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ABSTRACT

Context. We investigate a method to signal processing based on the Kolmogorov-Wiener filter weight function calculation for
the prediction of a continuous stationary heavy-tail process in the MFSD (multifractal fractional sum-difference) model. Such a proc-
ess may describe telecommunication traffic in some systems with data packet transfer, the consideration of the continuous filter may
be reliable in the case of the large amount of data.

Objective. The aim of the work is to obtain an approximate solution for the Kolmogorov-Wiener filter weight function and to
show the applicability of the method to signal processing used in the paper.

Method. The Galerkin method based on the orthogonal Chebyshev polynomials of the first kind is used for the calculation of the
weight function under consideration. The approximations up to the thirteen-polynomial one are investigated. The corresponding inte-
grals are calculated numerically on the basis of the Wolfram Mathematica package. The higher is the packet rate, the higher accuracy
of the integral calculation is needed.

Results. It is shown that for rather large number of polynomials the misalignment between the left-hand side and the right-hand
side of the Wiener-Hopf integral equation under consideration is rather small for the obtained solutions. The corresponding mean
absolute percentage errors of misalignment for different packet rates are calculated. The method to signal processing used in the pa-
per leads to reliable results for the Kolmogorov-Wiener filter weight function for the prediction of a process in the MFSD model.

Conclusions. The theoretical fundamentals of the continuous Kolmogorov-Wiener filter construction for the prediction of a ran-
dom process in the MFSD model are investigated. The filter weight function is obtained as an approximate solution of the Wiener-
Hopf integral equation with the help of the Galerkin method based on the Chebyshev polynomials of the first kind. It is shown that
the obtained results for the filter weight function are reliable. The obtained results may be useful for the practical telecommunication
traffic prediction. The paper results may also be applied to the treatment of heavy-tail random processes in different fields of knowl-
edge, for example, in agriculture.

KEYWORDS: Kolmogorov-Wiener filter weight function, telecommunication traffic, Galerkin method, MFSD model, Cheby-
shev polynomials of the first kind, stationary random heavy-tail process.

ABBREVIATIONS NOMENCLATURE
GFSD is the Gaussian fractional sum-difference; T is a time interval on which the traffic data are ob-
ARIMA is an autoregressive integrated moving aver-  served;
age; p/s packets per second;

MFSD is a multifractal fractional sum-difference;

) z is a time interval for which the traffic prediction
MAPE is a mean absolute percentage error.

should be made;
h(t) is the Kolmogorov-Wiener filter weight function;
o is a packet rate;
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0, A, & are auxiliary quantities which depend on the

packet rate;
R(t) is a traffic correlation function in the MFSD

model;
p(t) is a traffic correlation function in the GFSD

model,;
I'(x) is a gamma function;
d is a fractional differencing parameter of the model;
a,b are auxiliary constants;
n is a number of polynomials in the corresponding
approximations;
gs are coefficients multiplying the polynomials;

S (t) are Chebyshev polynomials of the first kind or-
thogonal on t €[0,T];

T4 (x) are Chebyshev polynomials of the first kind or-
thogonal on X e[-L1];

Left(t) is a left-hand side of the Wiener-Hopf integral
equation;

Right(t) is a right-hand side of the Wiener-Hopf inte-

gral equation;
Gys are integral brackets;

Bk are free terms in the linear system of algebraic
equations in gg;

K, N,L are numbers of points in the numerical inte-
gration.

INTRODUCTION

Telecommunication traffic nowadays is usually treated
as a heavy-tail random process; see, for example, [1]. The
traffic prediction is an important problem for telecommu-
nications. Improving the accuracy of traffic prediction can
help companies to develop adequate business planning
and improve the economic benefits. Moreover, accurate
prediction results can also be urgent for optimal resource
management, sophisticated network design, and so on, see
[2-4]. Recently several models of the heavy-tail station-
ary heavy-tail processes which may describe telecommu-
nication traffic were proposed, for example, the general-
ized fractional Gaussian noise model [5, 6] and the GFSD
and the MFSD models [7].

There are a plenty of different methods for traffic pre-
diction, for example, such as ARIMA, neural networks,
etc., see, for example, [2, 4, 8]. Recently in our papers we
investigated such a simple prediction method as the one
based on the Kolmogorov-Wiener filter.

