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ABSTRACT 
Context. Currently, distributed real-time control systems need the creation of devices that perform online computing operations 

close to the sensor. The proposed online-computers of elementary mathematical functions can be used as components for the func-
tional conversion of signals in the form of pulse streams received from measuring sensors with frequency output.  

Objective. The objective of the study is the development of mathematical, architectural and automata models for the design of 
bit-stream online-computers of elementary mathematical functions in order to create a unified approach to their design, due to which 
the accuracy of calculating functions can be increased, functional capabilities expanded, hardware costs reduced, and design effi-
ciency increased. 

Method. Mathematical models of devices were developed using the method of forming increments of ascending step functions 
based on inverse functions with minimization of calculation error. Automata models of online-computers based on Moore’s Finite 
State Machine have been developed, the graph diagrams of which made it possible to ensure the clarity of function implementation 
algorithms, to increase visibility and invariance of implementation in formal languages of programming and hardware description. 

Results. The paper presents the results of research, development and practical approbation of design models of bit-stream online-
computers of power functions and root extraction function. A generalized architecture of an online-computer was proposed. 

Conclusions. The considered functional online-computers are effective from the point of view of calculation accuracy, simplicity 
of technical implementation, and universality of the architecture. 

KEYWORDS: functional conversion, bit-stream data, bit-stream computing, mathematical model, finite state machine, FPGA, 
SoC. 
 

ABBREVIATIONS 
ASIC is an Application-Specific Integrated Circuit; 
CAD is a Computer Aided Design; 
CMOS is a Complementary Metal Oxide Semiconduc-

tor; 
CORDIC is a Coordinate Rotation Digital Computer; 
FPGA is a Field Programmable Gate Arrays; 
FSM is a Finite State Machine; 
HDL is a Hardware Description Language; 
PWM is a Pulse-Width Modulation; 
VHDL is a VHSIC Hardware Description Language; 
VHSIC is a Very High-Speed Integrated Circuits; 
VSF is a Virtually Scaling Free. 
 

NOMENCLATURE 
|| max  is an absolute error limit value of continuous as-

cending functions reproduction;  

||1 max  is a level of the function approximation node; 

Δy–1 is a difference obtained when comparing the in-
crements current values of the functions; 

)( max y  is an inverse function of f (x); 

f (x*) is a continuous function; 
f (x) is an approximating function; 
f (xy) is a value of the function at the point xy; 
f (xy –1) is a value of the function at the point (xy –1); 
m is a numerator of the fractional exponent of the 

power function, positive natural number; 

n is a denominator of the fractional exponent of the 
power function, positive natural number; 

x is an input bit data stream; 
xy is a value of selected bit from the input bit-stream x 

(sample); 
y is an output bit data stream; 
yk is a value corresponding to the node of the function 

approximation. 
 

INTRODUCTION 
During the development of real-time systems focused 

on sensor systems, the Internet of Things and distributed 
control systems an important task is the alignment of sen-
sors with digital systems for collecting and processing 
information. 

Currently, an integral part of new basic elements de-
velopment needed for the mentioned systems’ creation is 
the design of specialized hardware functional converters 
and online-computers, which utilize data in bit (pulse) 
stream form as an information signal, which allows sim-
pler implementation of operations compared to other 
types of coding [1–4].  

The object of the study is the process of designing 
bit-stream online-computers of elementary mathematical 
functions. 

The subjects of the study are design models of bit-
stream online-computers. 

The objective of the study is the development of 
mathematical, architectural and automata design models 
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of bit-stream online-computers of elementary mathemati-
cal functions in order to create a unified approach to their 
design, due to which the accuracy of calculating functions 
can be increased, functional capabilities expanded, hard-
ware costs reduced, and design efficiency increased. 

To achieve the objective, it was necessary to fulfill the 
development of mathematical models of bit-stream 
online-computers based on method analysis for generating 
increments of increasing step functions with minimization 
of calculation error; the creation of generalized architec-
ture model of online-computer; development of automata 
models of the device based on FSM; the experimental 
research of the designed hardware model of a bit-stream 
power function computer in the hardware description lan-
guage VHDL using an automata template and implemen-
tation in a Xilinx FPGA. 

The paper is organized as follows. Sections 1 and 2 
provide a description of problem statement and current 
state of the art. Section 3 discusses the method of forming 
increments of ascending step functions and mathematical 
models of online-computers obtained on its basis. A gen-
eralized online-computer architecture is presented, which 
allows building of pipeline architectures of online-
computers of specific functions. An approach to the de-
sign of online computers based on FSMs was considered, 
which made it possible to develop a state diagram of the 
control automaton of online computers and an algorithm 
flowchart of the operating automaton for the implementa-
tion of functions. Sections 4, 5 presents the results of an 
experimental study of hardware implementation of online-
computers for power functions and root extraction func-
tion, which confirm the results of theoretical develop-
ments. Section 6 provides short discussion about main 
achievements of this work. 

