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ABSTRACT

Context. One of the methods of solving the actual scientific and technical problem of reducing the maximum level of side lobes
of autocorrelation functions of radar signals is the use of nonlinear-frequency modulated signals. This rounds the signal spectrum,
which is equivalent to the weight (window) processing of the signal in the time do-main and can be used in conjunction with it.

A number of studies of signals with non-linear frequency modulation, which include linearly-frequency modulated fragments, in-
dicate that distortions of their frequency-phase structure occur at the junction of the fragments. These distortions, depending on the
type of mathematical model of the signal — the current or shifted time, cause in the generated signal, respectively, a jump in the in-
stantaneous frequency and the instantaneous phase or only the phase. The paper shows that jumps occur at the moments when the
value of the derivative of the instantaneous phase changes at the end of the linearly-frequency modulated fragment. The instantane-
ous signal frequency, which is the first derivative of the instantaneous phase, has an interpretation of the rotation speed of the signal
vector on the complex plane. The second derivative of the instantaneous phase of the signal is understood as the frequency modula-
tion rate.

Distortion of these components leads to the appearance of an additional component in the linear term of the instantaneous phase,
starting with the second fragment. Disregarding these frequency-phase (or only phase) distortions causes distortion of the spectrum of
the resulting signal and, as a rule, leads to an increase in the maxi-mum level of the side lobes of its autocorrelation function. The
features of using fragments with frequency modulation laws in complex signals, which have different numbers of derivatives of the
instantaneous phase of the signal, were not considered in the known works, therefore this article is devoted to this issue.

Objective. The aim of the work is to develop a mathematical model of the current time of two-fragment nonlinear-frequency
modulated signals with a sequential combination of linear-frequency and quadratically modulated fragments, which provides round-
ing of the signal spectrum in the region of high frequencies and reducing the maximum level of side lobes of the autocorrelation
function and increasing the speed of its descent.

Method. Nonlinear-frequency modulated signals consisting of linearly-frequency and quadratically modulated fragments were
studied in the work. Using differential analysis, the degree of influence of the highest derivative of the instantaneous phase on the
frequency-phase structure of the signal was determined. Its changes were evaluated using time and spectral correlation analysis
methods. The parameters of the resulting signal evaluated are phase and frequency jumps at the junction of fragments, the shape of
the spectrum, the maximum level of the side lobes of the autocorrelation function and the speed of their descent.

Results. The article has further developed the theory of synthesis of nonlinear-frequency modulated signals. The theoretical con-
tribution is to determine a new mechanism for the manifestation of frequency-phase distortion at the junction of fragments and its
mathematical description. It was found that when switching from a linearly-frequency modulated fragment to a quadratically modu-
lated frequency-phase distortion of the resulting signal, the third derivative of the instantaneous phase becomes, which, by analogy
with the theory of motion of physical bodies, is an acceleration of frequency modulation. The presence of this derivative leads to the
appearance of new components in the expression of the instantaneous frequency and phase of the signal. The compensation of these
distortions provides a decrease in the maximum level of the side lobes by 5 dB and an increase in its descent rate by 8 dB/deck for
the considered version of the non-linear-frequency modulated signal.

Conclusions. A new mathematical model of the current time has been developed for calculating the values of the instantaneous
phase of a nonlinear-frequency modulated signal, the first fragment of which has linear, and the second — quadratic frequency modu-
lation. The difference between this model and the known ones is the introduction of new components that provide compensation for
frequency-phase distortions at the junction of fragments and in a fragment with quadratic frequency modulation. The obtained oscil-
logram, spectrum and autocorrelation function of one of the synthesized two-fragment signals correspond to the theoretical form,
which indicates the adequacy and reliability of the proposed mathematical model.

KEYWORDS: mathematical model; linear and quadratic frequency modulation; maximum level of side lobes.

