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ABSTRACT 
Context. Neural Ordinary Differential Equations is a deep neural networks family that leverage numerical methods approaches 

for solving the problem of time series reconstruction, given small amount of unevenly distributed samples. 
Objective. The goal of the following research is the synthesis of a deep neural network that is able to solve input signal recon-

struction and time series extrapolation task.  
Method. The proposed method exhibits the benefits of solving time series extrapolation task over forecasting one. A model that 

implements encoder-decoder architecture with differential equation solving in latent space, is proposed. The latter approach was 
proven to demonstrate outstanding performance in solving time series reconstruction task given a small percentage of noisy and un-
even distributed input signals. The proposed Latent Ordinary Differential Equations Variational Autoencoder (LODE-VAE) model 
was benchmarked on synthetic non-stationary data with added white noise and randomly sampled with random intervals between 
each signal. 

Results. The proposed method was implemented via deep neural network to solve time series extrapolation task. 
Conclusions. The conducted experiments have confirmed that proposed model solves the given task effectively and is recom-

mended to apply it to solving real-world problems that require reconstructing dynamics of non-stationary processes. The prospects 
for further research may include the process of computational optimization of proposed models, as well as conducting additional 
experiments involving different baselines, e. g. Generative Adversarial Networks or attention Networks.  

KEYWORDS: neural ordinary differential equations, deep neural networks, variational autoencoders, recurrent neural networks, 
long term short memory networks 

 
ABBREVIATIONS 

NN is a neural network; 
ODE is an ordinary differential equation; 
LSTM is a long short-term memory network; 
GRU is a gated recurrent unit network 
ARMA is an autoregressive moving average model; 
ARIMA is an autoregressive integrated moving aver-

age model; 
GARCH is a generalized autoregressive conditional 

heteroskedasticity; 
ELBO is an evidence lower bound function. 

 
NOMENCLATURE 

y  is an unknown non-stationary non-negative con-

tinuous-time series; 
t  is a continuous time point, tt ; 

)(  is an intensity parameter of time distribu-

tion,  ; 
θ is a model parameter vector; 
ŷ  is a observed sample from time series; 

Y  is a multivariate discrete-time or continuous-time 
process; 

tx  is an input vector to neural network at time t , 

xtx ; 

E  is a time series reconstruction loss; 
N  is a Normal distribution; 
σ is a standard deviation of y ; 

α is a time series sampling percentage;  

 )(ˆ)( xfyy rec   is a reconstructed time series; 

th  is a hidden state of neural network at time t , 

hth ; 

0z is a latent space initial parameter for decoder net-

work; 
ε is a moving average parameter for time series y ; 

hb  is a bias vector for hidden state of a recurrent neu-

ral network; 

ub  is a bias vector for output state of a recurrent neu-

ral network; 
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rb  is a bias vector for reset state of a recurrent neural 

network; 

hW  is a weight matrix for hidden state of a recurrent 

neural network; 

uW is a weight matrix for output state of a recurrent 

neural network; 

rW  is a weight matrix for reset state of a recurrent 

neural network; 
'
th  is a temporary hidden state at time t ; 
''

th  is a candidate hidden state at time t ; 

 
INTRODUCTION 

Time series analysis nowadays is one of the most rap-
idly developing field of computational statistics. In recent 
years it gained a significant push towards applying ma-
chine learning methods to solve the problem of predicting 
real-world processes in various fields, e.g., physics or 
finances. The most popular approaches that are applied to 
overcome the given problems include autoregressive 
modeling via ARIMA and GARCH models [1–5]. These 
models completely rely on assumptions of autoregressive 
nature of given process, i.e., linear dependence between 
current state of process with previous ones, and stationar-
ity, i.e., absence of mean/variance fluctuations through 
time of observation of given process. In order to process 
non-stationary data, ARIMA models leverage mecha-
nisms of taking finite difference of given time series data 
to vanish trend curves and thus transform such data into 
stationary time series [6]. On the other hand, GARCH 
models perform conditional heteroskedasticity modeling 
via moving average estimation of variance [7]. The draw-
backs of these approaches are implicated in assumption of 
linear dependence between lags of a given process. 

