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ABSTRACT

Context. The authors of the article have developed a new mathematical model that allows taking into account frequency and
phase distortions that occur in a three-fragment signal during the transition from one fragment to another, when the rate of frequency
modulation of the signal changes. The object of research is the process of formation and processing of radar non-linear frequency
modulation signals.

Objective. The purpose of the work is to develop and research a mathematical model of current time for a signal with non-linear
frequency modulation, which consists of three linear frequency modulated fragments.

Method. The article provides a theoretical justification of the need to develop a mathematical model in the current time for a
three-fragment signal with non-linear frequency modulation, capacity for work of the created model is demonstrated on the example
of several radio signals that differ in frequency parameters. With the same signal parameters, the obtained results were compared
with the results of the known model, for which known methods of spectral and correlation analysis were used. A distinctive feature
of the proposed model is the consideration of jumps in the instantaneous frequency and phase of the signal that occur during the
transition from one linear-frequency modulated fragment to the next. Such jump-like changes in frequency and phase in known
models of signals with non-linear frequency modulation are not compensated for, which causes distortion of their spectra and an

increase the side lobes level of auto-correlation (mutual-correlation) functions.

Results. A comparative check of the developed and known signal models indicates a decrease the side lobes level of the
autocorrelation function by 3 dB or more, depending on the given frequency-time parameters.

Conclusions. The application of the proposed mathematical model makes it possible to form and process radar signals, which
include three linear-frequency modulated fragments. Compensation of jump-like changes in frequency and phase leads to a decrease
in the degree of distortion of the spectrum and, as a result, an increase in its effective width, which ensures a narrowing of the main
lobe and a decrease the side lobes level of the auto-correlation function.

KEYWORDS: radar signal; non-linear frequency modulation; autocorrelation function, side lobe level; mathematical model.

ABBREVIATIONS
ACEF is a autocorrelation function;
LFM is a linear frequency modulation;
ML is a main lobe;
MM is a mathematical model;
NLFM is a non-linear frequency modulation;
PSD is a power spectral density;
PSLL is a peak side lobe level;
RM is a radar mean;
RFM is a rate of frequency modulation;
RRD is a receiving device;
WP is a weight processing.

NOMENCLATURE
Afy, is a frequency deviation of the n™ signal frag-

ment, Hz;
fen is a final frequency of the n™ signal fragment, Hz;

U(t) is a complex signal amplitude, V;
f(t) is a instantaneous signal frequency, Hz;

f.(t) is a neural network model structure;
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¢(t) is a instantaneous signal phase, rad;

@n(t) is a instantaneous phase of the n"™ LFM signal
fragment, rad;

|U(t)| is a complex signal amplitude module, V;

n is a sequence number of the signal fragment (n=1,
2,3);

t is a current time, s;

fo is a initial signal frequency, Hz;

fon is a initial frequency of the nth signal fragment,
Hz;

S8fpn is a frequency jump when moving from the
m=n-1" signal fragment to the n™, Hz;

8@mn is a phase jump at the transition from the m™

signal fragment to the n™, rad;
Afy, is a total deviation of the frequency of the first

and second signal fragments, Hz;
Ts is a total duration of the NLFM signal, s;
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Ty, is a total duration of the first and second signal
fragments, s;
T, is a duration of the n" signal fragment, s;

o(t) is a cyclic frequency of the signal, rad;
Bn RFM of the n™ LFM signal fragment, Hz/s.

INTRODUCTION

The widespread use of solid-state (transistor) trans-
mission devices causes certain limitations regarding the
peak power of probing signals, the designers are forced to
use signals of increased duration, which leads to a deterio-
ration of the range resolution.

In order to overcome the contradiction between the
need to increase the duration of probing radio pulses and
maintain the necessary resolution of RM, signals with
intra-pulse frequency (phase) modulation (manipulation)
have become widely used [1-6].

Historically, LFM signals were the first to be used due
to the ease of implementation of devices for their forma-
tion and processing. However, a significant disadvantage
of such signals is the relatively high PSLL of their ACF,
which is approximately —13 dB [1, 2], which in some
situations requires raising the detection threshold in sys-
tems for stabilizing the level of false alarms and, in gen-
eral, worsens the potentially achievable detection charac-
teristics signals reflected from targets.