 
1 PROBLEM STATEMENT 

In bit-stream coding, data is presented as streams of 
unit amplitude pulses. In bit-stream data the informative 
parameter is fixed value of pulses of arbitrary duration for 
a time interval. The bit-stream form of signals allows the 
transmission and processing of information in ways that 
make it possible to sequentially process single bits of the 
stream when they are fed to the input of the device [5].  

At the same time, the bit-stream form of signals, while 
maintaining immunity to interference, does not suffer 
from information redundancy and allows for high-speed 
operation of devices. Data processing involves both the 
conversion of the form of information presentation and 
the linearization of the sensor signal using various ele-
mentary mathematical functions [6, 7]. 

Moreover, bit-stream online-computers provide for the 
implementation of the stream method of online calcula-
tions with simultaneous parallel-serial execution of con-
versions over single bits of the stream according to the 
required function. At the same time, sequential calcula-
tion of function values is performed for adjacent values of 
the argument. Stream methods of processing information 
signals are characterized by the possibility of implement-
ing functional conversion through the use of methods of 

forming increments, as well as the implementation of se-
quential processing of streams in the process of receiving 
single bits [7, 8]. 

Bit stream online-computers of power functions and 
root extraction functions can be used in distributed control 
systems as components for functional conversion of bit 
streams obtained from measurement sensors of physical 
quantities with frequency output. The frequency output 
signal can be a stream of pulses or a signal with PWM 
[9, 10]. 

The question of analyzing the methods and means of 
reproducing functions using converters and online-
computers arises in connection with their wide selection 
and the variety of solved tasks, their specifics and techni-
cal requirements. Each selected type of means corre-
sponds to its own calculation method, and rational means 
of its implementation must be chosen for any method. 

In the creation of nonlinear converters and online-
computers of bit-stream data which operate in real time 
for the reproduction of elementary functions, accurate 
methods of calculating approximating functions based on 
differential equations or algebraic equations (inverse 
functions) are used. Thus, the design of specialized hard-
ware functional converters and computers performing bit-
stream data conversion in real time is relevant. 

 
2 REVIEW OF THE LITERATURE 

In works [11, 12] the need to develop online-
computers for processing data which are located close to 
the sensor, for use in distributed sensor systems is sub-
stantiated, stream processing algorithms are shown, which 
provide functional conversions of signals presented in the 
form of a bit stream (streams of single pulses, streams of 
PWM signals) and binary codes at the same time. The 
proposed principles of stream processing algorithm or-
ganization are considered as a continuous process of re-
sult formation. 

Work [13] presents an approach to the design and 
hardware implementation of a converter that approxi-
mates a function for an argument that is a PWM signal. In 
this case, an approximating function in the form of divid-
ing polynomials is used. In work [14], the proposed de-
vice is focused on the processing of measurement results, 
which is represented by a pulse stream, in which the func-
tional conversion of information is carried out in the 
tracking mode.  

In work [15] the structure of the converter of the time-
frequency signals’ parameters into a digital code based on 
a radial neural network is proposed. A decomposition of 
the converter into two components is proposed, in which 
the second component is a radial base network. 

One of the relevant directions is the further develop-
ment of specialized control devices for aerospace systems, 
in which the most important requirements for built-in 
online-computers and converters are low energy con-
sumption, the ability to perform fast rough calculations, 
and low memory consumption. The CORDIC algorithm is 
used as a mathematical apparatus for such systems.  
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Works [16, 17] present a conceptual design approach, 
and realization of CORDIC architectures. The CORDIC is 
reconfigurable and can function in either of two modes: 
for hyperbolic or for circular trajectories in rotation and 
vectoring. In work [18] the principle of designing and 
implementing FPGA various trigonometric and logarith-
mic functions using CORDIC algorithm are presented.  

A new efficient modified CORDIC algorithm is pro-
posed. Work [19] explores approximation in CORDIC 
architectures for CMOS ASIC implementation.  

A new efficient modified CORDIC algorithm is pro-
posed in work [20], which combines the conventional 
CORDIC algorithm with the VSF CORDIC algorithm 
modelled. In work [21] divider architectures are proposed 
based on the Newton Raphson division using the recipro-
cal operation. 

The design process can be carried out using tools of 
automated design systems based on hardware description 
languages for further synthesis and implementation into 
the FPGA platform, which ensures configuration flexibil-
ity, high speed, and technological reliability [22]. 

 
3 MATERIALS AND METHODS 

Let’s consider a method for forming increments of as-
cending step functions. 

When designing bit-stream online-computers of ele-
mentary mathematical functions, a method of forming 
increments of ascending step functions during functional 
processing of bit streams corresponding to certain integer 
values of the argument is proposed. 

In bit-stream functional online-computers, the repro-
duced function changes its value at discrete points and by 
a discrete value. At the same time, the process of calculat-
ing a continuous function involves calculating a lattice 
function that approximates a continuous one. The main 
criterion that determines the effectiveness of approxima-
tion for computing problems is the approximation error. 
The search for approximating expressions implemented in 
hardware is carried out taking into account additional 
restrictions of the expression type determined by the ele-
ment base used.  