ABBREVIATIONS MOP is a modulation on pulse or internal pulse fre-
ACEF is an autocorrelation function; quency modulation;
SL is a side lobe; WP is a weight processing;
© Kostyria O. O., Hryzo A. A., Khudov H. V., Dodukh O. M., Solomonenko Y. S., 2024
DOI 10.15588/1607-3274-2024-2-3 OPEN a ACCESS

24



p-ISSN 1607-3274 PagioenexrpoHika, iHpopMaTuka, ynpasainss. 2024. Ne 2
e-ISSN 2313-688X Radio Electronics, Computer Science, Control. 2024. Ne 2

ML is a main lobe;

RCS is a radar cross section;

QFM is a quadratic frequency modulation;
RSFM is a root-square frequency modulation;
LFM is a linear frequency modulation;

MM is a mathematical model;

MPSLL is a maximum peak side lobe level,
NLFM is a non-linear frequency modulation;
FMA is a frequency modulation acceleration;
PSLL is a peak side lobe level;

FM is a frequency modulation;

FMR is a frequency modulation rate.

NOMENCLATURE
C is a integration constant;
F(-) is a functional dependency;

fo is ainitial signal frequency, Hz;
fn(@) 1is a instantaneous frequency n-th fragment

NLFM, Hz;

n=1, 2 is a serial number signal fragment LFM;

¢ is a current time, s;

T, is a duration of the n-th signal fragment NLFM, s;

n

o, is a FMA n-th signal fragment NLFM, Hz/s?;
B, is a FMR n-th signal fragment NLFM, Hz/s;
Af,, 1is a frequency deviation of the n-th signal frag-

ment NLFM, Hz;
8f1, 1s a frequency jump when moving from 1-th

signal fragment NLFM to 2-th, Hz;
8¢y, is a phase jump when moving from 1-th no 2-th

signal fragment NLFM, rad;

¢(¢) is a instantaneous phase of synthesized NLFM,
rad;

¢,(?) is a instantaneous phase n-th signal fragment

NLFM, rad.

INTRODUCTION

Modern methods and means of digital synthesis of ra-
dar signals open wide prospects for the formation of prob-
ing signals with improved spectral characteristics and
correlation properties [1-7].

The combination of signals with different MOP laws
and the synthesis of new types of signals of this type was
restrained by the insufficient depth of the theoretical
analysis of processes occurring at the moments of change
of the FM law.

In works [8-10] on the example of NLFM signals
with LFM fragments it is shown that frequency and phase
jumps occur at their joints or only phases depending on
the time representation of MM — in the current or shifted
time. Approximation of the FM law to the S-shape pro-
vides a smoother rounding of the signal spectrum, which
helps to reduce MPSLL. To achieve this, the authors [11—
16] combined LFM with non-linear MOP in the lower and
upper frequency regions of the NLFM signal. This
method reduces MPSLL only for a limited number of
parameter sets.
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During the studies, it was found that frequency and
phase jumps at the junction of LFM and QFM fragments
were not previously considered and did not have a formal-
ized description. The presence of such frequency-phase
distortions leads to distortions in the temporal and spectral
structure of the signal.

The development of an MM signal of the LFM-QFM
type for the current time, which allows to take into ac-
count a new source of frequency-phase jumps and deter-
mine the consequences of these jumps, is devoted to this
article. Such an MM two-fragment NLFM signal is se-
lected to provide better visibility of the studies and their
illustrative nature.

The object of study is the process of synthesis and
optimal processing of two-fragment NLFM signals.

The subject of study is the NLFM MM signal, the
first fragment of which has LFM, and the second — QFM.

The known sampling methods [2-23] are highly itera-
tive and low speed, as well as characterized by the uncer-
tainty of quality criteria of formed subsample.

The purpose of the work is to develop MM of the
current time of two-phase NLFM signals with frequency-
phase distortion compensation for the case when the first
fragment has LFM, and the second — QFM. This rounds
the signal spectrum in the high frequency region, thereby
reducing MPSLL and increasing its decay rate.

1 PROBLEM STATEMENT

For further presentation of the material, we justify the
feasibility of using the concepts of FMR and FMA. Ac-
cording to the general theory of radio oscillations, the full
foray of the signal phase is interpreted as the area under
the signal curve, and therefore the first derivative of the
instantaneous phase is interpreted as the path that passes
the end of the phase vector and this derivative is called
the signal frequency. In the theory of motion of physical
bodies, the derivative of the path is the speed, and in the
presence of frequency modulation for the derivative of the
frequency, the use of the concept of FMR instead of “scan
speed”, which is reasonably used in the English literature,
is justified. Since the derivative of the velocity of the
body is acceleration, then in the work we will use the
concept of FMA.

