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Äîñë³äæåíî âïëèâ íà ðåçîíàíñí³ âëàñòèâîñò³ é
ñòðóêòóðó åëåêòðîìàãí³òíîãî ïîëÿ ãåîìåòð³¿ ðåçîíà-
òîð³â, âèêîíàíèõ ó âèãëÿä³ ñôåðè÷íîãî ñåêòîðà é óñ³÷å-
íîãî ñôåðè÷íîãî ñåêòîðà. Ïîêàçàíî, ùî ðîçõîäæåííÿ

ì³æ ðåçîíàíñíèìè ÷àñòîòàìè êîëèâàíü òèïó Í011, Å111 ³
Å112 ó á³ëüø³é ìåð³ âèçíà÷àºòüñÿ êóòîì ïðè âåðøèí³
ñôåðè÷íîãî ñåêòîðà. Âèÿâëåíî, ùî â óñ³÷åíèõ ðåçîíàòî-
ðàõ äëÿ Å òèï³â êîëèâàíü ç³ çìåíøåííÿì îá'ºìó ðåçîíà-
òîðà éîãî ðåçîíàíñíà ÷àñòîòà çìåíøóºòüñÿ.

The influence of spherical and truncated spherical sec-
tor geometrical structure resonators on resonance frequency
and em field structure is investigated. It has been shown
that the resonance frequency discrepancies for H011, E111

and E112 modes are mainly defined by vertex angle of
spherical sector. For E modes in truncated cavities an ef-
fect of  resonance frequency diminishing with cavity vol-
ume reduction has been detected.

ÓÄÊ 537.612, 537.635

². Â. Çàâèñëÿê, Ã. Ï. Ãîëîâà÷, Ì. Î. Ïîïîâ

ÌÎÄÈÔ²ÊÎÂÀÍÀ ÅË²ÏÒÈ×ÍÀ ÑÈÑÒÅÌÀ ÊÎÎÐÄÈÍÀÒ ÄËß ÇÀÄÀ× 
ÌÀÒÅÌÀÒÈ×ÍÎ¯ Ô²ÇÈÊÈ Ç ÑÈÌÅÒÐ²ªÞ ÅË²ÏÒÈ×ÍÎÃÎ 

ÖÈË²ÍÄÐÀ

Ïðåäñòàâëåíà îðèã³íàëüíà ìîäèô³êîâàíà åë³ïòè÷íà
ñèñòåìà êîîðäèíàò, ðîçãëÿíóòî ¿¿ âëàñòèâîñò³, íàâåäå-
íî êîðèñí³ ñï³ââ³äíîøåííÿ. Çàïðîïîíîâàíî çàñòîñîâóâà-
òè öþ ñèñòåìó êîîðäèíàò ïðè ðîçãëÿä³ çàäà÷ ìàòåìà-
òè÷íî¿ ô³çèêè, ÿê³ ìàþòü ñèìåòð³þ åë³ïòè÷íîãî öèë³í-
äðà, çîêðåìà, çàäà÷ ïðî çíàõîäæåííÿ âëàñíèõ õâèëü ³ êî-
ëèâàíü â õâèëåâîäàõ ³ ðåçîíàòîðàõ åë³ïòè÷íîãî ïåðåð³çó
òà ïðîäåìîíñòðîâàíî ïðèêëàäè ¿¿ âèêîðèñòàííÿ.

ÂÑÒÓÏ

Äëÿ ðîçâ’ÿçàííÿ áàãàòüîõ çàäà÷ ìàòåìàòè÷íî¿ ô³-
çèêè íåîáõ³äíî âèêîðèñòîâóâàòè åë³ïòè÷íó ñèñòåìó
êîîðäèíàò. Òàê, äëÿ åëåêòðîäèíàì³êè ³ òåõí³êè ÿê
ÍÂ×, òàê ³ îïòè÷íîãî ä³àïàçîí³â çíà÷íèé ³íòåðåñ ñòà-
íîâëÿòü åë³ïòè÷í³ õâèëåâîäè ³ ðåçîíàòîðè, ÿê³ çàéìà-
þòü ïðîì³æíå ïîëîæåííÿ ì³æ ñâî¿ìè àíàëîãàìè êðóã-
ëîãî òà ïðÿìîêóòíîãî ïåðåð³çó. Â íèõ, íà â³äì³íó â³ä
êðóãëî¿ ãåîìåòð³¿, çí³ìàºòüñÿ àçèìóòàëüíå âèðîäæåí-
íÿ âëàñíèõ õâèëü ³ êîëèâàíü, ô³êñóºòüñÿ ïîëÿðè-
çàö³ÿ, ðîçøèðþºòüñÿ ðîáî÷èé ÷àñòîòíèé ä³àïàçîí õâè-
ëåâîä³â, ðîçð³äæóºòüñÿ ñïåêòð ðåçîíàòîð³â [1, 2].

