems and in different spheres of human
activity. Each of these areas and systems has its own
peculiarities, which led to the development of more
complex models and the appearance of an independent
scientific direction — the queuing theory.

Currently, queuing system models are being actively
used for analysis, for predicting efficiency and for
optimizing decisions made in various areas.

These include the following areas: telecommunication
networks [2], socio-economic systems [5], production
systems [6] and logistic systems [7], computing systems
[8], traffic management systems [9], management systems
in medicine [10], as well as systems for the defence of
objects from air blows [11].

Therefore, the aim of this research is to obtain an
analytical description for final probabilities of states
groups for the queuing system M/M/n with refusals and
with incomplete accessibility of service devices for the
input flow of requirements and also checking the results
correctness by transforming the obtained description into
a description of known Erlang system M/M/n.

3 MATERIALS AND METHODS

In order to demonstrate the logic of obtaining an
analytical description of sought final probabilities, let us
consider a relatively easily visible example for the M/M/3
system (Fig. 2) with incomplete accessibility of service
devices for the input flow of requirements. On Fig. 2, the
symbol S;; denotes the states in which are occupied
channels (devices) with numbers i, j, k. The possibility of
a steady state in the system follows from the formulation
of the problem.
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Figure 2 — Graph of M/M/3 QS model with refusals and with
incomplete accessibility of service devices

Let us find the intensities of transitions along the
edges R of graph (Fig. 2). The transition along the edge
R[Sy, S1], connecting the vertex Sy with the vertex S;, can
occur only if the next requirement enters the system and is
accessible to the first channel, and this channel is selected
for service.

The mathematical expectation V,' of this event
occurrence intensity is equal to the product of the
intensity of requirements input flow / and the probability
Vo of transferring the requirement for servicing to the first
channel:

v(1)=1~v0. 7

To visualize the process of determining the probability
(vy), we assume that each requirement has only two
features (xi, x,), the values of which determine the choice
of the service channel.

For each channel, the area of acceptable feature values
has the shape of a circle, in the center of which we
indicate the channel number (Fig. 1). The attribute values
(x1, x;) of the next requirement determine the point
A(x1, x,) on the plane (X;, X;). The channel, accessible for
servicing, is selected in accordance with the area in which
the requirement points on the plane (Xj, X;) fell. In any
case, in order to transfer a requirement for service to the
first channel, the point A(x,x,) of the requirement, that
has entered the system, must fall into the range of features
accessible for the first channel (Fig. 1). If there are n
features, then the area will be n-dimensional.

We’l find the probability v, of transferring the
requirement to the first channel by listing the possible
outcomes of the analysis as the sum of the marked events’
probabilities and at the same time taking into account
equality (2), we obtain:

1 1 1
V=01 +-01n+7013+-013=
2 3 2 )
= +l +l +l =y, + +l
11 2Y2 3Y3 2Y2 Y1+72 3Y3-
The final value of the transferring requirement

probability for service to the second v; or third v; channel
will coincide with found value of the probability v;.
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If the service process is in the state Sj, then the
transition along the edge R[Sy, S;»] (Fig. 2) from the
vertex S to the vertex S, can occur only if the next
requirement enters the system, becomes accessible to the
second channel and this channel will be selected for
service.

The intensity v,' of such events flow will be found
taking into account the probability v, of transferring the
requirement to the second channel:

W= Ty ©)

To transfer the requirement for servicing to the second
channel, the point A(x;,x,) of the requirement, that has
entered the system, must fall into the range of features
accessible for the second channel (Fig. 1, see circle
around the second channel).

The probability v, of transferring the requirement for
service to the second channel, provided that the first one
is busy, we find by listing the possible outcomes of the
analysis, we get:

1 1
=0, +EQ23 +5Q123 +01p =
(10)

1 1 3
=Y +—Yr +—Y3+Yr =Y +—Vr +—73 .
Y1 2Y2 2Y3 Y2 =71 ZYz 2Y3

The final value of the transition’s probability for the
remaining edges from states S; to states S; will coincide
with the found value v;.