The method of forming increments based on inverse 
functions ensures the fulfilment of requirements for func-
tional online-computers, which include accuracy and cal-
culation time, simplicity of technical implementation, and 
universality of using the architecture from the point of 
view of using the device to perform other mathematical 
operations. As a result, the method allows applying a uni-
fied approach to the design of online-computers. When 
synthesizing functional online-computers, the absolute 
error of the calculation must be rational, that is, to provide 
for all integer values of the argument the limiting value of 
the absolute error of the calculation ±0.5 of the least sig-
nificant bit of the argument. 

The input x and output y information signals of the 
considered online-computers are two periodic bit se-
quences. At the same time, the periodicity of the presenta-
tion of bits of the input sequence x is determined by the 
method of quantization of the reproduced function, and 

the periodicity of the stream of output bits of the sequence 
y is determined by the device’s functioning algorithm. At 
the same time, uniform quantization of the argument with 
integer values is ensured. 

The implementation of the approximating function in 
the online-computer includes certain stages. 

At the first stage, an approximating function is se-
lected for a given continuous one and absolute calculation 
error value at integer points of the argument is deter-
mined. 

At the second stage, a mathematical model of the 
online-computer is developed using the considered step-
wise approximation method based on inverse functions.  

The model establishes a functional relationship in the 
form of a system of difference inequalities between the bit 
numbers of the output data stream y = 1, 2, 3, …, k and 
their corresponding values xy = x1, x2, x3, …, xi of the input 
data stream x. 

At the third stage, the architecture of the online-
computer is created. 

At the fourth stage, the hardware implementation of 
the online-computer is performed using CAD tools, which 
includes the creation of an automata model of the device 
based on a state machine, the implementation of the 
automata model in HDL code for the verification of the 
behavioral model and further synthesis and implementa-
tion in the FPGA. 

A continuous function y* = f (x*), the restrictions of 
which are the conditions of x*, y* ≥ 0, y* ≤ x*, dy*/dx*>0, 

which has an inverse )( ** yx  , and is reproduceable at 

the output of a hardware bit-stream online-computer by a 
function that approximates a continuous one: 

 
|].|)([ max xfy  (1)

 
The value of absolute error limit value of continuous 

ascending functions reproduction max  is in the range 

1||5.0 max  . 

Continuous and its approximating step functions are 
shown in Fig. 1. 

 
Figure 1 – Approximating step function 

 
For any level ||1 max , y = 1, 2, …, k it is possible to 

specify a pair of integer values xy – 1 and xy for which a 
system of inequalities (2) takes place: 
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The values xy = x1, x2, x3, …, xi correspond to the start-
ing moments of the formation of each y = 1, 2, 3, …, k 
step of the approximating function. 

The process of reproducing the function (1) with the 
bit-stream form of the argument can be performed on the 
basis of sampling certain bit values xy from the input 
stream xy, the numbers of which are determined using the 
inequality (3): 

 

.1)()( maxmax  yxy y  (3)
 

The values xy of selected bits from the input bit-stream 
x (sample) are obtained by substituting integer values in 
inequality (3). 

The search for approximating expressions imple-
mented in hardware is carried out taking into account ad-
ditional restrictions on the type of expression determined 
by the element base used.  

Inequality (3) is the general term xy formula of the 
numerical sequence of bits formula of the numerical se-
quence of bits x1, x2, x3, …, xi, which are selected from the 
input bit stream x and correspond to the approximation 
nodes of the step function y.  

Integer sample which are selected from the input bit 
stream x and correspond to the approximation nodes of 
the step function y. Integer sample values xy can be found 
by sequentially substituting y = 1, 2, 3, …, k into inequal-
ity (3) with the minimum absolute error of calculations 

5.0|| max  sample values.  

The considered method facilitates the reproduction of 
function in real time during the arrival of the bit stream x 
at the online-computer input and is rational from the point 
of view of the functions’ reproduction time, which is 
always less than the length of the bit stream x and the 
accuracy of functions’ reproduction for integer values of 
the argument with the calculation error of ±0,5 units of 
the argument’s least significant bit. 

With the minimum absolute error of calculations, the 
values of samples xy are defined according (4), (5): 

 

,1)5.0()5.0(  yxy y  (4)
 

].1)5.0([  yxy  (5)
 

The considered method of approximation was used in 
the development of mathematical models of hardware bit-
stream computers which reproduce power and irrational 
functions. 

As an example, consider the mathematical models of 
the online-computer of power function and the computer 
of root extraction function. 

The power approximating function that reproduces the 
continuous function at the computer’s output has the form 
(6): 

].5.0[  n

m

xy  
(6)

Sample values xy can be determined on the basis of 
inequality (4) and the absolute calculation error of 

5.0|| max . Therefore, the inequality implemented in the 

online-computer has the form (7): 
 

.)12(2 n
k

m
y

n уx   (7)
 

As a result, the mathematical model of the online-
computer of power functions is a system of difference 
inequalities and has the form (8): 
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(8)

 

It is given that Δy–1 is the difference obtained when 
comparing the increments current values of the functions  

m
y

n x2  and (2yk – 1)n between two adjacent approximation 

nodes of the reproducible function at the previous com-
parison step; Δ1 is the difference obtained at the first step 
of comparison, when performing the first inequality of 
system (8); values kyyy 1  and kyk 1 . 