As the initial, we will use the known MM of the cur-
rent time of the NLFM signal consisting of two LFM
fragments with compensation of frequency and phase
jumps at their junction for the increasing law of frequency
change [10]:

But’
2n fot+T ,OSISTI;

(1) = 5 (1)
=5 Pat _s e
2 (/o le)H—z @10, I} St <Tyy;
where Ble—fl; B, :ﬂ_
I T,
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Input parameters of MM are f,, 7, , Af, . Based
on its output parameter ¢(¢) the values of the instantane-

ous amplitude of the NLFM signal, its spectrum and ACF
are calculated from the known relations [1, 2].

2 REVIEW OF THE LITERATURE

The analysis of the studies indicates the widespread
use of NLFM signals in various fields of technology [1, 2,
8-19], in particular, radar, sonar, flaw detection, lidar
systems, communications, etc. NLFM signals in compari-
son with LFM signals reduce MPSLL while providing the
required range, range measurement accuracy and Doppler
frequency shift [11-23].

Many researchers note that there is a potential to fur-
ther improve the achievable characteristics of NLFM sig-
nals due to the structural-parametric optimization of their
frequency-time parameters, which can be carried out us-
ing the selection method, gradient methods and methods
of evolutionary optimization [24-35].

So, in [36], the use of the NLFM signal in a combined
system is considered, which involves the simultaneous
use of a dedicated frequency range for sensing airspace
and communication. The NLFM signal is described as a
pulse whose phase change occurs according to a second-
order polynomial law. Signal parameters are optimized by
selecting phase polynomial coefficients in order to mini-
mize MPSLL. It is noted that the NLFM signal allows
you to get better performance by measuring the range and
speed of the target compared to the LFM signal and LFM
signal with additional weight processing.

In [37], the use of an NLFM signal with a quadratic
frequency function is considered in relation to the prob-
lem of ultrasonic diagnosis of defects. The results of the
experiment showed that the selected NLFM signal pro-
vides an optimal ratio of the level of the side lobes and the
width of the main lobe of the ACF.

In [38] discusses a hyperbolic frequency modulation
signal that is insensitive to Doppler frequency shift. The
final parameters of the NLFM signal are obtained using
the method of iterative optimization, which is based on
the selection of parameters, namely the central frequency
and the spectrum width of their sequence.

Various approximations of FM functions (or instanta-
neous phase changes) are used to conveniently record
NLFM MM signals. In [39] discloses a method for de-
scribing an NLFM signal based on the use of a stepwise
approximation of a phase curve of a hyperbolic frequency
modulated signal. To reduce MPSLL simultaneously with
the selection of approximation parameters, window proc-
essing is used.

A similar approach is used in the study [40] in relation
to magnetic-acoustic-electric tomography. A piecewise
linear FM function is used, the parameters of which are
optimized based on a genetic algorithm.

Another method for reducing MPSLL is based on the
synthesis of signals with the desired spectral characteris-
tics, for example, in [41] it is proposed to apply a modi-
fied Chebyshev window function to adjust the spectral
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power density of the signal, which ensures the reduction
of MPSLL without high computational complexity.

Reduction of MPSLL can be achieved by synthesizing
a new type of signal, as described in [10]. The authors
proposed a two-fragment NLFM signal, the first fragment
of which has QFM.

3 MATERIALS AND METHODS
We will carry out the development of the MM two-
fragment NLFM signal, which consists of LFM and QFM
fragments, that is, for the first fragment, the signal fre-
quency changes along the linear. fi(¢)= F(¢), for the

second — according to the quadratic law £, (1) = F(¢?) .