One of the most common methods of reducing PSLL
is the application of WP in the time or frequency domain
(time or spectral windows) [7-9]. It is possible to achieve
an even greater reduction of PSLL by using NLFM of the
probing signal followed by traditional WP in RRD [2, 10,
11]. In [2, 12, 13], it is proposed to use a signal consisting
of three NLFM fragments adjacent to each other in time
with a successive increase or decrease in the instantane-
ous frequency as such an LFM signal. The peculiarity of
this signal is that the extreme fragments have a smaller
value of the PSD due to the fact that they have a larger
RFM B, which is determined by the ratio of the devia-

tion of the frequency of the n-th LFM fragment Af,, to its
duration T, , B, =Af,/T,. Such a decrease in the PSD

at lower and upper frequencies leads to a rounding of the
resulting spectrum, as a result of which there is a decrease
the PSLL [2, 13] with the expansion the ML of the ACF
due to a decrease in its effective width. The expansion the
ML leads to a decrease in the resolution of the RM from a
distance, which is not always acceptable.

The traditional approach is to choose a compromise
solution, that is, to achieve the required PSLL value with
a slight permissible deterioration of the specified resolu-
tion.

The approach based on the use of different types of
signals in accordance with the tasks of the RM has poten-
tially greater advantages.

This work is devoted to the development of a mathe-
matical model of a three-fragment NLFM signal with
concoct of three LFM fragments, with the possibility of

© Kostyria O. O., Hryzo A. A., Dodukh O. M., Narezhnyi O. P., Fedorov A. V., 2023

DOI 10.15588/1607-3274-2023-3-2

18

further implementation of such signals in existing RM
and those under development.

The object of study is the process of formation and
processing of radar NLFM signals.

The subject of study is mathematical models of
NLFM signals.

The purpose of the work is to theoretically substanti-
ate the need to develop and design a MM of an NLFM
signal consisting of three LFM fragments, as well as to
test its workability.

1 PROBLEM STATEMENT

Among the MMs of three-fragment NLFM signals, the
most commonly used are the MMs in which the input
values are the current time t, the duration of the frag-
ments T, , and the deviation of their frequency Af,,
which is equal to the difference between the final and
initial frequencies of the corresponding n-th LFM frag-
ment and is a fixed value. It is determined by the product
of the RFM of the n-th LFM signal fragment B, and its

duration T, .
Afn = fen - fOn :BnTn-

In general, the complex signal amplitude is repre-
sented as:

U () =/U )| exp{jo(t)} . (1)

To simplify the following, we assume |U (t)|=1.

The functions of changing the instantaneous frequency
and phase of the signal for each n-th fragment are differ-
ent, the change occurs during the transition from one
fragment to the next.

The instantaneous frequency is proportional to the
speed of the frequency-modulated n-th fragment and is
linearly dependent on time:

fa () =Pnt,

and the instantaneous phase, in turn, has linear and quad-
ratic components and is determined by the dependence:

2
on(t) = 211[ font + ant ] .

The total duration of the NLFM signal is defined as
the sum of the durations of the LFM fragments:

3
Ts = ZTn >
n=1

Ti» =T, +T, — total duration of the first and second sig-
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Well-known relations interconnect the instantaneous
frequency and phase [1-2]:

o(t) = [ f(t)dt ;

f(t):%.

To make the formulas more compact, we introduce the
notation of the total frequency deviation of the first and
second signal fragments:

Aflz = Afl + Afz .

Further analysis will be carried out by graphically
comparing the realizations of signals in the time and fre-
quency domains, their ACF, and the dependence of the
instantaneous frequency and phase of signals on time. The
signals will be compared by the level of their PSLL at a
fixed WP width, or by comparing the degree of WP ex-
pansion at a constant level of PSLL.

2 REVIEW OF THE LITERATURE

Many publications have been devoted to the formation
and processing of NLFM signals in various fields of ap-
plication, with the most extensive studies of such signals
in the field of air target radar [14—18]. In works [15-16],
the potentially achievable PSLL of the ACF is estimated
for a three-frame-segment NLFM signal, the range resolu-
tion of the RM is analyzed in detail [17], and the effect of
the Doppler frequency shift on the characteristics of the
ACEF is studied [17-18].

Another area related to the use of NLFM signals is
meteorological localization, with the peculiarity that the
main research direction in this area is to study the prob-
lem of reducing the PSLL [19]. A similar problem with
respect to RM with a synthesized antenna aperture is dis-
cussed in detail in [20-23].