Â ñï³íõâèëüîâ³é åëåêòðîäèíàì³ö³ åë³ïòè÷íà ñèñòå-
ìà êîîðäèíàò çàñòîñîâóâàëàñÿ â [3], äå ðîçãëÿäàëèñÿ
ìàãí³òîñòàòè÷í³ õâèë³ â åë³ïòè÷íîìó öèë³íäðè÷íîìó
ôåðèòîâîìó õâèëåâîä³. Õàðàêòåðíîþ îñîáëèâ³ñòþ
ðîçâ’ÿçêó º òå, ùî ïðè öüîìó ìàãí³òîñòàòè÷íèé ïî-
òåíö³àë (³ ìàãí³òíå ïîëå òàêîæ) ïîâèíí³ áóòè ïðåä-
ñòàâëåí³ ó âèãëÿä³ íåñê³í÷åííèõ ðÿä³â ç ôóíêö³é
Ìàòüº (ççîâí³ çðàçêà) ÷è ìîäèô³êîâàíèõ ôóíêö³é

Ìàòüº (âñåðåäèí³ çðàçêà). Ïðè öüîìó ðîçâ’ÿçîê õà-
ðàêòåðèñòè÷íîãî ð³âíÿííÿ ìîæëèâèé ëèøå íàáëèæå-
íèìè ÷èñëîâèìè ìåòîäàìè.

Ìåòîþ äàíî¿ ðîáîòè º çàïðîâàäæåííÿ íîâîãî åôåê-
òèâíîãî àíàë³òè÷íîãî ìåòîäó àíàë³çó åëåêòðîäèíàì³÷-
íèõ çàäà÷ â ñèñòåìàõ ç ñèìåòð³ºþ åë³ïòè÷íîãî öèë³í-
äðà ³ äåìîíñòðàö³ÿ ¿¿ åôåêòèâíîñò³ íà ïðèêëàä³ ïîâ-
íîãî àíàë³òè÷íîãî ðîçâ’ÿçàííÿ ñïåêòðàëüíî¿ çàäà÷³
äëÿ ïîâåðõíåâèõ ìàãí³òîñòàòè÷íèõ êîëèâàíü (ÏÌÑÊ)
â ôåðîìàãí³òíèõ ñèñòåìàõ ç ãåîìåòð³ºþ åë³ïòè÷íîãî
öèë³íäðà.

ÌÎÄÈÔ²ÊÎÂÀÍÀ ÅË²ÏÒÈ×ÍÀ ÑÈÑÒÅÌÀ 
ÊÎÎÐÄÈÍÀÒ

Çàçâè÷àé, ïðè ðîçâ’ÿçàíí³ çàäà÷ ìàòåìàòè÷íî¿ ô³-
çèêè â îáëàñòÿõ, ÿê³ ìàþòü ñèìåòð³þ åë³ïòè÷íîãî
öèë³íäðà, âèêîðèñòîâóºòüñÿ ñòàíäàðòíà åë³ïòè÷íà ñèñ-
òåìà êîîðäèíàò [3, 4], ó ÿêî¿ îäíà ³ç êîîðäèíàòíèõ
ïîâåðõîíü º åë³ïñîì:

  (1)

äå    c – íàï³âôî-
êàëüíà â³äñòàíü:  äå a ³ b – öå â³äïîâ³äíî
âåëèêà ³ ìàëà ï³âîñ³ åë³ïñà, ÿêèé â³äïîâ³äàº ξ =
= const.