If the instantaneous frequency of the second portion
of the NLFM signal changes in a quadratic law, then the
FMR changes linearly in time. For the instantaneous
phase, we apply the concept of FMA, which in this case is
a constant value:

4’9y (1)
Oy = ——. 2)
Pl
Accordingly, the instantaneous frequency of the sec-
ond fragment:

Fr(O) = fo+BiT; + [[andt® =
t

2 2 3)
=Jfo+BiTi +op 7—T1f+% :

The resulting expression (3) contains the integration
constant, which we find by the relation:

72
G = fo+BiTh to— -

Determination of the integration constant is manda-
tory, since its third component is actually equal to the
frequency jump at the junction of the NLFM signal frag-
ments.

In the next step, by integrating (3), we find the in-
stantaneous phase of the second fragment.

3 2 3
92(0) = 2{(1’0 +B1T1)t+az[%—§r2 +%t—%ﬂ~ @)

FMA o, is determined using MM input data (1).
Based on the fact that:

—FMA a, define as:
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The value (5) is calculated for all expressions.

The considered MM (1) does not take into account
the appearance of FMA o, at the junction of fragments
and its influence on the change in the frequency-time
characteristics of the second fragment.

To simplify mathematical expressions, we apply
symbols similar to those used in (1):

t
fo=0,—| =ar—. (6)

Frequency jump (6) causes instantaneous phase jump
at fragment junction:

T3
8(p12 = 27'50!,2%. (7)

Like (1) and using (6), (7) we obtain the MM of the
current time for the instantaneous phase of the NLFM
signal as part of the first LFM and second QFM frag-
ments:

it
27 f0t+17 ,OSfSTl,

ayt®(t=31)

o(t) = p :I—&Plz, ()

27{(/?) +ByTi —3fi )i+

L<t<Tp,

The synthesized MM (8) provides finding the instan-
taneous phase of the NLFM signal in the current time for
the case when the first fragment has LFM and the second
QFM. This MM implements an increasing law of fre-
quency change, compensates for phase and frequency
jumps at the junction of fragments due to the presence of
FMA.

4 EXPERIMENTS

The operability test of the proposed MM two-segment
NLFM signals with the first LFM and the second QFM
fragments was carried out in the MATLAB software envi-
ronment.

For experimental studies, the frequency-time parame-
ters of signals that provide observation of their fine struc-
ture, namely, instantaneous phase jumps and frequency in
oscillograms, were chosen; the nature and number of pul-
sations of the top of the spectrum, the presence of pulsa-
tions on its slopes; MPSLL, the nature of the change in
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frequency and shape of the SL, the shape and width of the
ML ACF.

Fine structure analysis was performed based on the
following patterns. The number of ripples of the top of the
spectrum and the ripples of the ACF are proportional to
the product of the signal deviation by its duration and
their values allow us to assess the correspondence of the
obtained graphic material to the given parameters. Spec-
trum breaks, a sharp change in the frequency of pulsations
SL ACF and oscillation on the oscillogram indicate the
presence of jumps in the instantaneous frequency of the
signal. Violation of the oscillogram smoothness, dips in
the spectrum, pulsations of its side slopes, changes in the
level of SL ACF are a sign of the presence of instantane-
ous phase jumps of radio frequency oscillations [8, 9].

Based on the results of the fine structure analysis, it
is concluded that the obtained results correspond to the
specified input parameters of the MM, the adequacy of
its work and the reliability of the obtained results.

At the first stage of experimental studies, one-
fragment (LFM, QFM) and two-fragment (LFM-LFM,
LFM-QFM) signals are compared with equivalent initial
frequency, frequency deviation and duration.

Comparative analysis was carried out based on the re-
sults of the obtained MRLSS values, its decay rate and
width ML ACF of the generated signal at the level of
0.707 of its maximum value.

To determine the advantages of the proposed signal, a
group of five LFM-QFM signals was investigated. Since
the frequency-time parameters of this group of signals
differ, the width of the ML ACF was not measured.

5 RESULTS
The results of modelling single-fragment LFM, QFM
and two-fragment LFM-LFM, LFM-QFM signals with
equivalent frequency-time parameters are summarized in
Table 1.