If the service process is in the state Si,, (Fig. 2) then
the transition along the edge R[S}, Si»;3] from the vertex
S to the vertex Spp; can occur only if the next
requirement enters the system, becomes accessible to the
third channel and this channel will be selected for service.

The intensity v,' of such events flow will be found
taking into account the probability v, of transferring the
requirement to the third channel:

(11)

In this case, the point A(x;,x;) of the received
requirement (Fig. 1) should fall into the range of features
values accessible to the third channel

The probability v, of transferring the requirement for
service to the third channel, provided that the first and
second channels are busy, can be found as the sum of the
probabilities of hitting the requirement to all areas of the
third channel:

véz[-vz.

vy =03+013+0123+023 =

=v1+Y2+Vv3+Y2=v1+2y2+73 -

(12)

The final value of the transition’s probability for the
remaining edges from states S; to the states S),; will
coincide with the found value v,.

States with the same number (k) of busy service
channels determine the levels of the graph.
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The number of states at each level is equal to the
number of combinations C,,k. The total number of model
graph states can be found as a “degree-set” [3]:

n
k
Noif g = >Cy=2". (13)
k=0

Next, we denote the probability of each state of the
model graph by a small letter p;; with indices that
correspond to the numbers of busy channels in this state:
pij— for the state §; ;.

The set of probabilities of the graph i-th level
(k=0,1,2,3) determines the required probability P; of
occupancy of exactly & service channels:

Py=po; Pr=p1+p2+p3; } 14)

Py =pi+piz+pa; P3=ps.

Let’s compose the system of Kolmogorov equations
for states So, Sl, Sz, S3, S123 (Flg 2)

Po==3v0-po+1-pr+p-py+peps; (as)
Pr=—(H+20)py +Vo - po +H- P HR- DI
P2 =+ 2v)py +0 po R pra ey (16)
Py =—(L+20)p3y + 0 po + 1 Pr3 + 13
D123 =31 P123 +v§ P12 +V§ P13 +V§ - A7)

Further, for the conditions of QS operation in
stationary mode, we find the sum of the first four
equations — (15), (16):

2u-prp +2u- pr3+2p- po3 =
(18)

1 1 1
=2V1 'p1+2V1 %) +2V1 “p3.

As a result, for the conditions of the QS operation
stationary mode and the model’s graph (Fig. 2), we write
down the system of algebraic equations:

|
Wepr+p-py+p-p3=3vy- po;
2p-pro +2u p3 + 2 pr3 =

1 1 | 19
=2v] - py+2vy - py +2vy - p3;

| | 1
3u-p13 =va-pra+ vy pi3 vy pos.

The resulting equations are transformed taking into
account equalities (7), (9), (11) and the dimensionless
load factor of service devices p:

lu- Py =3v)- Py ; 1Py =Py-3-p-vy;
2u-Py=2vi-P;f then 2Py =P -2:p-v, ;
3u-Py=1vy - Py ; 3P3=Py-1-p-v,.

(20)
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The resulting regularity can be represented in general
form:

21

The expressions for the final probabilities are defined
in a form close to the Erlang formulas [4]:

1
k'Pk :Pk_l-Cn_k+1-p-vk_1 N k=1,2,...,7’l.

k

p
Pr=—F- fr,

k=1,..,n;
k!

(22)

-
n ok

p 1

b= z—'ka 5op=—.

[k:ok! n

We find the functions of incomplete accessibility f; by
substituting formulas (22) into (21) and performing
equivalent transformations, we obtain:

pk pk—l |
ko T :ml’o a1 Coprt PVe_s (23)
k-1
p | k!
fk=——=T40 Cokr P V| — |
(k=D S VN (24)

1
= Jk=1" Cpks1 Vi -

Note that the probability v, corresponds to the event of
transferring of the requirement to the k-th channel. We
find the function f; from formula (22) under the condition
k=0:

Py=PFy-fy then fy=1. (25)

The expressions for the incomplete accessibility
functions f; turn out to be:

fi = fict Coiel Vg3 k=0,1.,n=1,  (26)

where expressions for (8), (10), (12) generally take the
form:

1 =1 L
il
vie= 2|1 2 Cl  Chk |, 0<k<n. (27)
j=1 i=0 Citl

The probabilities v, of choosing specific service
channels for a three-channel incompletely accessible QS
were obtained above and are equal to:

1
V0=Y1+Y2+§Y3;
Vv = +3 +1 ; (28)

1="1 2Y2 2Y3,

V) =Y1+2y2 473
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For a non-fully accessible QS with four (n =4) and
five (n=15) channels, the calculation formulas for the
probabilities v, of choosing specific service channels are
presented in Table 1.