In the system of inequalities (8) Δy–1 defined as: 
 

    .1212)(2 1211
n

k
n

ky
m
y

m
y

n
y yyxx   (9)

 

The online-computer of power functions can operate 
in two modes. 

If the fractional power exponents m<n, then the de-
vice works in the mode of sampling of bits xy from the bit 
stream data and forms an output stream yk. If the frac-
tional power exponents m>n, then the online-computer 
works in the bit sequence series generation mode.  

It should be noted that if the online-computer works in 
the bit sampling mode, then when each inequality (8) is 
executed, the output bit yk will be formed at the output of 
the computer. If the online-computer works in the bit se-
quence generation mode, a series of bit sequences will be 
generated at the output of the device when each inequality 
(8) is executed. 

The mode of sampling of bits xy from the bit stream 
data in the online-computer of power functions is consid-
ered in work [23]. This work presents a mathematical 
model of an online-computer of a power function, in 
which the exponent of the power is m>n. 

The power function online-computer reproduces at the 
output the approximating function, which has the form 
(10): 

 

]5.0[ 2

3

 xy . (10)

 

Based on (7), the inequality realized in the device has 
the form (11): 

 

.)12(2 232  уxy  (11)
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The difference inequalities of the mathematical model 
of the calculator on the basis of equations (12), (13): 

 

3
1
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The mathematical model of the power function online-
computer is described as a system of inequalities (14): 
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Here Δy–1 is defined as (15): 
 

   21
2

2
3

1
32
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In the system of inequalities (14), when each inequal-

ity of the system is implemented, a series of bit sequences 
will be formed. 

If the numerator of the fractional exponent of the 
power function m=1, then from the power function you 
can go to the function of extracting the root. 

The online-computer of the square root function 
should reproduce the approximating function at the output 
(16): 

 

]5.0[  xy  (16)

 
Function (16) has an inverse function, so using (4) we 

obtain the inequality implemented in the device: 
 

22 )12(2  ky уx  (17)

 
The xy values selected from the input bit stream and 

supplied to the output of the device are determined by the 
formula: 

 

.1])5.0[( 2  yxy  (18)

 
On the basis of (17), a mathematical model of the bit-

stream computer of the square root extraction function is 
obtained, which is described by a system of inequalities 
(19): 

 
2
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2

1
2
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2 )12()12()(2   kkyyy ууxx  

(19)

 
When the bit xy selected from the input stream x is re-

ceived at the input of the device, the output bit yk will be 
formed at its output when each inequality (19) is fulfilled. 

Let’s consider a generalized architecture of the bit-
stream online-computer. 

The work proposes a unified approach to the creation 
of architectural models of bit-stream computers, while 
taking into account the principles of the computing proc-
ess’ organization based on the analysis of the obtained 
mathematical models, which allows for the synthesis of 
architectural solutions. Performing computational proce-
dures in a single way allows the use of a narrow nomen-
clature of components in such models, which makes it 
possible to use unified blocks. In Fig. 2 a generalized ar-
chitecture of a bit-stream computer is given. 

 

 
 

Figure 2 – Generalized architecture of the online-computer 
 
The main computing core of the online-computers is 

the SM_RES parallel adder with feedback, which is used 
as a parallel code comparison component and compares 
the increments of two simultaneously reproduced ascend-
ing step functions. The increments of the argument func-
tion are given to SM_RES by the bits of the input bit-
stream x in direct parallel binary code, and the increments 
of the function representing the levels of the reproducible 
step function y by its output bits in the additional code. 
The SM_RES overflow bits correspond to the beginning 
of each successive step formation of the approximating 
function of the device.  

The architecture of the bit-stream online-computer in-
cludes: blocks Block1 and Block2, which are pipeline 
architectures built on parallel adders and form increments 
of the lattice functions of the left and right parts of the 
inequalities of mathematical models of online-computers. 

Let’s consider the automata models of bit-stream 
online-computers. 

The proposed hardware implementation approach of 
the Moore’s FSM based online-computers allowed to cre-
ate a general graph of transitions for the online-
computers’ control unit and flowchart of the operating 
unit algorithms for the realisation of considered mathe-
matical functions and to develop corresponding HDL 
models, for the implementation of reproducible functions’ 
algorithms for the proposed bit-stream computers with 
CAD/PLUS tools.  

66



p-ISSN 1607-3274  Радіоелектроніка, інформатика, управління. 2024. № 1 
e-ISSN 2313-688X Radio Electronics, Computer Science, Control. 2024. № 1 

 

© Larchenko L. V., Parkhomenko A. V., Larchenko B. D., Korniienko V. R., 2024 
DOI 10.15588/1607-3274-2024-1-6  
 

A bit-stream computer represented by a composition 
of control firmware and operating unit.  