A distinctive feature of papers [14, 24-25] is that to
minimize the PSLL, it is proposed to use only NLFM
signals, or to combine their use with additional WP in the
RDD (2, 17, 19].

Papers [11, 19, 26-27] use mathematical models of
NLFM signals of the current time with a smooth (poly-
nomial) change in the frequency modulation law.

The formation of NLFM signals from three LFM
fragments was proposed in [2, 12, 13], where the MM is
presented, in which the argument (time) changes symmet-
rically in the middle of the radio pulse. Subsequently, to
represent such signals, a mathematical technique is used
in which each subsequent fragment starts from a zero time
reference (from the zero phase), that is, each time the time
is shifted to the zero mark [16, 18, 24, 25, 28-30].

Research has shown that the introduced MM do not
fully reflect the peculiarities of the formation of NLFM
signals, namely, they do not take into account the phase
structure of the signal at the junctions of fragments.
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In authors propose to consider the MM of a three-
fragment NLFM signal developed by the authors, which
is a further development of the MM presented in [2, 12,
13, 31]. Unlike the existing ones, the model more ade-
quately takes into account the phase change at the junc-
tions of LFM signal fragments, preventing the appearance
of instantaneous frequency and phase jumps, which al-
lows us to obtain a lower PSLL.

3 MATERIALS AND METHODS

Further analysis is performed using a common MM of
a three-fragment NLFM signal introduced in [16, 18, 24,
25, 28-30]. The peculiarity of this MM is that the deter-
mination of the instantaneous amplitude (1) for all LFM
fragments starts from zero time by shifting the time scale
by the duration of the previous signal components. For
example, for an NLFM signal consisting of three LFM
fragments, the complex signal amplitude is described in
accordance with (2).

exp(jor () 0<t<T);
U®=U®] eXp(j(pz(t—Tl)), T <t<Tyy; 2)
exp(jo3(t-Typ)), Tjp <t<Tq.

In the future, to record the expressions of the phase
and frequency of the NLFM signal fragments, we assume
that time intervals similar to (2) are applied to them.

The instantaneous phases of the signal (2) can be
found by expressions [16, 18, 24-25, 28-301]:

{2
f0t+BlT;
2
o(t) =24 (fo +Af1)(t—T1)+M; (3)
2
(fo +Af)(E-T}o) +M~

By differentiating the expressions of the instantaneous
phase (3), the ratios for the instantaneous frequency of the
corresponding signal fragments are found [16, 18, 24-25,
28-30]:

fo +Bit;
fo + Afp +B(t=T)); 4)
fo + Afjy +B3(t=To).

f(t)=

A significant drawback of MM (3) — (4) is that due to
the shift of the time scale to zero for each subsequent
fragment, this model is not sensitive to abrupt changes in
instantaneous frequency that occur at the moments of
increase or decrease in the RFM (at the junctions of frag-
ments).

The graph of the signal frequency versus time for (4)

is shown in Fig. 1.
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From the analysis of Fig. 1 and (4), it follows that the
initial frequency of the second LFM fragment has the
value of fy+Af;, when in fact it is equal to fgp,. Ac-

cordingly, the initial phase of the second fragment has a
zero value, while the final phase of the first fragment is
equal to @q =2n(fy+Af)T;. That is, at the moment
t =T, there is an abrupt change in the instantaneous fre-
quency and instantaneous phase of the signal.

AFrequency, f(t)

><+— Time, t

f03

Figure 1 — Graph of changes in the frequency of the NLFM
signal consisting of three LFM fragments

The same situation is observed at the junction of the
second and third fragments at t =T, +T,, the initial fre-

quency of the third fragment is equal to :
f03 = fo +Af1 +Af2,

and its actual value is fy; with a “minus” sign.

For further consideration, we obtain analytical ex-
pressions that determine the values of frequency and
phase jumps for the time instant t=T, .