Table 1 — Results of experimental studies of single-fragment and
two-fragment signals

Kindof | 7. | To. | Afi. | af. | mpsL. |Rapid decline. | ML
sign. ps | ps | kHz | kHz dB SLL. ACF.
dB/dec us
M |120] — [ 500 | — | 347 | 1975 | 1.7
QFM_ [120] — [ 500 | — | —9.08 1670 | L.73
LFM-LFM | 20 | 100] 150 | 350 | —18.15 16.0 1.8
LMEF-
o | 60 | 60 | 100 [ 400 | ~19.16 250 | 217

Analysis of the results of Table 1 indicates that the
single-fragment QFM signal has no advantages over the
LFM signal. But its useful property is the rounding of the
spectrum in the high frequency region.

The above shows Fig. 1 and Fig. 2, which show the
spectrum of LFM (Fig. 1a) and QFM (Fig. 2a) signals.
The corresponding ACFs are shown in Figure 1b and Fig-
ure 2b.
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With regard to two-fragment signals, it should be
noted that the main advantage of an NLFM signal with a
QFM fragment is a decrease in MPSLL and an increase in
the ML ACF decay rate.

The proposed LFM-QFM signal among those shown
in Table 1 has the lowest MRSLL, in addition, the width
ML of its ACF at the level of 0.707 decreased by 7.5% in
relation to the LFM-LFM signal, this leads to an im-
provement in the range distinguishing ability.

Table 2 shows the results of modelling LFM-QFM
signals (8) with different values of time-frequency pa-
rameters and corresponding estimates of the obtained in-
dicators.

Table 2 — Results of experimental studies of two-fragment
LFM-QFM signals

|| | '.'r

Rapid de-

No.| v L, Afi, kHz | Afs, kHz MPSL, clirll)e,SLL
s | s dB dB/dec
1. [ 60 60 100 350 | -19.12 25.0
2. [ 60 60 100 500 —20.0 26.0
3. ] 60 60 100 600 | —20.46 27.0
4. 80 80 100 600 | —20.03 28.0
5.1 90 90 100 650 | —2041 29.0

60% 10 100 1000 10000
Time sample number

b
Figure 1 — LFM signal: a — spectrum, b — ACF
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Figure 2 — QFM signal: a — spectrum, b — ACF
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Analysis of the results of Table 2 indicates that the use
of the proposed signal provides a decrease in MPLSS
(over 2 dB) compared to the LFM-LFM signal. With an
increase in the QFM fragment deviation relative to the
LFM fragment deviation, with a simultaneous increase in
their duration, an increase in MPSLL (by about 1 dB) and
an increase in the SL ACF decay rate (by 6 dB/dec) are
observed.

Analysis of the fine structure of the LFM-QFM signal
with the parameters of Table 1, namely, the frequency
change graph, oscillogram, spectrum and ACF shown in
Fig. 3, indicates their compliance with the input MM data.

There are no jumps in the instantaneous frequency and
phase of the signal at the junction of the fragments, which
is confirmed by the appearance of the oscillogram and the
signal spectrum. This is evidence that the created MM
adequately reproduces the physical processes that occur
during the synthesis of LFM-QFM signals and compen-
sates for the manifestations of the action of frequency-
phase distortion sources.

It is determined experimentally that stable operation of

MM (8) is provided by the ratio of duration of LFM and
QFM fragments 1:1 with the step of changing the parame-
ter 20, 30 units. In this case, the frequency deviation can
change in increments of 50, 100 units. In the case of
equality of frequency deviations of fragments or when the
deviation of the LFM fragment is greater, the resulting
NLFM signal in its properties approaches the usual LFM
signal, which is natural.
Note the peculiarity of the shape of the ACF LFM-QFM
signal (Fig. 3g) in comparison with the LFM-LFM (Fig.
4), which must be taken into account, in particular in ra-
dar applications.
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Figure 3 — Signal from LFM-QFM: a — frequency change plot, b
— oscillogram, ¢ — spectrum, d — ACF
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As a result of the merger of ML with near SL, the
form of ACF is distorted, at a level of about —10 dB a
“pedestal” appears. This form of ACF leads to an increase
in the level of the interference background in the presence
of long-range interference.