Íà ïëîùèí³ xy çàì³íà çì³ííèõ (1) ïåðåòâîðþº
âíóòð³øíþ îáëàñòü åë³ïñà ç ï³âîñÿìè a ³ b íà ïðÿìî-

,coschcx η⋅ξ⋅= ,sinshcy η⋅ξ⋅= ,zz =

η π π,–[ ],∈ ξ 0 ∞ ),,[∈ z ∞ ∞,–( ),∈
c2 a2 b2,–=
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êóòíó îáëàñòü   

àáî, âðàõîâóþ÷è ïåð³îäè÷í³ñòü çì³ííî¿ η, íà ñìóãó
 (ðèñ. 1).

Ïðè öüîìó ðîçð³ç  ïåðåõîäèòü ó ïðÿìó
  à ïîâåðõíÿ åë³ïñà – â  Àíàëîã³÷íî çîâ-

í³øíÿ ÷àñòèíà ïðîñòîðó ïåðåõîäèòü ó ñìóãó 

Íåäîë³êîì ö³º¿ ñèñòåìè êîîðäèíàò º íåçðó÷íèé ïå-
ðåõ³ä äî ïîëÿðíî¿ ñèñòåìè êîîðäèíàò (ÏÑÊ). Ó öüî-
ìó âèïàäêó   â³äïîâ³äíî, äëÿ ïåâíîãî âè-
ðàçó ïîòð³áíî çíàéòè ïîäâ³éíó ãðàíèöþ  ïðè 

îäíî÷àñíîìó âèêîíàíí³ óìîâè  ρ –

ðàä³óñ â ÏÑÊ. Ä³éñíî, çà öèõ óìîâ 

 ³ ôîðìóëà (1) ïåðåõî-

äèòü ó â³äîìèé âèðàç äëÿ ÏÑÊ.

ßêùî òåïåð ó (1) îäðàçó çðîáèòè çàì³íó 

òî îòðèìóºìî:

  

  

 (2)

Ïðè öüîìó ïåðåõ³ä äî ïîëÿðíî¿ ñèñòåìè êîîðäèíàò
çä³éñíþºòüñÿ ïðîñòîþ ï³äñòàíîâêîþ ñ = 0. Ïåðåòâî-

ðåííÿ (2) áóäåìî ââàæàòè îçíà÷åííÿì ìîäèô³êîâà-
íî¿ åë³ïòè÷íî¿ ñèñòåìè êîîðäèíàò (ÌÅÑÊ) ³ íàäàë³
âèêîðèñòîâóâàòèìåìî ÿê çàì³íó çì³ííèõ äëÿ ðîçâ’ÿç-
êó ïîñòàâëåíî¿ çàäà÷³. ÌÅÑÊ ó áàãàòüîõ â³äíîøåí-
íÿõ ñõîæà ç ÏÑÊ, ùî ðîáèòü îòðèìàí³ ðåçóëüòàòè
á³ëüø íàî÷íèìè.

Ðîçãëÿíåìî òåïåð äåòàëüíî âëàñòèâîñò³ ÌÅÑÊ. ßê
âæå áóëî ñêàçàíî, çâ’ÿçîê ç äåêàðòîâî¿ ñèñòåìîþ êî-
îðäèíàò âèçíà÷àºòüñÿ ð³âíÿííÿìè (2), çâîðîòíå ïå-
ðåòâîðåííÿ çàäàºòüñÿ ôîðìóëàìè:

(3)

Êîíêðåòíèé êîð³íü ïåðøîãî ð³âíÿííÿ ñèñòåìè (3)
îáèðàºòüñÿ, âèõîäÿ÷è ç³ çíàê³â çì³ííèõ x òà y.

Êîîðäèíàòí³ ïîâåðõí³ ÿâëÿþòü ñîáîþ íàá³ð êîí-

ôîêàëüíèõ åë³ïñ³â ( ), ÿê³ îïèñóþòüñÿ

ð³âíÿííÿì  òà ã³ïåðáîë

( ):  çîáðàæåíèõ

íà ðèñ. 2.