The final value of the frequency of the LFM signal of
the first fragment at time t = T; — 6t , under the condition

Ot — 0 is described by the expression
fer = fo + BTy,

and the initial frequency value for the second signal
fragment at time t =T, + 8t is

foo = fo +B2Ty -

Thus, the frequency jump at this point in time is
equal to their difference:

ofjp = oo — fer = (B2 - BT (%)

By integrating, we find the corresponding signal
phase jump:
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Tl
8912 = | (B, —B)Tydt = %(Bz BT ©)
0

The next jump in the frequency-phase parameters of
the signal occurs when we move to the third LFM frag-
ment. Let’s extend the line segment (Fig. 1), which dem-
onstrates the change in the frequency of this fragment, to
the intersection with the abscissa axis and mark the inter-
section point as fy3, i.e., this is the conditional initial

frequency of the third fragment. From the analysis of Fig.
1, it turns out that the frequency jump at the moment of
transition from the second signal fragment to the third
8fy3 , similar to (5), is:

8fy3 = fo + BTy +B2T2 —B3Tiz-
After simplification, we get:
823 =(B3 =BT + (B3 —B2)To. (7

By integrating over the appropriate time intervals,
similar to (6), we find the expression for the phase jump:

5023 = %(m )T +%(B3 BT, ®)

Thus, based on (5)—(8), it can be concluded that the
process of forming a NLFM signal consisting of three
LFM fragments is accompanied by a jump-like change in
the instantaneous frequency at the moment of transition
from one fragment to the next, which causes a corre-
sponding jump in the instantaneous phase of the signal. In
the MM with a time shift (3)—(4), these jumps are not
taken into account, which is its essential drawback. For
further use, it is proposed to introduce a new MM of the
NLFM of a signal in the current time, which takes into
account the jumps in instantaneous frequency and phase.

To record the values of the instantancous phase of a
three-fragment NLFM signal in the current time, we use
the well-known model of three LFM fragments [16]. The
formula uses the same time intervals as in (2):

2
fot + _[312 ;
Bt
o(t) =2my (fo + BTt + = )

2
(o +BiT; + T+ 23

By differentiating the expressions (9) for the instanta-
neous frequency, we have the following:
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fo +B1t;
f()=1fo +BiT; +Bat;
fo +B1Ty +B2Ty +Bst.

(10)

For further consideration, firstly, we obtain an inter-
mediate MM by compensating for the frequency jump
taking into account (5) and (7), MM (9) takes the form:

t2
fot +BIT,
Bot
o0 =2m[fo = (B =BT Jt+ = — (1)
2
[fo— (B3 =BT — (B3 —B)T, ]t +B%,
and the signal frequency changes as:
fo +B1t;
f(t)=1fo— (B2 —BT +Bat; (12)

fo —(B3 =BT — (B3 —B2)Ty +Bst.

To compensate for phase jumps (6) and (8), we add
the corresponding components to (10) and obtain the final
MM of the current time for the three-fragment NLFM of
the signal:

Bit?
fot+——;
T

2
o0 =25 [fo — (B~ Py R+ 2 +501: (13)

2
[fo ~ B3 BT B ~paiTo b+ 2 5,

whose frequency changes in accordance with (12).

It should be noted that the transition from the first
LFM of a fragment to the second is accompanied by a
decrease in the RFM, so the additional phase shift has a
positive value, and during the next transition the RFM
increases, and therefore the phase shift is negative.

To verify the adequacy and reliability of the devel-
oped model, simulation modeling was carried out in the
MatLab application package.

4 EXPERIMENTS
The MM of the three-fragment NLFM signal was veri-
fied for the following LFM parameters of the fragments:
fp=0, Afy = Afy =165 kHz, Af, =400 kHz,
T, =T3 =20ps, T, =100 ps.
The simulation was performed sequentially in accor-
dance with (3) — (4), (9) — (10), (11) — (12), and (13). The
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simulation results are displayed in the form of graphs of
frequency changes and time realizations in the current
time, their spectra, and ACF.

5 RESULTS
The results of mathematical modeling using (3)—(4)
are shown in Fig. 2. The graph of changes in the fre-
quency of the NLFM signal (Fig. 2a) and its oscilloscope
frameU (t) =|U (t)| (Fig. 2b) are plotted in the same time

interval.

Frequency, MHz
1 :

05 ER _
0 0,5 1 Time, ¢
a
Amplitude, V
1 T
i /"’Time,c
b

Normalized spectrum

Lo
—bbhionaxwio

2 10 1 2 3
Frequency, MHz
c

OAutocorrelation function, dB

-100¢

100 50 0
d

50 Time, pus

Figure 2 — Graph of instantaneous frequency change (a), oscil-
loscope (b), spectrum (c), ACF (d) of the NLFM signal with

parameters Af; = Af; =165kHz, Afy =400kHz,

Tl =T3 =20 us, T2 =100 us
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The analysis of the graphs shows that abrupt changes
in the instantaneous phase of the signal (Fig. 2b, the
enlarged scale of the phase jumps is shown in the foot-
notes) occur at the moment of transition to the next LFM
fragment (Fig. 2a). The spectrum of the NLFM signal
S(f) (Fig. 2¢) has dips at the transition frequencies