Table 1 — Probability formulas v; for choosing the k-th service
channel in incompletely accessible QS of M/M/n type
n=4

3 1
V) =Y +—7Y9 +Y3 +—
0 =71 2Y2 Y3 4Y4

v, =y +2 +i +l
1 =Y1T2Y2 3Y3 3“/4

V,y = +é +2 +l
=71 2Y2 Y3 2Y4

V3 =Y1+372+3y73+74
n=s

1
Vo =Y1+2Y2+2v3+74 305

SV IR R S
1 =1 2Y2 2Y3 4Y4 4Y5

v, =y +3 +E +é +l
 =Y11+5Y2 3Y3 3Y4 3“/5

v, = +Z +2 +E +l
3 =Y1 2Y2 2Y3 2Y4 ZYS

Vg =Y1+4Y2 673 +474 + 75

For incompletely accessible queuing systems with a
large number of channels (n > 5), the calculation formulas
can be obtained using the expression (27).

When estimating the service probability, one has to
take into account the possibility of refuse not only in the
case of occupied all channels, but also in any other state
of an incompletely accessible QS. Therefore, the service
probability should be sought using the expression for the
mathematical expectation of the busy channels number
Mpsy.aiv and the absolute capacity (4) of QS:

n
Mbusy.div = zk'Pk; A= M'Mbusy.div 5
k=0

p A

service = 5
1

29
=1-P,

service *

P

refuse

In order to check the correctness of obtained
description for incompletely accessible QS, we perform
an asymptotic transition from expressions (22), (26), (27)
to a description of a fully accessible Erlang queuing
system with refusals. In this case, in formulas (3) and (5)
all values N,,=0, ¢g,=0 and v,,=0 are equal to zero for all
(m <n) groups of devices. For m=n the value N,=N and
C,"=1, which, according to (3) and (5), leads to the
equalities ¢,=1 and y, =1. Then the combinations in
expression (27) will be different from zero only for the
values i =n—k. In this case, from (26) and (27) it follows:

1
Crtal (30)

Ciol ==k =1, then vy =

then f; =1, k=0,1,...n.

As a result, formulas (22) are automatically converted
into well-known Erlang formulas [4]:
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pk n pk =
Pk.ErlZFPO.Erlskzla-u";PO.Erl: ZF ;
' k=0 " 31)

1
Prefuse.Erl =Py irts Bervice.rt =1 Popris P= E

which testifies in favor of correctness of obtained final
probabilities analytical description in an incompletely
accessible multichannel queuing system M/M/n with
refusals.

4 EXPERIMENTS

In order to test the operability of analytical description
of the incompletely accessible M/M/n model, we use an
example from the topical sphere — of important objects air
defense (Fig. 3) by a grouping of five single-channel
SAM systems (Table 7, No. 1, 3) — “service devices”,
which should prevent a planned air blow of ten enemy
aircraft (Table 7, No. 16, 5) with a duration of 2,5 minutes
(Table 7, No. 17, 5).

L

)

Figure 3 — An example of setting the task of assessing objects’
air defense effectiveness using the M/M/5 model of an
incompletely accessible queuing system with refusals

For each SAM system, the average shooting time on
to one aircraft is one minute (Table 7, No. 3, 3), the radius
of the affected area is twenty kilometers (Table 7, No. 2,
3). The aircraft that came under fire is destroyed. To
destroy an object covered, at least four aircraft is required.
Therefore, the task of SAM systems grouping is
considered fulfilled in the case when no more than three
aircraft can break through to the object.