The operating unit has computational states in which 
pipeline calculations are performed, initiated by the sig-
nals of the control unit. 

At the same time, the control unit determines the order 
of following the control signals and performing the se-
quence of microoperations based on the algorithm flow-
chart of the and the set of warning signals generated by 
the operating unit.  

The graph was obtained as a result of marking the al-
gorithm flowchart of the computer’s arithmetic block 
(Fig. 3) and made it possible to increase the clarity and 
visibility of the device’s computing states control. 

 

 
Figure 3 – State diagram of the computer control unit 

 
An automaton template is one of the ways to describe 

a FSM in the hardware description language VHDL, in 
which the structure of the HDL model of the control unit 
of an online-computer is built on the basis of a state dia-
gram.  

The created HDL model of the control unit is an HDL 
template for the implementation of HDL models of 
online-computers. The control unit of the device is de-
scribed by a state diagram that has three states a0, a1, a2.  

At the signal reset = 1, the unit goes to state a0 and 
remains in it until the moment when the signal “impulse” 
appears.  

After that, the unit goes to state a1. In state a1, pipe-
lined computations are performed in the architecture’s 
forward communication device components Block1.  

If the content of the result adder SM_RES ≥ 0 be-
comes non-negative, then the device output bit appears at 
its output and the unit goes to state a2. If SM_RES ≥ 0 
unit goes to a0 state.  

In а2 pipeline calculations are performed in the feed-
back device components of the Block2 architecture.  

If the value is SM_RES < 0, the unit goes to state a0. 
Also, in a2, the unit generates a signal to form the output 
bit of the device. The unit is in a2 if the value is 
SM_RES ≥ 0. 

Figures 4, 5 present algorithm flowcharts of the oper-
ating unit.  

Fig. 4 shows the basic algorithm flowchart of the op-
erating unit for the development of state diagrams of spe-
cific power and root extraction functions’ implementa-
tion.  

Fig. 5 shows the algorithm flowchart of the operating 
unit for the implementation of the power function 

]5.0[ 2

3

 xy . 

The basic state diagram contains operator vertices a1 
and a2 with computational microoperations in the device 
components. 

 

 
 

Figure 4 – Basic algorithm flowchart of the operating unit 
for implementation of a power function with an arbitrary frac-

tional exponent 
 

Figure 6 shows the algorithm flowchart of the operat-
ing unit for the implementation of the square root func-
tion. 

Let’s consider a block diagram of the online-
computer. 

As the result of the study, a block diagram of an 
online-computer was developed for hardware implemen-
tation, which includes two blocks: an impulse detector 
and a block of a bit-stream online-computer (Fig. 7). 

The impulse detector unit detects the bits of the in-put 
stream x and sets the impulse = 1 signal at the output, 
which will be received by the arithmetic unit of the com-
puter for further processing. The arithmetic block of the 
online-computer performs operations of raising the argu-
ment x to the power of a fraction-al-rational exponent and 
issues Ready signal when the block is ready to accept the 
next bit for processing. The result of the unit’s operation 
is the output bit stream y, which is the result of the power 
function calculation. 
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Figure 5 – Algorithm flowchart of the operating unit for imple-

mentation of power function ]5.0[ 2

3

 xy  

 

 
Figure 6 – Algorithm flowchart of the operating unit for square 

root function implementation 
 
 

 
Figure 7 – Online-computer block diagram 

4 EXPERIMENTS 
The approbation was carried out through hardware 

implementation and evaluation of the created design 
models using the example of a bit-stream real-time com-
puters for power functions and the square root function 
reproduction. 

Automata models of the devices were built in the 
hardware description language VHDL, the device was 
synthesized and implemented in the Xilinx FPGA, hard-
ware costs were estimated, and modelling was carried out 
using Active-HDL. 

Let’s consider an experimental study of online-
computer of power functions. 

The online-computer of power functions can function 
in two modes. 

Mode 1. Operation of the online-computer in the 
mode of sampling of bits from the bit stream data, i. e. 
number divider mode when exponents m<n. 

Mode 2. Operation of the online-computer in the bit 
sequences series generation mode when exponents m>n. 

An experimental study of the online power functions 
computer in the mode of sampling of bits from the bit 
stream data is given in [23].  

For the approximating function ]5.0[ 3

2

 xy  sample 

values xy was determined from the input bit stream using 

the formula 1])5.0[( 2

3

 yxy . When substituting the 

y =1,2,3,4,5 values, sample values are obtained 
xy = 1,2,4,7,10 respectively.  

It is noted that the inequality 323 )12(2  уxy  is im-

plemented in the online power function computer. The 
calculation of the left and right parts of the inequality is 
performed on the basis of the algorithm of pipeline calcu-
lations, which involves the calculation of arithmetic series 
of the second and third orders and of their arithmetic dif-
ferences, respectively. At the same time, device synthesis 
is carried out by reducing the order of differences.  

The study of online-computer of power functions in 
the bit sequences series generation mode was conducted. 