6 DISCUSSION

In works [8, 9], to determine the magnitude of instan-
taneous phase hopping at the junction of fragments of the
NLFM signal, the difference between its value at the be-
ginning of the next fragment and the final value of the
previous one was calculated. In this study, a more general
approach was used to find analytical expressions of the
magnitude of frequency-phase distortions in multifrag-
ment NLFM signals, which is based on the calculation of
derivatives of the instantaneous phase function of frag-
ments. In this case, the instantaneous frequency (phase)
function must have a finite number of derivatives. From
this follows the limitation of the list of types of frequency
(phase) modulation functions of each of the individual
fragments, which is a disadvantage of this approach. De-
spite this limitation, the application of the proposed ap-
proach allowed to substantiate the cause of distortion of
the frequency-phase structure at the joints of multifrag-
ment NLFM signals. Such a reason is a change in the
value of the highest derivative of the instantaneous phase
function for fragments with the same FM laws, the ap-
pearance of new or possibly the disappearance of existing
derivatives if the FM laws of neighboring fragments dif-
fer. Thus, the feasibility of further studies is seen, the ef-
fect of the disappearance of the existing derivative of the
instantaneous phase during the transition to the next
fragment on the frequency-phase structure of the resulting
signal.

CONCLUSIONS

Scientific novelty. According to the results of the
studies, the theory of synthesis of two-fragment signals
from NLFM has been developed for the case when the
instantaneous phase of one of the signal fragments has the
oldest third derivative, and for the other fragment the de-
rivative of the instantaneous phase is limited to the second
order. In this case, the source of frequency-phase distor-
tion at the junction of the NLFM signal fragments is FMA
(the third derivative of the instantaneous phase).

A new MM NLFM signal of the LFM-QFM type has
been developed in the current time, the difference of
which is the introduction of an additionals components of
the linear and qadratic change in the instantaneous phase
of the QFM fragment.

For the synthesized NLFM signal, in comparison with
the LFM-LFM signal, the MPSLL value decreased by 2
dB, and its decay rate increased by 9 dB/dec. For the con-
sidered group of five such NLFM signals, the MRSLL
level varies from —19.12 dB to —20.46 dB, which for two-
fragment signals is quite high compared to, for example,
[11].

The SLL decay rate of their ACF is within 25 dB/dec
— 29 dB/dec, which also exceeds the value of this parame-
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ter for [11], based on the assessment of the given graphic
material.

The frequency change graph, oscillogram, spectrum
and ACF of the synthesized LFM-QFM signal correspond
to the theory and the given parameters, indicating the ab-
sence of frequency-phase distortion, which indicates the
reliability and adequacy of the developed MM.

The practical significance of the obtained results lies
in the possibility of using the proposed approach to the
analysis and synthesis on its basis of a wide range of
NLFM signals for use as probing in radar devices for
various purposes. Experimentally obtained versions of the
values of the frequency-time parameters of LFM-QFM
signals make it possible to use them in radio electronic
systems, in which the value of the range discriminating
ability is determining, and passive interference is either
absent or their influence can be neglected.

Prospects for further research. In the future, it is
planned, using the developed approach, to synthesize MM
three-fragment NLFM signals with the resulting FM law
close to S-shaped.
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AHOTAIIA