It was shown that both continuous and discrete Kol-
mogorov-Wiener filter may be applied to the prediction of
heavy-tail data if the data are smooth enough [9]. As is
known, see, for example, [9], in the continuous case the
Kolmogorov-Wiener filter weight function obeys the
Wiener-Hopf integral equation. This equation can be
solved on the basis of the Galekrin method, see the meth-
od description, for example, in [10] and references there-
in. In particular, it was shown that the Galerkin method
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may be applied to the solution of the corresponding Wie-
ner-Hopf equation in the case of the GFSD and the gener-
alized fractional Gaussian noise models, see [11, 12]. But
the investigation of the Wiener-Hopf equation solution for
the process in the framework of the MFSD model is not
yet done. So, this paper is devoted to the search of an ap-
proximate solution of the Wiener-Hopf integral equation
in the case where the corresponding continuous Kolmo-
gorov-Wiener filter is used to the prediction of the heavy-
tail process in the MFSD model.

The object of study is the Kolmogorov-Wiener filter
for the prediction of continuous heavy-tail process in the
MFSD model.

The subject of study is the weight function of the
corresponding filter.

The aim of the work is to obtain an approximate so-
lution for the weight function on the basis of Galerkin
method.

1 PROBLEM STATEMENT
The Kolmogorov-Wiener filter weight function in the
continuous case obeys the following Wiener-Hopf equa-
tion (see, for example, [9]):

}dth(t)R(t—r):R(t+z). (1

The problem statement is as follows: to obtain the un-
known filter weight function as an approximate solution
of the integral equation (1) on the basis of the Galerkin
method.

2 REVIEW OF THE LITERATURE

The MFSD model of a stationary random heavy-tail
process which may describe telecommunication traffic
was proposed in [7]. In some sense, the MFSD model is a
modification of the GFSD model which was also pro-
posed in [7].

Our recent papers were devoted to the development of
the theoretical fundamentals of the continuous Kolmo-
gorov-Wiener filter construction for the prediction of sta-
tionery processes in different models; see [11-13]. In par-
ticular, paper [11] was devoted to the corresponding in-
vestigation for the GFSD model. However, the MFSD
model was not investigated in our previous papers.

In this paper we investigate the continuous Kolmo-
gorov-Wiener filter applied to the prediction of the tele-
communication traffic described by the MFSD model.
The Wiener-Hopf integral equation (1) is solved on the
basis of the Galerkin method [10], the Chebyshev poly-
nomials of the first kind are chosen as the required or-
thogonal function system. The numerical investigation of
the misalignment between the left-hand side and the right-
hand side for the obtained solutions is made. It is shown
that the proposed method leads to reliable results.
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3 MATERIALS AND METHODS
According to [7], the traffic correlation function for
the discrete MFSD model is as follows:

)= )

where

2(1-d)t* ~(1-d)*

p(t)Z(l—e(Ot)) tz—(l—d)z

L(1-d) r(t+d) 3)
r(d) r(t-d+1)’

2—7.21a0.75

0(a)= 5721075 |

and

o) o)

2—5.36 (10'63

“4)

n(o) = 536,063’

the packet rate o e [210'22 p/s,2!7? p/s], d =0.31, see

[7]. The definition of the Gamma function I'(X) is given,
for example, in [14]. The asymptotic behavior of R(t) at

t — +o is R(t) ~const-t>97" [7], so the MFSD model

describes a heavy-tail process. In [7] it is indicated that
the results (2) and (3) are valid for t>1. In [11] it is pro-
posed to redefine the function p(t) for the continuous
case as follows:

alt +1jf <1
Cole 2(1—d)t2—(1—d)2X
(1-6()) oy 0 ©
r(1-d) r(jt+d)
r(d) r(t-d+1)

Jt=1

where the values a, b are chosen in such a way that

lim p(t)= lim p(t),

t—>1-0 t—1+0
dp(t dp(t (6)
lim p( )= lim p( )
t>1-0 dt t—1+0 dt

So, in what follows we use the correlation function R(t)

in the form (2) where the function p(t) is taken according
to (5) and (6).
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Similarly to the calculations [11], the weight function
is sough in the form

21

()-S0s(0.5.0-%(F1] 0

where the coefficients g, obey the following system of
linear algebraic equations:
n-1 _
Z gSGkS = Bk , k =0,n—1,
s=0
TT