Åë³ïñó ç ï³âîñÿìè a ³ b ó äàí³é ñèñòåì³ êîîðäèíàò

â³äïîâ³äàº çíà÷åííÿ 

Ðèñóíîê 1 – Êîíôîðìíå ïåðåòâîðåííÿ 
îáëàñòåé ïðè çàì³í³ (1)
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Ðèñóíîê 2 – Êîîðäèíàòí³ ïîâåðõí³ òà îðòè ÌÅÑÊ
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Ðîçðàõóºìî ìàñøòàáí³ ìíîæíèêè Ëàìå äëÿ ÌÅÑÊ:

(4)

Áà÷èìî, ùî ïðè ñ = 0, ôîðìóëè (4) ïåðåõîäÿòü ó
âèðàçè äëÿ öèë³íäðè÷íî¿ ñèñòåìè êîîðäèíàò (

 ), ÿê ³ ìàº áóòè.

ßêîá³àí ÌÅÑÊ ìàº âèãëÿä:

ßêîá³àí äîð³âíþº íóëþ ëèøå â äâîõ òî÷êàõ: 
  òà  

Ñêîðèñòàâøèñü çàãàëüíèì âèãëÿäîì îïåðàòîðà Ëà-
ïëàñà â äîâ³ëüí³é êðèâîë³í³éí³é ñèñòåì³ êîîðäèíàò
[4]

ìîæåìî îá÷èñëèòè ëàïëàñ³àí â ÌÅÑÊ:

Äèôåðåíö³àëüí³ îïåðàòîðè â ÌÅÑÊ âèçíà÷àþòüñÿ
íàñòóïíèìè ôîðìóëàìè

 

 

Äëÿ òîãî, ùîá ðîçãëÿíóòè òðàíñôîðìàö³þ îáëàñ-
òåé, çðîáèìî äîïîì³æí³ ïåðåòâîðåííÿ:

(5)

Òîä³ îòðèìóºìî:

 

Ïîáóäóºìî â³äîáðàæåííÿ:

Ïîçíà÷èâøè  îòðèìóºìî, ùî

(6)

Âèðàç (6) º â³äîìèì êîíôîðìíèì ïåðåòâîðåííÿì,
ùî ïåðåâîäèòü êîëî â åë³ïñ [5, 6]. Òàêèì ÷èíîì, ïå-
ðåòâîðåííÿ çì³ííèõ, ùî çàäàºòüñÿ ôîðìóëàìè (2),
ñêëàäàºòüñÿ ç äâîõ ÷àñòèí: 1) êîíôîðìíå â³äîáðà-
æåííÿ (6); 2) ïåðåõ³ä â³ä äåêàðòîâèõ çì³ííèõ 
äî ïîëÿðíèõ  Â³äçíà÷èìî, ùî â [7], ïðè ðîç-
â’ÿçàíí³ çàäà÷³ ñï³íõâèëüîâî¿ åëåêòðîäèíàì³êè ç ñè-
ìåòð³ºþ åë³ïòè÷íîãî öèë³íäðà, âèêîðèñòîâóâàëèñÿ äå-
êàðòîâ³ çì³íí³, çã³äíî ç (6). Öå ïðèçâåëî äî íåô³-
çè÷íî¿ ðîçá³æíîñò³ êîìïîíåíò ìàãí³òíîãî ïîëÿ ÏÌÑÊ
ó ôîêóñàõ åë³ïñà ³ íå äîçâîëèëî àâòîðàì àíàë³òè÷íî
ïîáóäóâàòè ðîçïîä³ë ìàãí³òíîãî ïîëÿ. Ïðè âèêîðèñ-
òàíí³ ÌÅÑÊ ðîçá³æíîñò³ ó ôîêóñàõ åë³ïñà íå âèíè-
êàº.

Òàêèì ÷èíîì, ïðè âèêîðèñòàíí³ (2) âíóòð³øíÿ
÷àñòèíà åë³ïñà ç ï³âîñÿìè a ³ b ïåðåõîäèòü ó ñìóãó

 (ç óðàõóâàííÿì ïåð³îäè÷íîñò³ ïî π) ÷å-

ðåç ïðîì³æíó îáëàñòü ó ôîðì³ ê³ëüöÿ ç âíóòð³øí³ì ³

çîâí³øí³ì ðàä³óñàìè  òà , â³äïîâ³äíî. Çîâí³øíÿ

îáëàñòü – ó ñìóãó  (ðèñ. 3).