For approximating function ]5.0[ 2

3

 xy , using the 

formula 1])5.0[( 3

2

 yxy  the number of bits in the 

series of bit sequences that are formed at the output of the 
device when each bit of x is applied to its input was de-
termined.  

If y = 1, then x = 1, that is, the first bit of the input se-
quence x will be selected and sent to the output of the 
device. If y = 2 and y = 3, then x = 2, which means the 
formation of two series of bit sequences of 2 bits each. If 
y = 4 and y = 5, then x = 3, that is, two series of bit se-
quences of three bits will be formed, and so on. 

The inequality realized in device 232 )12(2  уxy
. In 

order to calculate the arithmetic series of the second and 

third and orders values 8.0x , 7.1x  should substi-
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tuted to the left and right parts of the considered inequal-
ity, respectively.  

For the function 322 yx  the arithmetic series of the 

third order and the arithmetic series of differences of the 
first, second and third orders have the form:  

 
 f:   0, 4, 32, 108, 256, 500, 864, 1372, …; 
 Δ:    4, 28, 76, 148, 244, 364, 508, …; 
 Δ2:   24, 48, 72, 96, 120, 144, ….; 
 Δ3:       24, 24, 24, 24, 24, … 
 

Considering function (2y–1)2 the arithmetic series of 
the second order and the arithmetic series of first and sec-
ond order differences have the form: 

 
 f:   1, 9, 25, 49, 81, 121, 169, …; 
 Δ:   8, 16, 24, 32, 40, 48, …; 
 Δ2

:   8, 8, 8, 8, 8, … 
 

The results of calculating the function values for first 
seven input bits are presented in Table 1. 

The device architecture includes components: adders 
SM_RES, SM1; counter Count; register RG1 which im-

plement function 322 yx  and adders SM_RES, SM2; regis-

ter RG2 which implement function 2)12( у .  

 
 
 
 
 

 

Table 1 – Calculation of power function 
X Value of function Y 

X=1   15.1]5.01[ 2

3

y  

X=2   333.3]5.02[ 2

3

y  

X=3   57.5]5.03[ 2

3

y  

X=4   85.8]5.04[ 2

3

y  

X=5   1168.11]5.05[ 2

3

y  

X=6   57.5]5.03[ 2

3

y  

X=7   1902.19]5.07[ 2

3

y  

Initialization of architecture components: Count=24, 
SM1=4, SM_RES=–1, SM2=8, RG1=24, RG2 = 8.  

Table 2 shows the results of computing process in 
components of the device. 

The results of the calculation process in the compo-
nents coincide with the results of the calculation of the 
power function for the first 7 bits of bit-stream data. 

Let’s consider an experimental research and approba-
tion results by hardware implementation of online-
computer of square root function.  

For approximating function ]5.0[  xy  sample val-

ues xy were determined, which are selected from the input 
bit stream and fed to the input of the device, by the for-
mula 1])5.0[( 2  yxy . 

Table 2 – Computing process in device components 

X SM_RES Y SM_1 Count SM_2 

1 
 

–1 + 4 =3 
3– 8 = –5 

1 4 + 24 = 28 24 + 24 = 48 
 

8 + 8 = 16 
 

2 
 
 

 

–5 + 28 = 23 
23 –16 = 7 
7 – 24 =–17 

1 
1 

28 + 48 = 76 48 + 24 = 72 
 
 

 

16 + 8 = 24 
24 + 8 = 32 

 

–17 + 76 = 59 1 76 + 72 = 148 72 + 24 = 96 32 + 8 = 40 

59 – 32 = 27 1   40 + 8 = 48 

3 
 
 
 27 – 40 = –13     

4 –13 + 148 = 135 1 148 + 96 = 244 96 + 24 = 120 48 + 8 = 56 

 
135 – 48 = 87 
87 – 56 = 31 
31 – 64 = –33 

1 
1 

 
 

56 + 8 = 64 
64 + 8 = 72 

 
5  –33 + 244 = 211 1 244 + 120 = 364 120 + 24 = 144 72+8 = 80 

 
  211 – 72 = 139 
  139 – 80 = 59 
  59 – 88 = –29 

1 
1 

 
 

80+8 = 88 
88+8 = 96 

 
6   –29 + 364 = 335 1 364 + 144 = 508 144 + 24 = 168 96 + 8 = 104 

 

 335 – 96 = 239 
  239 – 104 = 135 
 135 – 112 = 23 
 23 – 120 = – 97 

1 
1 
1 

 

 

104 + 8 = 112 
112 + 8 = 120 
120 + 8 = 128 

 
7  –97 + 508 = 411 1 508 + 168 = 676 168 + 24 = 192 128 + 8 = 136 

 

 411 – 128 = 283 
 283 – 136 = 147 
 147 – 144 = 3 
3 – 152 = – 149 

1 
1 
1 

 

 

136 + 8 = 144 
144 + 8 = 152 
152 + 8 = 160 
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When substituting the values y =1, 2, 3, 4 the sample 
values xy = 1, 3, 7, 13, are obtained, which will be se-
lected from the input bit stream and applied to the output 
of the device. In the development of the pipeline architec-
ture of the root extraction function computer, the algo-
rithm of pipeline calculations is used, which is based on 
finding arithmetic series and their differences. The ine-
quality 22 )12(2  ky уx is realized in the device.  