Gys =“.d'cdt3k ('[)SS (T)R(t—‘t) R (®)
00
T
By = [dtSy ()R(t+2).
0
The free terms By are calculate with the help of the

Wolfram Mathematica package on the basis of the Ninte-
grate procedure built in the package. As for the calcula-
tion of the integral brackets Gy, the NIntegrate proce-

dure requires too much computation time, so the integral
brackets are approximately calculated as follows:

K-1
G A2 Y Sk[iA+lAjSS[jA+lAjR(iA—jA),
20 2 2

©)
A=T/K,

it should be stressed that only the calculation of Gyg
where k and s are of the same parities is needed;
Gys =0 if k and s are of different parities, see [11] and

references therein. Expression (9) on the basis of the fact
that the function R(t) is an even one may be rewritten as

+Sy (jA+5AJSS(iA+%AJJR(iA— iA)+ (10)
LK 1 1
+A” Sy [iA+—AJSS (iA+—AJR(O).
iz 2 2
So, first of all the quantities Gyg and By should be

calculated on the basis of (8) and (10). Then the coeffi-
cients g4 are calculated as the solution of the system (8),

the corresponding calculations are made in the Wolfram
Mathematica package. The obtained weight function h(t)
is given by (7).

The left-hand side and the right-hand side of the inte-
gral equation (1) for the obtained solutions are as follows:

Left(t) :]drh(r)R(t—‘c),

Right(t) =R(t+2),
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the calculation of the weight function h(t) is described

above in detail. The corresponding misalignment is de-
scribed by the MAPE:

| Left(t) - Right ()|
J

MAPE = , dt-100% .
Right (t) |

1 12
= (12)

The corresponding integrals can hardly be calculated,
so they are estimated as follows, see [11, 12]:

Left(gj - Right({:—j‘
- -100% ;

1 N-1
MAPE ~ — T
Ni= Right[lj ‘
§ (13)
L-1
Left(t)~— > (h(j8)R(t— j8)+

The ccorresponding numerical results are given in the
next section.

4 EXPERIMENTS
The following values of the parameters are chosen:
T =100, z =3, a similar choice is made in [11].
The numerical results for the coefficients a, b for
different packet rates are given in Table 1, the results in
Table 1 are written rounded off to 3 significant digits.

Table 1 — Results for the coefficients in (5) for different packet

rates
o, p/s a,b
2" a=-0.746, b=0.381
2" a=-0.886,b=0.144
213 a=-0.956, b=0.0522
2" a=-0.984,b=0.0186

The obtained MAPE results for different packet rates
are given in Tables 2 and 3. The results in Table 2 and
Table 3 are rounded off to two decimal places.

Table 2 — MAPE for the approximations of N polynomials for
rather low packet rates

o =2" p/s o=2" p/s
n MAPE, % n MAPE, %
1 27.39 1 26.49
2 18.58 2 17.78
3 11.77 3 11.09
4 8.67 4 8.09
5 6.01 5 5.53
6 4.71 6 431
7 3.49 7 3.15
8 2.92 8 2.62
9 2.28 9 2.05
10 2.03 10 1.79
11 1.69 11 1.50
12 1.57 12 1.40
13 1.34 13 1.23
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The values K =3-10°, N =10*, L=10* are chosen
during the calculation of the results shown in Table 2. The
values K =6-10°, N =10, L=10" are chosen during
the calculation of the results shown in Table 3. The value
K =3-10° does not provide the satisfactory accuracy of
the calculations of the integrals used in the obtaining of
the results given in Tabe 3, so a higher value of K is
needed. The increase of K leads to a rather significant
increase in the computation time for the integral brackets,
so we restricted ourselves to the value K =6-10°.

Table 3 — MAPE for the approximations of N polynomials for
rather high packet rates

o=2" p/s o=2" p/s
n MAPE, % n MAPE, %
1 26.30 1 25.46
2 17.57 2 16.75
3 10.94 3 10.18
4 7.97 4 7.32
5 5.46 5 4.96
6 4.25 6 3.86
7 3.14 7 2.91
8 2.61 8 2.47
9 2.07 9 2.10
10 1.83 10 1.95
11 1.56 11 1.81
12 1.45 12 1.78
13 1.29 13 1.74

As can be seen, the left-hand side and the right-hand
side of the integral equation (1) are really close for the
obtained solutions.