Íàâåäåí³ âèùå ñï³ââ³äíîøåííÿ ñòâîðþþòü ï³ä´ðóí-
òÿ äëÿ âèêîðèñòàííÿ ÌÅÑÊ â çàäà÷àõ ìàòåìàòè÷íî¿
ô³çèêè ç ñèìåòð³ºþ åë³ïòè÷íîãî öèë³íäðà, çîêðåìà
äëÿ àíàë³çó ìåòàëåâèõ, ä³åëåêòðè÷íèõ òà ã³ðîòðîï-
íèõ õâèëåâîä³â òà ðåçîíàòîð³â åë³ïòè÷íîãî ïåðåð³çó.

ÑÏÅÊÒÐÀËÜÍÀ ÇÀÄÀ×À 
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Ïðîäåìîíñòðóºìî ìåòîä ðîçä³ëåííÿ çì³ííèõ íà îñ-
íîâ³ çàñòîñóâàííÿ ìîäèô³êîâàíî¿ åë³ïòè÷íî¿ ñèñòåìè
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êîîðäèíàò ïðè ðîçâ’ÿçàíí³ ñïåêòðàëüíèõ çàäà÷ â ìàã-
í³òîñòàòè÷íèõ ðåçîíàòîðàõ åë³ïòè÷íî¿ ãåîìåòð³¿. Áóäå-
ìî âèõîäèòè ç ð³âíÿííÿ Óîêåðà [8]:

(7)

òóò  – òåíçîð ìàãí³òíî¿ ïðîíèêíîñò³, ùî çàäàºòüñÿ
ñï³ââ³äíîøåííÿìè:

äå   

  ω – ÷àñòîòà, M0 – íàìàã-

í³÷åí³ñòü íàñè÷åííÿ, Heff0 – åôåêòèâíå ñòàëå ìàãí³òíå

ïîëå, γ – ã³ðîìàãí³òíå â³äíîøåííÿ. Â ôîðìóë³ (7)
Ψ – ìàãí³òîñòàòè÷íèé ïîòåíö³àë, ùî óâîäèòüñÿ çã³äíî

ç   – çì³ííà ñêëàäîâà ìàãí³òíîãî ïîëÿ.
Â ÌÅÑÊ (7) íàáóâàº âèãëÿäó

Äëÿ ðîçä³ëåííÿ çì³ííèõ ï³äñòàâèìî 

Â³äîêðåìèìî ôóíêö³þ Z(z):  òîä³:

Ï³äñòàâèâøè â ÿâíîìó âèãëÿä³ êîåô³ö³ºíòè Ëàìå,
îòðèìàºìî:

Îñòàòî÷íî ðîçä³ëèâøè çì³íí³, ìàºìî:

 

Çâ³äêè ï³ñëÿ ïåðåòâîðåíü äëÿ ïåðøîãî ð³âíÿííÿ
îòðèìóºìî:

(8)

Öå º ð³âíÿííÿ Ìàòüº [4], 2π – ïåð³îäè÷íèìè ïî
çì³íí³é ϕ ðîçâ’ÿçêàìè ÿêîãî º ïàðí³ òà íåïàðí³ ôóí-
êö³¿ Ìàòüº ïåðøîãî ðîäó (ôóíêö³¿ Ìàòüº ç ö³ëèì

³íäåêñîì)  òà  Äðóãå ð³âíÿííÿ

ìîæíà ïåðåïèñàòè â íàñòóïíîìó âèãëÿä³:

(9)

Áà÷èìî, ùî ïðè ñ = 0, ð³âíÿííÿ (9) ïåðåòâîðþ-
ºòüñÿ ó ð³âíÿííÿ Áåññåëÿ.