To overcome these challenges recurrent neural net-
works (RNN) [8] were introduced. RNN rely on the same 
concept of  “dependency” between time series states as in 
autoregressive models, except that it applies nonlinear 
transformations of input states and hidden states. These 
chains of operations allow RNN to model nonstationary 
series without performing reduction to stationarity. LSTM 
models are the most widely used RNN application, since 
they achieve ability to capture patterns in time-dependent 
data at large scale of observation [8, 9]. Since 2014, new 
family of recurrent neural networks was introduced – 
gated recurrent unit network (GRU) [8, 9]. GRU is, in 
essence, a lightweighted version of LSTM, offering re-
duced complexity whilst learning, both time and space. 
However, the weakest point of given approaches is that 
they are invariant to occurrence gaps, i.e., they built re-
garding the assumption that intervals between each sam-
ple are equal. However, for various cases that assumption 
is not a valid one, e.g., for tracking real-time financial 
data.  

The object of study is the process of time series re-
construction from samples with uneven distribution re-
garding time. This data is difficult to predict since both 
autoregressive models, and recurrent neural networks are 
invariant to intra-sample gaps, Therefore, it is proposed to 
construct a new model, called latent ordinary differential 
equations variational autoencoders to improve the quality 
of predictions of given data and to solve process recrea-
tion task. 

The subject of study is methods for time series pre-
diction and recreation.  

The purpose of the work is to create a machine 
learning model to solve time series reconstruction from 
small and unevenly distributed data samples. 

 
1 PROBLEM STATEMENT 

For a given sample ŷ  of time series y  it is desired to 

create a reconstruction )(recy , such that 

 ),(,0 )( yyd rec , where ),( d  is some distance 

metric. 
2 REVIEW OF THE LITERATURE 

Autoregressive models, such as ARMA [9], presented 
in 1951, are the most used ones for the time series model-
ing task. They consider the time series to be in the form 







 
q

j
jjp

p

i
itit yy

11
0  [1]. ARMA models are 

suitable for learning behavior of stationary processes and 
hence, are widely and successfully used applied to this 
task [1–5, 9, 10].  

In order to cope with non-stationary processes, 
ARIMA models were introduced [1, 11]. They perform 
numerical differentiation techniques, i.e. applying finite 
differences operator   dyyy ttdtd ),・()( 11  to 

a given time series to vanish it’s non-stationarity [1]. 
The other autoregressive approach is to model station-

ary processes in the form  


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
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jtjp
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2
0  [1]. 

Since the breakthrough in the development of compu-
tational capacities, it became feasible to examine machine 
learning algorithms, and, in particular, artificial neural 
networks, on time series modeling and predictions tasks. 
One of the most successful approaches is to apply recur-
rent neural networks to discrete-time time series. 

Consider sample of time series ty  of the form 

tt yD ,x . RNN in this case is a mapping function 

tt yf x: , and that function is essentially a chain of 

non-linear transformations over affine transformations 
that are provided by state-space modeling of ty  [8]. 

Classic RNN models these chains in a following way: 
 

),( hthhtxht bhWxWh   
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).( uthutt bhWuy   

 
RNN is trained to maximize logarithmic likelihood 

),,,,x|(log cVWUyp t  [8]. However, despite the ability 

to model non-stationary time series, RNN has a severe 
drawback – gradient vanishing – that is caused by it’s 
architecture [8]. 

To overcome this challenge, LSTM model was intro-
duced in 1997 [12]. LSTM offers more complex architec-
ture yet greater precision of forecasts, introducing 3 
“gates” – input, output and forget. The latter one imple-
ments the process of capturing short-term dependencies at 
a long scale, thus giving it’s name to the method [8, 12]. 