(Fig. 2c), which indicates the presence of phase jumps at
these frequencies, as evidenced by the pulsations on the
spectrum slopes. The ACF signal R(t) is shown

in Figure 2d. The PSLL of the ACF is —15.59 dB, the
width ML of the ACF is 1.9 ps. There is a sharp change in
the PSLL ACF in the time intervals corresponding to the
signal region with a higher RFM value, which is also a
sign of the presence of phase distortion.

In the course of modeling according to (9)—(10), the
results of which are shown in Fig. 3, it was found that the
signal frequency change graph in Fig. 3a, in contrast to
Fig. 2a demonstrates the presence of instantaneous fre-
quency jumps at the moments of change RFM (Fig. 3a);
these moments correspond to jumps in the signal phase
(Fig. 3b) with a clear increase in the frequency of oscilla-
tions at the beginning of each new fragment.

Due to the frequency jumps between signal fragments,
its spectrum (Fig. 3c) has three separate components and
clearly expressed pulsations of the steeples. A sharp drop
in the PSLL ACF (Fig. 3d) with a sharp change in the
frequency and level of the lateral lobe pulsations addi-

Frequency, MHz
2 ;

1t

Time, ¢
a

Normalized spectrum

coocoooooo
— WAL \O

-1 0 I )
Frequency,%\/IHz

C

tionally indicates the presence of significant frequency
and phase jumps in the signal.

The ACF parameters for this MM were not evaluated
because of the obvious discrepancy between the obtained
results and the expected ones. The obtained results prove
the validity of (5)—(8) and the need to compensate for
frequency and phase jumps during the transition to each
new section of the NLFM signal.

The results of the next experiment allow us to com-
pare the work of (3)—(4) and (11)—(12), since (4) and (12)
demonstrate a complete coincidence of results, the graph
of (12) is not shown.

The results of the modeling according to (11) are
shown in Fig. 4. Despite the coincidence of the simulation
results according to (4) and (12), the waveform in Fig. 4b
shows a different character of the signal phase distortion
during changes in the RFM with compared to Fig. 2b.
The difference in phase jumps is evident in the spectra of
Figs. 2c and Fig. 4c, the PSLL ACF in Fig. 4d is —17.31
dB, and the width of the ML of the ACF is 1.8 us. Given
that (3)~(4) are not sensitive to frequency jumps, and
(11)—(12) compensate for frequency jumps, these models
demonstrate differences in other signal features.

. Amplitude, V

b
Autocorrelation function, dB

220! ;

40 Wllﬁr Ill“"l III /| '-"llll ‘ll'lllﬁ

ol gl Ty |

-807 ]
-100+
-120]

100 50 0 50 Time, ps

d

Figure 3 — Graph of instantaneous frequency change (a), oscilloscope (b), spectrum (c), ACF (d) of the NLFM signal without com-
pensation for frequency and phase jumps
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Figure 4 — Waveform (a), spectrum (b), ACF (c) of the NLFM
signal with frequency jump compensation

Fig. 5 shows the results of modeling only according to
(12), since the graph according to (11) is similar to Fig.
2a. In the oscillogram of Fig. 5a, there are no phase dis-
tortions at the moments of transitions from one LFM
fragment to another, the spectrum of the NLFM signal of
Fig. 5b is almost symmetrical, and there are no pulsations
on the slopes. The lateral lobes of the ACF of Fig. 5¢ de-
cay smoothly, the maximum PSLL is —22 dB, and the
width of the ML is 1.8 ps.

In comparison with the classical LFM, the PSLL sig-
nal decreased by 9 dB, but the price for this is the expan-
sion of the ML of the ACF by almost a third.

6 DISCUSSION

Our studies indicate that the use of the new model
(12)—~(13) provides compensation for jumps in the instan-
taneous frequency and phase of the NLFM signal at the
moments of transition from one LFM fragment to the
next, due to which the resulting spectrum becomes sym-
metrical, rounded, i.e., acquires the expected shape, and
there are no pulsations on its slopes.
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Figure 5 — Waveform (a), spectrum (b), ACF (c) of the
NLFM signal with compensation of frequency and phase jumps

As a result of the improved spectrum shape, its effec-
tive width has increased, and therefore the ML of the
ACF has become narrower compared to MM (3)—(4). The
lateral lobes of the ACF decrease smoothly, which is also
evidence of the absence of frequency-phase distortions.