To apply the incompletely accessible M/M/n model in
the field of air defence tasks, we clarify the relationship
between the real parameters of the SAM grouping and the
parameters of incompletely accessible M/M/n model,
expressions (32).
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Sar.max = Nsams -7 Rsamss

Sar2 = Sar.max ~ Sar.tot> (32)
Gm = S"#; 1<m<2.
Sar.tot

Thus, the maximum possible coverage area S, n.x by
means of five SAM systems is calculated as the sum of
areas of all SAM systems fire zones in the group and is
6283 km? (Table 7, No. 5, 3).

On the terrain (Fig. 3), the cover area S, is
5202 km? (Table 7, No. 6, 3), which makes it possible to
estimate the size of the S, area with a double (Table 7,
No. 8, 3) and §,.; with a single (Table 7, No. 7, 3)
overlapping of fire zones, and also find the values of
parameters ¢; (Table 7, No. 9, 3), ¢, (Table 7, No. 10, 3)
and y, (Table 7, No. 19, 5) and vy, (Table 7, No. 20, 5). We
also note that the mathematical expectation of the enemy
aircraft number that broke through to the target (N,seq)
and the relative error (APy,,) in the service probability
forecast for the Erlang model are not difficult to find
using formulas (33):

Nmissed = Ntotal.En' ’ Prefuse >

AP P 33)

serv — ( service.Erl — Pservice)/Pservice -100% }

Next, we use the data in Table 1 and the sequence of
formulas (5), (6), (27), (20), (26), (22), (29), (31)-(33) and
step by step (Table 2 Nos 21-26), we find a significant
discrepancy between the final probabilities of the Erlang
model and the model of a non-fully accessible queuing
system (Fig. 3).

At the same time, the use of the fully accessible
Erlang model shows the possibility of destroying more
than 80% of enemy aircraft (Table 2, No. 28, 13). In this
case, it is considered that the SAM grouping reliably
fulfills its task, letting no more than two aircraft passes to
the object (Table 2, No. 30, 13). At the same time, taking

Pk
b a
‘ IS ._‘.n
-

0.35
3 4 5 k

0.30
0.25
0.20
0.15
0.10
0.05
0

Figure 4 — Final probabilities p; of the states in the same
queuing systems with refusals and with the same intensity:
a) QS with refusals and with full accessibility of service devices
(Erlang model M/M/5);
b) QS with refusals and with incomplete accessibility of service
devices (incomplete accessible model M/M/5)

39



e-ISSN 1607-3274 PapioenexTpoHika, inpopmaTuka, ynpasiainss. 2022. Ne 2
p-ISSN 2313-688X Radio Electronics, Computer Science, Control. 2022. Ne 2

Table 2 — Comparative assessment of the service probability and the efficiency of tasks performing by a SAMS
group using the Erlang model and a more accurate incompletely accessible QS model with refusals (see Fig. 4)

#|Name | Value |# |Name|Value| # k oM | S 1Mk Al Pe | ke Pyl Prn
1 2 3 4 5 6 7 8 9 10 11 12 13

1 | Nsaus 5 11| w 0.2 |21 0 1 1 1 0.048] 0 [0.023
2 | Rsams 20 12| vy 10.21]22 1 4 1 4 10.191{0.191]0.093
3| T 1 13| v, [0.22 |23 2 8 0.842| 6.732 [0.321]0.642(0.187
4 u 1 14| v; | 02324 3 10.667 [0.557| 5.945 |0.284|0.851{0.249
5 [Sar.mx|6283.185|15| v, | 0.24 |25 4 10.667 [0.258| 2.749 [0.131|0.525[0.249
6 |Sar.t0t|5202.477|16| N | 10 | 26 5 8.533 10.062| 0.531 0.025/0.127]0.199
7| Sar.1 | 4121.77 |17| Tyore | 2.5 | 27 > 42.867(3.719120.957| 1 [2.336| 1