In 2014, GRU model was firstly described [8, 13]. 
GRU model aims to achieve the same quality of forecasts 
but at a lower computational cost, reducing number of 
parameters to train. Despite LSTM-based models have 
become de facto standard in recent years, GRU models 
are also widely used [8, 13].  

In recent years, new family of neural networks was in-
troduced, called neural ordinary differential equations 
[14]. Neural ODE model interprets time series as a con-
tinuous process with unknown dynamics and thus solving 
a differential equation with respect to the hidden state and 

time: ),),(h(
h

 ttf
dt

d
. Neural ODEs are proven to be 

effective for survival analysis [15] and weather data pre-
diction [16].  

 
3 MATERIALS AND METHODS 

It is proposed to recreate time series structure from the 
latent space (i.e., some mapping of feature space) process 

dynamics. Let’s add a mapping nmf PP:  , such that: 

 
(Y)H f , (1)

 
where H  represents hidden dynamics in latent space and 
thus is proposed to be modeled via Neural ODE: 
 

).,),(h(
h

h ttg
dt

d
 (2)

 
Integrating (2) with respect to time allows forecasting 

multivariate continuous-time process (1) in latent space. 
Then, to retrieve forecast of Y  it is necessary to add an 

inverse mapping mnf PP:1  . However, the inverse 

mapping could not exist under certain conditions, e.g., f  

is not bijective. In that case, to overcome this restriction, 
it is proposed to use encoder-decoder approach, i.e., de-

fining another mapping mng PP:  , such that: 

 

H).(Ŷ g  (3)

 

By substituting (1) and (4) as a parameters to the 
given reconstruction loss, an optimization problem is de-
fined: 

 

  .minŶY, E  (4)

 
There are multiple approaches to define exact task in 

the form of problem (4). Let’s consider that process Y  is 
drawn from unknown random vector of distribution )x( . 

Then chain of transformations defined by (1) and (4) pro-

duce the process Ŷ , drawn from random vector of distri-
bution )h(̂ . Then to measure difference between these 

two distributions it is proposed to use Kullback-Leibler 
divergence, defined as: 

 

.x
)x(ˆ
)x(

log)x()ˆ|( 


 


 dKL  (5)

 
However, since )x(  is an unknown distribution, 

mentioning that distribution proposed approach should 
define both mappings (1) and (3), it is proposed to define 
a joint probability distribution )hx,(p , and applying de-

fining it as: 
 

).h|x()h()x()x|h()hx,( ppppp   (6)
 
Taking a logarithm of (7): 
 

).h|x(log)h(log

)x(log)x|h(log)hx,(log

pp

ppp




 (7)

 
To achieve deterministic measure of “fitness” of dis-

tributions )|h()h(  pp  and )|x()x(  pp , where   

is a parameters vector of the desired model, let’s apply a 
mathematical expectation operator with respect to latent 
state h to (8): 

 










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h

h

h

h)x,|h(logh)(

h)|hx,(logh)(

h)|x(logh)(

dpq

dpq

dpq

 (8)

 
Left-hand side of (8) is simply equals to )|x( p . 

Then let’s add and subtract mathematical expectation of 
logarithmic probability of hidden state: 
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(9)

 
Last component of right-hand side of the equation (9) 

is Kullback-Leibler divergence of )h(q  and )x,|h( p  

distributions, and the first one is ELBO. ELBO is pro-
posed to use as a reconstruction loss of a proposed model. 

Let’s define the mapping functions in the scope of 
problem (1)-(9). It is proposed to use a recurrent neural 
network, in particular, GRU as an encoder mapping, i.e. 
mapping (1) is defined as: 

 

),,(ˆ
1

'' thyfh tt  , (10)

)( ''
uthutxut bhWxWu  , (11)

)( ''
rthrtxrt bhWxWr  , (12)

)( '''
'''

hthhtxht bhWxWh  , (13)

''' )1( ttttt huhuh  , (14)

 
Hence it is proposed to interpret latent space features 

as the dynamics of given process, defined by (1), (10) is 
defined as: 

 

),,,( 1
'' thfSolh tt   (15)

 
where Sol  is a numeric ODE solver, e.g., Runge-Kutta 
method. 