In the known works [16, 18, 24-25, 28-30], the spec-
tra of the studied NLFM signals are not given, but the
given ACFs demonstrate sharp changes in the level and
frequency of the lateral lobes, similar to Figures 2d, 3d,
4c, which indicates the presence of instantaneous fre-
quency and phase jumps. In such circumstances, the re-
duction of the PSLL can be achieved only in some cases
by selecting the values of T, and Af,, which does not

ensure the stability and predictability of the final result.

The authors consider it expedient to introduce the
three-fragment NLFM signal proposed by the MM into
circulation and to continue research in the direction of
increasing the number of LFM fragments in order to
minimize the PSLL.
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CONCLUSIONS

The scientific novelty of the obtained results is the
discovery that frequency and phase jumps during the tran-
sition from the first LFM fragment to the second are in-
cluded as components for determining the magnitude of
frequency and phase jumps of the next fragment junction.
Based on this, a new MM of the NLFM signal consisting
of three LFM fragments is developed. In contrast to the
known ones, the proposed model uses the current time
instead of the shifted time and compensates for the jumps
in the instantaneous frequency and phase of the signal that
occur at the moments of transition from one LFM frag-
ment to the next.

The developed model ensures predictability and stabil-
ity of results when the frequency and time parameters of
NLFM signals change.

For the characteristics of the LFM fragments adopted
during the modeling, the PSLL of the ACF of the result-
ing NLFM signal was achieved from -22 dB
(Afy =Af; =125kHz, Af, =300kHz) to -27 dB

(Af; = Af; =55kHz, Af, =100kHz), while the duration

of the LFM fragments did not change and was
Tl =T3 =20 us, T2 =100 Us.

The practical significance of obtained results con-
sists in the possibility of using the proposed MM to de-
velop devices for the formation and processing of radio
signals in various applications, such as radar systems for
detecting air targets, aviation and space systems for sur-
veying the earth's surface, meteorology, sonar, ultrasound
diagnostics, etc., in which NLFM signals can be used to
reduce the PSLL of the ACF independent-ly or in combi-
nation with the WP in the receiving device.

Prospects for further research are to improve the
developed model to expand the possibilities of changing
the initial frequency and time parameters of the NLFM
signals, as well as to study the effect of the number of
LFM fragments on the level of the PSLL.
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AHOTAULIA

AxTyanbHicTh. OJHUM 3 HANPSIMKIB YAOCKOHAJICHHS ICHYIOUMX Ta CTBOPEHHSI HOBHX PaioJIOKAI[iiHUX 3aC00iB € 3aIpOBaKeH-
HS 30HAYBAJIBHHUX CHUTHAIIB 3 MOIYJIALI€I0 4acTOTu ((ha3u), Tak 3BaHUX CKIaTHUX CUTHAIIB, O SKUX BIXHOCATHCS CUTHAIH 3 HENi-
HIHOIO 9aCTOTHOIO MOIyJsaLiero. OMHUM 3 pi3HOBHIIB IIMX CHTHAJIB € TaKi, IO CKIAJAIOTHCA 3 TPHOX JIHIHHO-9aCTOTHO MOIYJBO-
BaHMX (parMeHTiB. OHAK MIMPOKE BUKOPHUCTAHHS TPU(PPArMEHTHUX CUTHAJIB CTPUMYETHCS HEJOCTATHBOIO MPOPOOKOI0 MaTeMaTH-
YHOTO arnapary, KU JOCTOBIpHO BimoOpaskae mporecH ix ¢opmyBaHHS Ta 00pOOKH. ABTOpaMH CTaTTi po3po0JICHO HOBY MaTeMaTH-
YHY MOJEJIb, SIKa JI03BOJISIE BPaXOBYBATH YaCTOTHI Ta ()a30Bi CIIOTBOPEHHS, 1[0 BUHUKAIOTh Y TPU(ParMeHTHOMY CHUTHAJI NpH Hepe-
XOJIi BiJ{ OTHOTO ()parMeHTy JI0 iHIIIOT0, KOJIU BiI0yBA€THCS 3MiHA MIBUIKOCTI YaCTOTHOT MOTYJIAIIT CUTHAITY.