AxTyanbHicTh. OZHUM 3 METOJIB BUPIIICHHS aKTyaJlbHOI HAYKOBO-TEXHIYHOI 3a[a4l 3HIDKCHHS MAaKCHMAIIBHOTO PiBHS OIYHHX
METFOCTOK aBTOKOPENAIIMHNX (YHKIIN paaioIOKallifHUX CUTHANIB € 3aCTOCYBAaHHS HETIHIHHO-YaCTOTHO MOJYJIbOBAHHUX CHUTHAIIB.
Ie 3abe3mneuye OKpYyTIJICHHS CHEKTPY CHIHANY, IO €KBiBaJCHTHO BaroBiii (BiKOHHII) 0OpoOIll CUrHAY y 4acoBiil 00JacTi Ta MOXe
BHUKOPUCTOBYBATHCS CIIUIBHO 3 HEr0. Psii MOCTIKeHb CUTHATIB 3 HENiHIHHOI YaCTOTHOIO MOIYJIALIEIO, SIKi MAIOTh y CBOEMY CKJIa/i
JiHIHO-4aCTOTHO MOAYJbOBaHi ()pParMEeHTH, CBIIYMTH, 10 HAa CTHKY (parMeHTiB BHHHKAIOTh CIIOTBOPEHHS iX 4acTOTHO-(ha30BOl
cTpykTypu. Lli CIOTBOpEHHS, y 3aJI€KHOCTI BiJ TUILy MaTeMaTUYHOI MOJEIi CUTHAIY — HOTOYHOTO 200 3CYHYTOTO Yacy, BUKIHKAOTh
y cpOpMOBaHOMY CHTHAJIi BiATIOBITHO CTPHOOK MUTTEBOI YaCTOTH Ta MUTTEBOI (ha3u a00 TITBKH (Pa3u. Y poOOTi MoKa3aHo, IO CTPH-
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OKM BHHUKAIOTh Y MOMEHTH 3MiHH 3HAYCHHS ITOXiTHOT MUTTEBOI (pa3u 1O 3aKiHYCHHI JiHIHHO-9aCTOTHO MOJYJIbOBAHOTO (PparMeHTy.
MuTTeBa YacTOTa CUTHAILY, SIKa € MEPIIOI0 MOXiTHOI MUTTEBOT (ha3n, Mae TIyMadeHHs MIBUAKOCTI 00epTaHHS BEKTOPY CHTHAIy Ha
KOMIUIEKCHI# miommuHi. JIpyra moxinHa MUTTEBOT a3y CUrHaIy po3yMieThest SIK IIBUIKICTh YaCTOTHOI MORyJIswil. CLIOTBOPEHHS [IUX
KOMIOHEHT IPU3BOAUTH [0 TOSBH JOJATKOBOI CKJIAJOBOI Y JiHIHHOMY WieHi MUTTEBOI (a3u, MOYMHAIOYM 3 JAPYroro (hparMeHty.
HeBpaxyBaHHs1 BKa3aHUX 4acTOTHO-(ha30BuX (200 Tibku (a3oBHX) CHOTBOPEHb BHKINKAE BUKPHBICHHS CHEKTPY PE3yJbTYIOUOTO
CUTHAJTY 1, IK IPaBIJIO, IPU3BOJHUTH JI0 3pOCTaHHS MaKCHUMAIIFHOTO PiBHA O1YHMX METIOCTOK HOTo aBTOKOpEeALiiHO1 GyHKIil. Ocob-
JIUBOCTI 3aCTOCYBaHHS y CKJIaTHHUX CHUTHANaX ()parMeHTIiB 3 3aKOHAMH YaCTOTHOI MOIYJIALIi, SIKi MalOTh Pi3HY KiIBbKICTh MOXiTHUX
MHTTEBOI (ha3u CHrHAIY, Y BITOMHUX po0OOTaxX HE PO3IJISAANHICS, TOMY aHy CTAaTTIO IPHCBSIYCHO [[bOMY MMUTAHHIO.

Merta po6oTu — po3pobKka MaTeMaTHYHOT MOZIEIIi TOTOYHOIO Yacy JBOGPArMEHTHHX HENiHIHHO-4aCTOTHO MOMYJIbOBAaHUX CHIHA-
JIiB 3 MOCTIZIOBHUAM IO€THAHHSM JIiHIHHO-YaCTOTHO Ta KBaJpaTHYHO MOIYJIHOBAaHUX (hparMeHTIB, 0 3a0e3nedye OKPYIIeHHS CIIeKT-
py curHaiy B 0OJNacTi BEpXHIX YacTOT Ta 3HIDKEHHS MaKCHMAaIBHOTO PiBHS OIYHMX IEIIOCTOK aBTOKOpeIsiniiHol (yHKIT i 30116-
ILICHHS IBUAKOCTI HOro crajaHHs.