Let’s add a layer that produces parameter for latent pa-
rameter 0z  and define mapping (4) as: 

 
),,(t, 0 tzSolzt ft  , (16)

).,z|x(~ tpx  (17)
 
For achieving time sensitivity, it is feasible to model 

probability distributions of time spots using non-
stationary Poisson processes. By adding and modeling 

intensity parameter  , (16)–(17) can be augmented in the 
following way: 

 
).)(ss(PoissProce~ t,  tt  (18)

 
Then (10) could be augmented by adding: 
 

.)()(log)),,|tlog(
max

mint
maxmin  



t

tt

dttttt  (19)

 

By applying task (10)–(17) to input samples, drawn 
from Y  and minimizing loss, defined in (9) and (19), 
task of time series reconstruction was achieved.  

 
4 EXPERIMENTS 

To solve previously defined task and measure the ef-
fectiveness of proposed approach the computer program 
that implements time series reconstruction was developed. 

For time series reconstruction experiment a following 
synthetic dataset was chosen: 

 
).,0N(~,)25sin(  ty  (20)

 
Multiple samples were drawn from (20) with the fol-

lowing setups: 
1. ];1,5.0,1.0[  

2. ]55.0,35.0,15.0[ . 

For model there were chosen 2 options – LODE-VAE 
without modeling distribution of time points and LODE-
VAE with modeling distribution of time points using (18). 
For reference, first model is called LODE-VAE-N and 
LODE-VAE-P. 

For both models the next parameters were chosen: 
1. Dimension size of latent state dynamics process 

is 6. 
2. Dimension size of integrated state vector is 6. 
3. Dimension size of decoded vector is 1. 
4. Number of epochs is 200. 
5. Learning rate is adaptive with exponential decay 

with start rate at 0.01. 
6. ODEs are solved using Dormand-Prince method. 
Metrics for benchmarking are mean squared error 

(MSE) and coefficient of determination 2R . 
Results of LODE-VAE-N model benchmarking by 

MSE metric are shown in Table 1. 
 

5 RESULTS 
In the following Tables 1 – 4 results of benchmarking 

of LODE-VAE-N and LODE-VAE-P models by MSE 

and 2R  metrics are provided. Since MSE and 2R metrics 
are both used for validating model adequacy for forecast-
ing time series, their optimization objectives are opposite 

– MSE needs to be minimized and 2R  needs to be maxi-
mized.  

 
6 DISCUSSION 

As follows from Tables 1–4, MSE and 2R  metric val-
ues of benchmarking of LODE-VAE-N and LODE-VAE-
P differs slightly. Despite the difference, both models are 
well suitable for time series reconstruction and forecast-
ing from obtained unevenly distributed samples. 

Tables 1–4 show the same tendencies for both metrics 
and both models – the more data is available the better the 
quality of predictions. 
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Table 1 – Results of LODE-VAE-N model benchmarking by 
MSE metric 

α\σ 0.1 0.5 1 

0.15 0.4309 0.7043 1.4491 

0.35 0.4081 0.5921 1.4104 

0.55 0.3802 0.6757 1.2195 

 
As expected, model performed reconstruction task 

well, and results the better the noise level is lower 
Results of LODE-VAE-P model benchmarking by 

MSE metric are shown in Table 2.  
 

Table 2 – Results of LODE-VAE-P model benchmarking by 
MSE metric 

α\σ 0.1 0.5 1 

0.15 0.4011 0.583 1.4583 

0.35 0.3301 0.6047 1.3876 

0.55 0.1065 0.429 1.0456 

 
As is shown above, learning time distribution better 

model forecasts, and the gap between two models is in-
creasing with more dense samples.  

Results of LODE-VAE-N model benchmarking by 
2R  metric are shown in Table 3. Coefficient of determi-

nation is stable and increasing slowly with increasing 
density of sampling and decreasing noise level. The same 
is true for LODE-VAE-P. 