When substituting y = 1, 2, 3, ... into the right-hand 
side of the inequality, the value of the function is ob-
tained, which is an arithmetic series of the second order 
and the corresponding values of the difference series of 
the first and second orders: 

 
 f:   1, 9, 25, 49, 81, 121, 169, 225, 289, 361, …; 
 Δ:    8, 16, 24, 32, 40, 48, 56, 64, 72, …; 
 Δ2:    8, 8, 8, 8, 8, 8, 8, 8, … 
 

The results of calculating the function values for first 
13 input bits are presented in Table 3. 
 

Table 3 – Calculation of square root function 
X Value of function Y 

X=1   15.1]5.01[ y  

X=2   191.1]5.02[ y  

X=3   223.2]5,03[ y  

X=4   25.2]5.04[ y  

X=5   274.2]5.05[ y  

X=6   295.2]5.06[ y  

X=7   315.3]5,07[ y  

X=8   333.3]5.08[ y  

X=9   35.3]5.09[ y  

X=10   366.3]5.010[ y  

X=11   382.3]5.011[ y  

X=12   396.3]5.012[ y  

X=13   41.4]5.013[ y  

 

Table 4 shows the results of computing process in 
online-computer components. 

 
Table 4 – Computing process in the device components 

X SM_RES Y SM_1 

1 
 

–1 + 4 = 3 
3 – 8 = –5 

1 
 

8 + 8 = 16 
 

2 –5 + 4 = –1   

3 
 

–1 + 4 = 3 
3 – 16 = –13 

1 
 

16 + 8 = 24 
 

4 –13 + 4 = –9   

5 –9 +4 = –5   

6 –5 + 4 = –1   

7 
 

–1 + 4 = 3 
3 – 24 = –21 

1 
 

24 + 8 = 32 
 

8 –21 +4 = –17   

9 –17 + 4 = –13   

10 –13 + 4 = –9   

11 –9 + 4 = –5   

12 –5 + 4 = –1    

13 
 

–1 + 4 = 3 
3 – 32 = –29  

1 
 

32 + 8 = 40 
 

 
5 RESULTS 

Verification of the models of the studied online-
computers was performed using the Active-HDL model-
ling system. Behavioral models of online computers were 
obtained based on the results of theoretical calculations in 
Section 4. 

Fig. 8 shows the results of modelling the behavioural 
model of the device in the mode of sampling of bits from 
the bit stream data, i. e. number divider mode. Presented 
waveform shows, that when 7 bits of the input stream x 
are supplied to the input of the computer, 4 bits of the 
output bit stream y are generated at the output of the de-
vice, and therefore 1, 2, 4 and 7 bits corresponding to the 
sample numbers xy. 

 

 
Figure 8 – The behavioral model of a power function online-computer in the mode of sampling of bits from the bit stream data 
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Fig. 9 shows the results of modelling the behavioural 
model of the bit-stream online-computer of the power 
function in the mode of generating bit sequences series, 
which coincided with the results of theoretical calcula-
tions.  

The detailed waveform of the behavioural model of 
the online-computer contains information signals and 
register values of the device components that coincide 
with the results of the computational process.  

At the output of the computer, a series of pulse se-
quences are generated for each input bit x starting from 
the second bit, which coincides with Table 2. When the 
second and third bits are applied to the input of the de-
vice, two series of two bits each are generated at the out-
put. When the forth and fifth bits are applied to the input, 
two series of bits of three bits each are generated at the 
output of the device, and so on. 

Waveform confirms the correct operation of the 
online-computer in the mode of generating series of bit 
sequences. 

Fig. 10 shows the detailed waveform of the behav-
ioural model of the square root function online-computer.  

The waveform demonstrates the process of supplying 
13 bits of the input stream x to the input of the computer, 
from which 1, 3, 7, 13 bits were selected and sent to the 
output of the device in the form of the output stream y 
(y=4), which is the result of playing the square root func-
tion. The values of the registers coincide with the results 
of the computing process in the device components in 
accordance with Table 4. 

The synthesis of the devices was carried out using 
CAD XILINX ISE. The schematic implementation of the 
computer is carried out on the XC3S100E series Xilinx 
SPARTAN 3E FPGA, which utilized approximately 6% 
of platform’s resources. RTL–scheme of the synthesized 
power function computer is shown in Fig. 11. The maxi-
mum frequency of the devices is 125 MHz. 

 

 

 
Figure 9 – The behavioral model of the bit-stream online-computer of the power function in the mode of generating bit sequences 

series 
 
 

 
Figure 10 – The behavioural model of the bit-stream online-computer of root extraction function in the mode of sampling of bits 

from the bit stream data 
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Figure 11 – RTL–scheme of the synthesized power function computer 

 
6 DISCUSSION 

The conducted research solves the actual scientific and 
practical problem of developing methods and models of 
designing hardware computers of mathematical functions 
of a specific class with bit streams data which perform 
calculations in real-time. In online-computers, a streaming 
method of calculations is organized with parallel-
sequential execution of conversions over single bits of the 
input stream in accordance with a given function.  