Metoa. Y poboti JoCiiKyBanucs HENiHIHHO-4aCTOTHO MOJYJIbOBaHI CHIHAIH, SIKi CKJIANAIOThCS 3 JIIHIHHO-4aCTOTHO Ta KBaj-
paTHYHO MOIYJIHOBAHOTO (pparMeHTiB. 3a JOMOMOrOK AW(PEPEHLIHHOrO aHali3y BH3HAYaBCS CTYIIHb BIUIMBY CTapLIOl MOXiZHOT
MUTTEBOT (pa3y Ha YAaCTOTHO-(ha30By CTPYKTypy CHUTHANY. [i 3MiHM OIiHIOBAJIHCS 33 JOMOMOTOI0 METOJIIB YaCOBOTO Ta CIIEKTPAILHO-
KopersniifHoro ananizy. IIoka3HUKY pe3yIbTyI090ro CHUTHAITY, IO OIiHIOBAJIHCS, — CTPHOKY a3y Ta 4aCTOTH Ha CTUKY (parMeHTiB,
(dopMa CreKTpy, MaKCUMaJIbHUH PiBEeHb OIYHHX HETIOCTOK aBTOKOPEISIIHHOT (yHKINT Ta MIBUIKICTS 1X CIaJaHHS.

Pe3yabTaTn. B crarTi oTprMaina nojaibiumii pO3BUTOK TEOPisi CHHTE3y HEJiHIHO-4aCTOTHO MOJYJIbOBAaHUX CHIHAIIB. Teoperu-
YHUI BHECOK MOJISITa€ y BU3HAYCHHI HOBOT'O MEXaHi3My IPOSBIB YaCTOTHO-()a30BUX CHOTBOPEHb Ha CTHKY ()parMeHTIB Ta HOro ma-
TeMaTU4HHUI onuc. BcTaHOBIECHO, IO MPHU MEPEeXo/i BiJ JiHIHO-4aCTOTHO MOYJIbOBAHOTO ()ParMeHTy 0 KBaJPATUYHO MOIYJIbO-
BAHOT'O IEPIIOKEPETIOM YaCTOTHO-(A30BHX CIOTBOPEHb PE3YJIbTYIOYOr0 CUrHAY CTa€ TPETs MOXiAHa MUTTEBOI (asu, sKa 3a aHa-
JIOTI€I0 3 TEOPi€I0 PyXy (PI3MYHUX TiN € MPUCKOPEHHIM YacTOTHOI MOAyILii. HasBHICTE 1i€l moXinHOT MPU3BOAUTH JO MOSBU HOBUX
CKJIaJIOBUX y BHpa3i MUTTEBOI 4acToTh Ta (ha3u curHaidy. KoMImeHcalliss IMX CIIOTBOPEHb 3a0e3Meuye 3HWKEHHS MaKCHMAaJIbHOTO
piBHSI OIYHHX IENIOCTOK Ha 5 1B Ta 30LIBIIEHHS MBHAKOCTI Horo cmamaHHsA Ha 8 nb/mex aist po3TiIIHyTOTo BapiaHTy HeNiHiHO-
YaCTOTHO MOJyJTbOBAaHOTO CHTHAITY.

BucHoBkHu. Po3po0iicHO HOBY MaTeMaTH4YHY MOJENb MOTOYHOTO Yacy JJisl pO3paxyHKy 3HAYCHb MHUTTEBOI (ha3u HENiHIHHO-
YaCTOTHO MOJIYJIbOBAHOTO CUTHAITY, HEPLIM (parMeHT SIKOro Mae JIiHilHY, a APYTUi — KBaJpaTHYHY YaCTOTHY MOJYJILit0. Binmin-
HICTIO i€l MOJeNi Bil BiJOMHX € BBEACHHS HOBUX CKJIAIOBHX, sKi 320€3MeUyIOTh KOMIIEHCAL[I0 YaCTOTHO-(a30BHX CIIOTBOPEHb HA
CTUKY ()parMeHTiB Ta y parMeHTi 3 KBaJpaTHIHOIO YaCTOTHOIO MOy riiero. OTprMaHi OCILMIOrpamMa, CIIeKTp Ta aBTOKOPEALiifHa
(yHKLIS OJJHOTO 3 CHHTE30BaHUX ABOQPArMEHTHUX CHTHAJIB BiAMOBIJAIOTH TEOPETHYHOMY BHUIIIAY, IO CBIAYHUTH PO aIeKBAaTHICTh
Ta IOCTOBIPHICTH 3aIIPOIIOHOBAHOT MaTeMAaTHYHOT MOJIEII.
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