8 | Sar.2 [1080.708[18| p 4 | 28 | Myusyaiw | 2.336 | Piervice| 0.584 | Piorvicern |0.801
91 qi [0.792271{19] 5 |0.16 |29 1 4 Prejise | 0416 | Prefisesn |0.199
10| g2 [0.207729|20] 3 | 0.02 | 30 |APy,..%|37.16% | Nissea| 4161 | Npisseaznr [1.991

into account the incomplete accessibility of the SAM
grouping (devices for service) leads to a noticeable
decrease (Table 2, No.30, 8) in the probability of service
(Table 2, No. 28, 10) and to the appearance of the
possibility of passing to the object more than four enemy
aircraft, which jeopardizes the performance of the task by
the SAM grouping and requires the adoption of additional
measures to protect the object.

5 RESULTS

For the first time analytical expressions are obtained
for the final probabilities of the queuing system states
with refusals and with incomplete accessibility of service
devices for the input flow of requirements, which makes it
possible to evaluate as well as forecast values of all
known system efficiency indicators. The resulting
description, when an incompletely accessible queuing
system degenerates into a fully accessible one,
asymptotically transforms into the well-known Erlang
formulas, which testifies in favor of its correctness. At the
same time, ways of formalizing processes and transition
to a model of incompletely accessible QS with refusals in
real systems that perform similar service functions in the
field of medicine and in the field of topical air defense
tasks are given.

CONCLUSIONS

In the course of the research, the analytical
expressions for the final probabilities of states in the
M/M/n queuing system with refusals and with incomplete
accessibility of service devices for the input flow of
requirements were received. The results of the numerical
experiment testify in favor of correctness the obtained
analytical expressions for the final probabilities and in
favor of possibility for their practical application in real
queuing systems when solving problems of forecasting
efficiency, as well as analyzing and synthesizing the
parameters of real queuing systems.

The scientific novelty of the results obtained lies in
the creation of possibilities for forecasting the
effectiveness of known type of Markov queuing systems
with refusals and with incomplete accessibility of service
devices for the input flow of requirements. The obtained
description (22), (25)-(27), (31) of a queuing system is a
general for known Erlang model M/M/n.
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The practical significance of the results obtained lies
in creating conditions for the directed solution the
problems of analysis, synthesis and control of Markov
queuing systems in the general case of incomplete
accessibility of service devices for the input flow of
requirements. The formulas obtained for calculating the
values of the incomplete accessibility functions are
recurrent and convenient for practical calculations.

Prospects for further research may include the
development of methods and formula schemes of
algorithms for the transition from the parameters of real
processes in the areas of management of microeconomic,
financial and other systems with restrictions on servicing
input requirements, to the parameters of an incompletely
accessible QS model.
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AHAJITHYHAN ONNC ®THAJLHAX UMOBIPHOCTEN CTAHIB Y HEIIOBHO JOCTYITHIIA CUCTEME
MACOBOI'O OBCJIYT'OBYBAHHA 3 BIIMOBUMU

T'oponnos B. Il. — 1-p BilicbkoBUX Hayk, mpogecop, npodecop HamionansHoi akanemii HarionansHaoi reapaii Ykpainu, Xapkis,
Vkpaina.

Osuapenko B. B. — n-p BiiicbkoBUX HayK, IOIEHT, 3aCTyNHHK HadaibHuka KwuiBcekoro inctutyTy Hamionamsnol rBapmii
VYkpainy, Kuis, Ykpaina.

AHOTAIISA

AKTyasbHicTh. IcHye npobiemMa mporHo3yBaHHs MPare3JaTHOCTI PealbHUX CHCTEM MacOBOr0 00CIyroByBaHHs i3 BiAMOBaMH y
pa3i HemoBHOI JOCTYIHOCTI NPHUCTPOIB OOCIYroByBaHHs MAJs BXIAHOTO IMOTOKY BHMOT. BupimieHHs mpobieMu HEOOXiAHO st
CTBOPEHHS MO>KJIMBOCTI OLTBII TOYHOTO MPOEKTYBAHHS T4 KOHTPOJIO POOOTH TAKHX CUCTEM Y PEKUMI PEaTbHOTO Yacy.