Results of LODE-VAE-P model benchmarking by 2R  
metric are shown in Table 4.  

 
Table 3 – Results of LODE-VAE-N model benchmarking by 

2R  metric 
α\σ 0.1 0.5 1 

0.15 0.7343 0.5943 0.5523 

0.35 0.7529 0.6303 0.571 

0.55 0.827 0.6988 0.61 

 
Table 4 – Results of LODE-VAE-P model benchmarking by 

2R  metric 
α\σ 0.1 0.5 1 

0.15 0.843 0.5413 0.5612 

0.35 0.8501 0.6171 0.6001 

0.55 0.9146 0.7307 0.658 

 
LODE-VAE-P model is demonstrating better results 

for all the metrics and all the experiment setups. By lever-
aging separate model for learning the distribution of time 
points in the sample, the latter model can better approxi-
mate the ground truth distribution of the sample. 

 
 
 

CONCLUSIONS 
The problem of continuous-time processes reconstruc-

tion from noised and unevenly distributed samples is 
solved in this work. 

The scientific novelty of obtained results shows that 
neural ordinary differential equations models could be 
embedded into variational autoencoders framework for 
reconstructing dynamic of given unknown but observed 
process. Combining numerical integration techniques with 
stochastic generative models is a valid and effective ap-
proach for modeling and forecasting non-stationary time 
series. 

The practical significance of current work and its’ 
results is that implemented models could be applied to 
forecast non-stationary processes from real world, such as 
climate-related processes or simplifying simulations of 
physical processes. 

Prospects for further research are to study different 
approaches to use as a decoder network, replacing varia-
tional autoencoders with different stochastic generative 
models. 
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AНОТАЦІЯ 

Актуальність. Розглянуто задачу реконструкції нестаціонарних часових рядів на основі моделей кодувальник-
декодувальник за допомогою нейронних звичайних диференціальних рівнянь. Об’єктом дослідження є задача відновлення 
та прогнозування нестаціонарних часовиї рядів та процесів в неперевному часі. Мета роботи – синтез моделі на основі 
архітектури кодувальник-декодувальник та з використанням моделей типу нейронних звичайних диференційних рівнянь 
для реконструкції  часових рядів по зашумленими, нерівномірно розподіленими у час, вхідними сигналами.  

Метод. Запропоновано метод, що реалізує архітектуру кодувальника-декодувальника та аппарат штучних нейронних 
мереж з розв’язанням диференціальних рівнянь у латентному просторі. Було встановлено, що даний підхід демонструє ви-
соку ефективність та якість прогнозів при вирішенні задачі реконструкції часових рядів по зашумленим вхідним сигналам з 
випадковими інтервалами між сигналами. Запропонована модель варіаційного автокодувальника на з використанням апара-
ту нейронних мереж була протестована на синтетичних нестаціонарних даних з додаваням білим шумом і семплінгом з ви-
падковими інтервалами між кожним сигналом. 

Результати. Розроблені показники реалізовані програмно і досліджені при вирішенні задачі реконструкції нестацонар-
ного ряду з сезонністю.  

Висновки. Проведені експерименти підтвердили, що запропонована модель ефективно вирішує задану задачу і 
рекомендується застосовувати її для вирішення реальних завдань, що вимагають реконструкції динаміки нестаціонарних 
процесів.  Перспективи включають в себе подальші дослідження різних архітектур нейронних мереж, окрім рекурентних 
нейронних мереж та архітектур автокодувальників. Зокрема пропонується використовувати інші підходи генеративного 
нейромережевого  моделювання, як генеративно-змагальні мережі у контексті відновлення структури часового ряду 

КЛЮЧОВІ СЛОВА: нейронні звичайні диференціальні рівняння, глибокі нейронні мережі, варіаційні автокодувальни-
ки, рекурентні нейронні мережі, мережі довгострокової короткої пам’яті. 
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