Çàïðîïîíîâàíèé ìàòåìàòè÷íèé àïàðàò áóëî çàñòî-
ñîâàíî äëÿ àíàë³çó âëàñíèõ ïîâåðõíåâèõ ìàãí³òîñòà-
òè÷íèõ êîëèâàíü â åëåêòðîäèíàì³÷íèõ ñòðóêòóðàõ
åë³ïòè÷íîãî ïåðåð³çó: íàìàãí³÷åíèõ âçäîâæ îñ³ îòâîðó
ó ôåðîìàãíåòèêó [9], ôåðîìàãí³òíîìó öèë³íäð³ [9] òà
òðóáö³ [10, 11], à òàêîæ åë³ïòè÷íèõ öèë³í-äðè÷íèõ
äîìåíàõ ó ìàòåð³àëàõ ç îäíîâ³ñíîþ àí³çîòðîï³ºþ
[12]. Áóëî çíàéäåíî â àíàë³òè÷íîìó âèãëÿä³ âèðàçè
äëÿ ðåçîíàíñíèõ ÷àñòîò òà âëàñíèõ ôóíêö³é, ïðî-
àíàë³çîâàíî ïîëÿðèçàö³þ òà ïðîñòîðîâèé ðîçïîä³ë
ìàãí³òíîãî ïîëÿ. Ïîð³âíÿííÿ òåîðåòè÷íèõ ÷àñòîòíî-
ïîëüîâèõ çàëåæíîñòåé ç åêñïåðèìåíòàëüíèìè ïîêàçà-
ëî ¿õ ãàðíå óçãîäæåííÿ. Òàêîæ ïðîäåìîíñòðîâàíî

Ðèñóíîê 3 – Êîíôîðìíå ïåðåòâîðåííÿ 
îáëàñòåé ïðè çàì³í³ (2)
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Ïðåäñòàâëåíà îðèãèíàëüíàÿ ìîäèôèöèðîâàííàÿ ýë-
ëèïòè÷åñêàÿ ñèñòåìà êîîðäèíàò, ðàññìîòðåíû åå ñâîé-
ñòâà, ïðèâåäåíû ïîëåçíûå ñîîòíîøåíèÿ. Ïðåäëîæåíî
èñïîëüçîâàòü ýòó ñèñòåìó êîîðäèíàò ïðè ðàññìîòðåíèè
çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè ñ ñèììåòðèåé ýëëèïòè-
÷åñêîãî öèëèíäðà, â ÷àñòíîñòè, çàäà÷ ïðî íàõîæäåíèå
ñîáñòâåííûõ âîëí è êîëåáàíèé â âîëíîâîäàõ è ðåçîíàòî-
ðàõ ýëëèïòè÷åñêîãî ñå÷åíèÿ, ïðîäåìîíñòðèðîâàíû ïðèìå-
ðû åå ïðèìåíåíèÿ.

The original modified elliptical coordinate system is
submitted, its properties are considered, useful relation-
ships are given. It was suggested to use this coordinate
system for  mathematical physics problems with the sym-
metry of the elliptical cylinder, in particular for eigen-
waves and eigen oscillations problems in waveguides and
of elliptic cross-section resonators, the examples of applica-
tion were demonstrated.

ÓÄÊ: 538.935, 538.915, 538.953

V. V. Pogosov, E. V. Vasyutin, A. V. Babich

FEATURE OF MAGIC METAL NANOCLUSTERS IN MOLECULAR 
TRANSISTOR

Effects of the charging and single-electron tunneling in
a cluster structure are investigated theoretically. In the
framework of the particle-in-a-box model for the spherical
and disk-shaped gold clusters, the electron spectrum and
the temperature dependence of the electron chemical poten-
tial are calculated. Difference between the chemical poten-
tials of massive electrodes and island’s one leads to its
charging. We show that the effective residual charge is
equal to the non-integer value of elementary charge e and
depends on the cluster's shape. The equations for the anal-
ysis of the current-voltage characteristic are used under
restrictions associated with the Coulomb instability of a
cluster. For single-electron molecular transistors the non-
monotonic size dependences of current gap and its voltage

asymmetry are computed. We suggest that an overheating
of electron subsystem leads to the disappearance of a cur-
rent gap and gradual smoothing of current-voltage curves
that is observed experimentally.

1 INTRODUCTION

The nanodispersed systems are prospective object of
nanotechnology [1, 2, 3, 4, 5, 6]. Transport of electri-
cal charge across a nanoscale tunnel junction is accom-
panied by many effects, such as the Coulomb blockade
of the average current, transfer of energy between elec-
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