Metoa. MoximBocti craHiB CMO 3 BiAMOBaMHU NP HEMOBHIM JOCTYNHOCTI NPWIIaAiB 0OCIYyTrOBYBaHHS JUIS BXiTHOTO IOTOKY
BHMOT' OMHCYIOTBhCSA IH(EepeHIiaTbHUME piBHAHHAME KonMoropoBa. Y cramioHapHOMY CTaHi IIi piBHSHHS HEPETBOPIOIOTHCS Ha
JIHIHHO 3aJIeKHy OJHOPIAHY CHCTEMY alreOpaidHuX piBHAHB. KiNBKICTh PIBHSIHB BH3HAUAETHCS OE3TITIIO-CTEIIEHEM 1 I CyJacHUX
CHCTEM MacoBOT0 OOCIYyrOBYBaHHS 1 3B’3Ky MO)Ke OOUYHCITIOBATHCS TUCSYaMH, MibiioHamu 1 Oinbine. ToMy cpoba mporaHo3yBaTi
e(eKTHBHICTh CUCTEMHU CTHKAETHCS 3 HEOOXIJHICTIO 3alUCy Ta YUCEIHHOTrO BUPIIMICHHS JIYMIEHOI MHOXKHHU CUCTEM ajreOpaiuHux
PIBHSIHB, 10 IOCUTH CKJIAJIHO.

Kir040BoI0 i/1€€10 3ampornoHOBaHOTO0 METOJy 3HAXODKEHHS aHATHUYHOrO ONMCy (iHAIBHUX WMOBIpHOCTEW AJIS 3a3HAYCHOI
CHCTEMH MacOBOTO 0OCITyroByBaHHs 6yJI0 MparHEHHs TIEpPelTH Bil OMMCY OKpeMMX cTaHiB (y KimbkocTi 2") 0 omucy Ipyn cTaHiB
cucteMi (y KUIbKOCTI N+1) Ta JIoKami3yBaTH BIUIMB HETIOBHOI TOCTYITHOCTI MPHIAiB 0OCIyrOBYBaHHS AJIS BXiIHOTO OTOKY BHMOT Y
MYJIBTHILTIKATHBHI (DYHKIIT HETOBHOI JOCTYHMHOCTI. Taki (GyHKIIT 1O3BOJIAIOTH OTPHMATH HEOOXITHUI aHATIITUYHUI ONHC Ta OLIHUTH
CTYIiHb NEPETBOPEHHS (iHATBHUX HMOBIPHOCTEH MOPIBHSHO 3 BIIOMHMH CHUCTEMaMH, a TaKOX OIIIHUTH MPOTHO3HI 3HAYCHHS
MOKA3HUKIB €(QEeKTUBHOCTI 3a3HAYCHOi CHCTEMH MAacOBOTO OOCIyroByBaHHS IHpH INOOYHOBI CHCTEeMH Ta BHOOpI IapamerpiB ii
YIPaBITiHHS.

PesyabsTaTn. Briepiie orpumano aHaniTH4HI BUpasy 1 GiHaneHuUX iiMoBipHOCTEH craHiB CMO 3 BiJMOBaMH Ta 3 HEIOBHOIO
JOCTYIHICTIO MPUJIaziB 00CIyroByBaHHS JJIsl BX1HOTO MOTOKY BMMOT, IO J03BOJISE OL[HIOBATH, @ TAKOXX MPOrHO3YBATH 3HAYCHHS
BCiX BiJOMHX MOKa3HHUKIB €()eKTUBHOCTI CUCTEMH.

BucHoBku. OTpyMaHuii ONMKMC BHUSBUBCS 3arajbHUM BHIIAJKOM JUISL BiZoMoro tumy MapKiBCBKMX CHCTEM MAacOBOTO
00ciTyroByBaHHS i3 BiIMOBaMH. Pe3ybpTaTH YHCENbHOTO EKCIIEPUMEHTY CBiT4aTh Ha KOPUCTH KOPEKTHOCTI OTPUMAHHUX aHANITHIHUX
BUpAa3iB Iy (iHATBHUX HMOBIPHOCTEH Ta Ha KOPHCTh MOJIMBOCTI TX MPAKTUYHOTO 3aCTOCYBAHHS B PEAUIBHHX CHCTEMaX MacOBOTO
00CIIyroByBaHHS IIiJl Yac BUPIIICHHS 3aBJaHb IPOTHO3YBAHHS €(EKTUBHOCTI, a TAKOXK aHANI3y Ta CHHTE3y IapaMeTpiB peabHUX
CHCTEM MacOBOTr0 00CITyTrOBYBaHHS.