MeTta po6oTH — pO3pOOJICHHS Ta JOCTIPKEHHS MaTeMaTUYHOI MOJIETI MOTOYHOTO Yacy JUis CHUTHANY 3 HENiHIHOK YaCTOTHOIO
MOJLYJIALIEI0, SKUH CKIIQIAa€ThCs 3 TPHOX JIHIHHO-4aCTOTHO MOYJIbOBAaHUX ()PArMEHTIB.

Metoa. B crarTti HaBeqeHO TeopeTHYHE OOTPYHTYBAHHS HEOOXiTHOCTI pO3pOOIICHHST MaTeMaTHYHOI MOJETi y MOTOYHOMY 4aci
IUI TPUQPArMEeHTHOTO CUTHAITY 3 HENiHIMHOI YaCTOTHOK MOIYJIALIEI0, MPOJAEMOHCTPOBAHO MPALe3qaTHICTh CTBOPEHOI MOJIENi Ha
MPUKJIAAl KUTBKOX PaJiOCHTHAINIB, SKi BIIPI3HAIOTHCS 32 YACTOTHUMH IapaMmeTpaMH. 3a OJHAKOBHX CHUTHAJIBHHUX MapaMeTpiB 31ikc-
HEHO NOPIBHSIHHS OTPUMAaHHX PE3yJIbTaTiB 3 pe3ysbTaTaMH POOOTH BiIOMOI MOJEII, I 9Or0 BUKOPHCTOBYBAJIMCS BiOMI METOAU
CIIEKTPAJILHOTO Ta KOpEJSLifHOro aHamizy. BinmMiHHOIO OCOOJHBICTIO 3alIpOIIOHOBAHOI MOAEINI € BPaxyBaHHS CTPUOKIB MHUTTEBOL
4acToTH 1 a3y curHaiy, siki BAHUKAIOTH MiJ Yac Nepexoay BiJ OJJHOTO JIIHIHHO-4aCTOTHO MOYJIbOBAHOTO (hparMeHTy 10 HaCTYIIHO-
ro. Taki cTpuOKOMOMiOHI 3MiHM YacTOTH Ta ()a3d B BiJOMUX MOJICIIAX CUTHATIB 3 HENIHIHOK YaCTOTHOK MOJYJISILIEI0 HE KOMIICH-
CYIOTBCS, L0 CIPUYMHSIE CIHOTBOPSHHSI 1X CHEKTPIiB Ta 30UIbLICHHS pPiBHSA OIYHHMX MENIOCTOK aBTO-KOPEJIIHHUX (B3a€EMHO-
KOPEJALIHHUX) QYHKIIIH.

PesyabTaTu. [lopiBHsIIBHA MEepeBipka po3poOICHOT Ta BiJOMOI MO/ENEH CUTHANIB CBITYHATH NMPO 3MEHIICHHS PiBHS OiYHUX TIe-
JIIOCTOK aBTOKOpPEJSILiHOT yHKIIT Ha 3 nb 1 GibIre B 3aJIeKHOCTI BiJl 3aJaHUX YaCTOTHO-4aCOBHX MapaMETPiB.

BucHoBKH. 3acTOCyBaHHS 3allpOIIOHOBAHOI MaTeMaTHYHOI MOJENI H03BoJIsie (OPMYBaTH Ta OOPOOIATH pazioNoOKaliiHi CHUrHa-
JIH, JI0 CKJIaIy SIKMX BXOJWUTH TPH JiHIIfHO-4aCTOTHO MOIYyJIbOBaHUX (parMeHTH. KommeHcaris crpuOkomnoqi6HUX 3MiH 9acTOTH Ta
(a3u IpU3BOIUTH O 3MEHIIEHHS CTYIEHS CHOTBOPEHHSI CIIEKTPY Ta, SIK HACIIJIOK, 30UIbIIEHHs HOro eeKTHBHOI IIMPHHH, 11O 3a-
Oe3meuye 3BY)KESHHS TOJIOBHOT IEIFOCTKY Ta 3MEHILCHHS PiBHS O1YHMX IETIOCTOK aBTO-KOpeIsIiiHOT (yHKIii.

KJIFTOYOBI CJIOBA: panionokariiiHuii curaai; HejdiHifiHa YacTOTHA MOJYJISLIS, aBTOKOpesiliiiHa (QyHKIs, piBeHb Oi4HMX
IETIOCTOK; MaTeMaTHYHA MOJIEIb.
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