Increasing the accuracy of calculations and the speed 
of obtaining results in bit-stream online-computers of 
power functions and root extraction function is due to the 
development of improved mathematical models of com-
puters based on the method of forming increments of as-
cending step functions with the minimization of absolute 
errors.  

Expanding the functionality of online-computers is 
achieved by the construction of reconfigurable pipeline 
architectures based on the proposed generalized architec-
ture of the computer, which allowed to develop a unified 
approach to their automated synthesis using hardware 
description languages.  

Increasing the clarity and invariance of the implemen-
tation in formal languages of programming and hardware 
description is achieved due to the clarity and correctness 
of the algorithms for the implementation of functions by 
the proposed graph models of online-computers based on 
FSM. 

 
CONCLUSIONS 

As a result of the work, the generalized architecture of 
an online-computer was proposed, algorithm flowchart 
implementations of specific functions and the state dia-

gram of Moore model control automaton of the com-
puter’s arithmetic unit were created.  

Automata HDL models in the form of automata pat-
terns were developed. The performance of the developed 
models of online-computers was confirmed by checking 
the results using the verification of behavioural models 
using Active-HDL CAD, automated synthesis and im-
plementation in the Xilinx FPGA platform.  

The considered functional online-computers are effec-
tive from the point of view of calculation accuracy, sim-
plicity of technical implementation, and universality of 
the architecture. 

The scientific novelty of the obtained results lies in 
the fact that the improved mathematical models of bit-
stream online-computers of power functions and root ex-
traction function were developed using the analysis 
method of forming increments of ascending step functions 
based on inverse functions with minimization of calcula-
tion errors. Automata models of bit-stream online-
computers of elementary mathematical functions, charac-
terized by graph models, were proposed, which made it 
possible to ensure the clarity and consistency of function 
implementation algorithms. 

The practical significance of the obtained results lies 
in the fact that the use of the developed mathematical, 
architectural and automata design models of bit-stream 
online-computers of elementary mathematical functions 
ensures an increase in the accuracy of the calculation of 
mathematical functions, reduces equipment costs and de-
velopment time, which ultimately increases the efficiency 
of the design process. It also consists in the development 
of automata models of bit-stream functional computers, 
which are formed on the basis of the finite state machine 
of the Moore model, which made it possible to create the 
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same type of graph models and HDL models in the form 
of an automata pattern for the implementation of algo-
rithms of reproducible functions of online-computers with 
CAD tools. 

The prospects for the further research involve the 
application of the developed design models to other signal 
encoding methods. Also, the mentioned approaches might 
perfectly suit to be deployed on the SoCs such as Xilinx 
ZYNQ which contains Programming System (ARM) part 
and Programmable Logic (PL) component with the opti-
mal computation distribution between them. This includes 
the further research directions of using partial reconfigu-
ration for deploying various bit-stream specific hardware 
accelerators with the capabilities of resource management 
on ARM side. 
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AНОТАЦІЯ 

Актуальність. В даний час розподілені системи управління реального часу потребують створення пристроїв, які вико-
нують онлайн-обчислювальні операції в оточенні датчика. Запропоновані online-обчислювачі елементарних математичних 
функцій можуть бути використані як компоненти для функціонального перетворення сигналів у вигляді імпульсних потоків, 
що надходять від вимірювальних датчиків з частотним виходом. 

Мета роботи. Розробка математичних, архітектурних та автоматних моделей проєктування біт-потокових онлайн- обчи-
слювачів елементарних математичних функцій з метою створення єдиного підходу до їх проєктування, завдяки якому мож-
ливо підвищити точність обчислення функцій, розширити функціональні можливості, зменшити апаратупні витрати та під-
вищити ефективність проєктування. 

Метод. Розроблено математичні моделі пристроїв з використанням методу формування приростів ступінчастих функцій 
на основі обернених функцій з мінімізацією похибки обчислень. Розроблено автоматні моделі онлайн- обчислювачів на 
основі кінцевого автомата Мура, графові моделі яких дозволили забезпечити чіткість алгоритмів реалізації функцій, підви-
щити наочність та інваріантність реалізації на формальних мовах програмування та опису апаратури. 

Результати. У статті наведено результати дослідження, розробки та практичної апробації моделей проєктування біт-
потокових онлайн- обчислювачів степеневої функції та функції вилучення кореня. Запропоновано узагальнену архітектуру 
онлайн- обчислювача. 

Висновки. Розглянуті функціональні онлайн- обчислювачі ефективні з точки зору точності обчислень, простоти техніч-
ної реалізації та універсальності архітектури. 

КЛЮЧОВІ СЛОВА: функціональне перетворення, бітові дані, бітові обчислення, математична модель, кінцевий авто-
мат, FPGA, SoC. 
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