KJIIOUOBI CJIOBA:  MapkiBcbki MoOpenmi, CHCTEMH MAacOBOTO OOCIyroBYBaHHs, HENOBHA MJOCTYIHICTh IIPHIANiB
00CITyroByBaHHS.

VJIK 519.872

AHAJIMTUYECKOE ONIMCAHUE ®UHAJIBHBIX BEPOSITHOCTEM COCTOSIHUI B HEIIOJIHO
JOCTYIIHOU CUCTEME MACCOBOI'O OBCJIY KUBAHUSA C OTKA3ZAMH

Toponnor B. Il. — 1-p BoeHHBIX Hayk, mpodeccop, nmpodeccop HanmonansHoi akamnemun HanmoHansHON rBapaun YKpauHsI,
XapbKoB, YKpauHa.

OsBuapenko B. B. — 1-p BoeHHBIX HaykK, JOLEHT, 3aMecTHTeNb HayanbHMka Kuesckoro mHctutyTa HaumonaneHO# rBapauu
VYkpaunsl, Kues, Ykpauna.

AHHOTAIUA

AxTyanbsHOCcTh. CymecTByeT npodiemMa pOrHO3UPOBAHMUS PadOTOCIIOCOOHOCTH PEaIbHBIX CHCTEM MacCOBOTO OOCITYKHMBAHUS C
OTKa3aMHU B CiIydae HEIOJHOH JOCTYITHOCTH yCTPOHCTB OOCIYKHBaHUS JUIS BXOJHOTO MOTOKa TpeOoBaHWH. Pemenne mpobiemsl
HEOOXOIMMO ISl CO3/IaHUsI BO3MOXKHOCTH 00Jiee TOYHOTO IIPOSKTUPOBAHUS M KOHTPOJIS Pa0OTHI TAKHX CHCTEM B PEKUME PeabHOTO
BpPEMEHHU.

Metoa. BepositHoct cocrostHuit CMO ¢ 0TKa3aMu IpH HEMOJHOH AOCTYNHOCTH NMPHOOPOB OOCITY>KMBaHUS IS BXOZHOTO
I0TOKa TpeOoBaHHi onuchIBalOTC AuddepeHunanbHpIMu ypaBHeHHAME KomoropoBa. B cranimoHapHOM COCTOSHUM 3TH YPaBHEHHS
peoOpa3yroTcs B TMHEHHO 3aBUCHMYIO OTHOPOJHYIO CHCTEMY alreOpandecKux ypaBHeHHH. KommuecTBo ypaBHEHHH onpenenseTcs
MHO)KECTBOM-CTEIICHBIO M JUII COBPEMEHHBIX CHCTEM MAaCCOBOTO OOCIYXHMBAaHMS M CBS3M MOXKET HCUHCISATHCS THICSYaMU,
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MWUIHOHaMH M Oonee. [To3TOMy HONBITKA IPOrHO3UPOBATH 3YPEKTUBHOCT CUCTEMBI CTAIKMBACTCSA ¢ HEOOXOIMMOCTBIO 3aIMCH M
YHCJICHHOTO PEIICHHs] CIETHOTO MHOKECTBA CHCTEM alNre0pandecKiX ypaBHEHNUH, YTO JOCTATOUHO CIOXKHO.

KiroueBoii uaeeit npeanaracMoro MeToia HaXOXKICHUS aHAJMTUYECKOTO ONMUCAHUS (PUHATBHBIX BEPOSITHOCTEH IUII OTMEUEHHOM
CHCTEMBI MACCOBOTO OOCITY’KUBAHHS OBUIO CTPEMIICHHE TIEPENTH OT ONIUCAHHUS OT/EBHBIX COCTOSHUI (B KomdecTBe 2") K OMHUCAHUIO
TPYIII COCTOSIHUM CHCTEMBI (B KOJIMYeCTBE N+1) M JIOKaNN30BaTh BIMSHUE HETIOIHOW JOCTYHMHOCTH HMPHOOPOB OOCITYKMBaHUS UL
BXOJIHOT'O TIOTOKA TPeOOBaHUI B MYJbTUILIMKATUBHBIX (DYHKLMSIX HEMOJIHOW JOCTYMHOCTH. Takue (QyHKIMU MO3BOJISIOT IOIYYHUTh
TpeOyeMoe aHAIUTHYECKOE OIHMCAaHWE W OLEHUTh CTeNeHb IpeoOpa3oBaHMsi (DUHANBHBIX BEPOSTHOCTCH, IO CPAaBHEHUIO C
U3BECTHBIMHU CHCTEMaMH, a TAKXK€ OLIEHUTh IPOTHO3HBIE 3HAYECHHS MOKa3aTenel 3(p(eKTUBHOCTH OTMEYEHHOH CHCTEMbI MAaCCOBOTO
00CITy’>KUBaHUsI IPU MOCTPOSHUH CUCTEMBI U BEIOOpPE ITapaMeTPOB €€ yIpaBICHHUSI.

Pe3yabTaThl. BriepBrie momy4YeHsl aHATUTHIECKUE BRIPAXKEHHS ISl PHHANBHBIX BeposiTHOCTEH coctosHuit CMO ¢ oTKa3aMu u ¢
HETIONHOW JIOCTYIMHOCTBIO MPHOOPOB OOCTYKHBAaHHS JUIA BXOJHOTO IIOTOKA TpeOOBAaHWH, YTO MO3BOJNAET OICHMBATH, a TaKKe
MIPOTHO3MPOBATH 3HAUCHHUS BCEX N3BECTHBIX MOKa3aTesel 3(p(heKTHBHOCTH CHCTEMBI.

BriBoasl. [lomydeHHoe omnmcaHue OKa3ajJoCch OOMMM CIIydaeM JUIS HM3BECTHOTO THIIA MApKOBCKHX CHCTEM MAacCOBOTO
0oOCITy’)KUBaHUS C OTKa3aMH. Pe3ynbTaThl UHCICHHOTO SKCIIEPUMEHTA CBUAETENBCTBYIOT B IONB3Yy KOPPEKTHOCTH ITONYYEHHBIX
QHAIMTUYECKHUX BBIPAXXEHUN 1JIsl PUHATIBHBIX BEPOSATHOCTEH U B I0JIb3Y BO3MOXKHOCTH HX MPAKTHYECKOTO NPUMEHEHUS B peabHBIX
CHCTEMax MacCOBOTO OOCIYXMBaHMs INPU PELICHWH 3ajad IPOTHO3UpOBaHUS A(P(EKTHBHOCTH, a TaKXkKe aHajiu3a W CHHTE3a
NapaMeTpoB PeallbHbIX CHCTEM MacCOBOTO 0OCITy>KHBaHMSI.

K/IFOYEBBIE CJIOBA: MapkoBcKHe MOJAENH, CHUCTEMBl MAacCOBOIO OOCTY)KHBaHMS, HEIOJNHAs OCTYHHOCTh NPHOOPOB

o0cITy)KuBaHUSI.
JITEPATYPA / JIUTEPATYPA 7. Ilnotkun b. K. DkxoHOMHKO-MaTeMaTHYeCKHE€ METOIbI W
1. Xuauna A. S. PaboTel M0 MaTreMaTHYECKOH TEOpUH MOJIETM B KOMMEpPYECKOW JeATENIbHOCTH M JIOTHCTUKE:
MaccoBoro oOcmyxkuBanus /A. Sl. XuHUMH ; MO pen. yueOnuk / b. K. I[Tnotkun, JI. A. lemoxun. — CII6. : U3a-Bo
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