5 RESULTS
The obtained results are graphically illustrated on
Fig. 1 — Fig. 4.
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Figure 1 — Comparison of the left-hand and right-hand sides of

eq. (1) for the packet rate o = 2" p/s for the thirteen-
polynomial approximation
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of eq. (1) for the packet rate o = 2" p/s for the thirteen-
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As can be seen from the corresponding graphs, the
left-hand side and the right-hand side of the integral equa-
tion (1) are really close for the obtained solutions. Ac-
cording to Table 2 and Table 3, the corresponding mis-
alignment MAPE is less than 2%.

6 DISCUSSION

The paper is devoted to the development of the theo-
retical fundamentals of the continuous Kolmogorov-
Wiener filter construction for the prediction of a station-
ary process in the MFSD model. Such a process may de-
scribe telecommunication traffic in the systems with data
packet transfer, see [7]. Of course, the traffic measure-
ments in fact lead to a discrete time series, but if we deal
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with large amount of data, the consideration of the con-
tinuous limit may be reliable, so the results may be also
used to digital signal processing of telecommunication
traffic.

An approximate solution for the filter weight function
is obtained on the basis of the Galerkin method based on
the Chebyshev polynomials of the first kind. The main
difficulty of the calculation is the fact that in the frame-
work of the considered problem the integral brackets can
hardly be calculated either analytically or on the basis of
the numerical integration procedure built in the Wolfram
Mathematica package. So, the formula (10) is used for the
integral brackets obtaining. The higher the number of
points K is, the more precise the result is; however, the
increase of the value of K leads to the significant in-
crease of the computation time. The value K =3-10° is
enough for rather low packet rates, but higher values are
required for rather high packet rates, the corresponding
value K =6-10° is chosen. The misalignment of the left-
hand side and the right-hand side of the integral equation
(1) is rather low for rather large number of polynomials
(corresponding MAPE is less than 2%), so we can con-
clude that the solutions for the weight function obtained
in this paper are rather accurate.

The plans for the future are as follows. The practical
applications of the constructed theoretical fundamentals
are of interest. Moreover, another orthogonal system may
be used in order to avoid such computational difficulties,
for example, the Walsh function system, see [13, 15]. The
method used in the paper may be applied to the self-
similar processes in other models, for example, for the
recently developed rational Gaussian noise model [16].
The heavy-tail processes play important role not only for
the traffic prediction, but also in other fields of knowl-
edge, for example, in agriculture [17, 18]. So the pro-
posed method may be useful for data treatment in agricul-
ture, for time series in mining (see [19, 20]) and so on.
These plans may be realized in other papers.

CONCLUSIONS

The Kolmogorov-Wiener filter weight function for the
prediction of continuous stationary self-similar heavy-tail
process in the MFSD) model is obtained on the basis of
the Galerkin method based on the Chebyshev polynomials
of the first kind. The obtained results may be used to digi-
tal signal processing of telecommunication traffic. Ap-
proximations up to the 13-polynomial one are in-
vestigated. It is shown that if the number of polynomials
is rather large, the coincidence between the left-hand side
and the right-hand side of the Wiener-Hopf integral equa-
tion is rather good, so rather accurate solutions for the
weight function under consideration are obtained.

The scientific novelty of the paper is the fact that for
the first time the weight function of the continuous Kol-
mogorov-Wiener filter is obtained for the heavy-tail proc-
ess prediction in the MFSD model, which may be impor-
tant both for analog and for digital signal processing.
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The practical significance, in particular, is that the
obtained results may be applied to telecommunication
traffic prediction in systems with data packet transfer.

Prospects for further research, in particular, are to
apply the obtained theoretical results to practical predic-
tion and to investigate the Galerkin method in the frame-
work of the problem under consideration on the basis of
another orthogonal function systems, for example on the
basis of the Walsh functions. The method used in the pa-
per may be also applied to treatment of time series which
may be measured by wireless sensor networks, including
agrotechnical purposes.
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AHOTALIA

AKTyalbHicTh. JlocnimkeHo MeTon 0OpoOKK CUrHAIIB, M0 Oa3yeThest Ha oOunciieHHI BaroBoi ¢yHKIil ¢ineTpa Kommoroposa-Binepa
JUIs. IPOTHO3YBaHHS HENEPEPBHOTO CTAI[IOHAPHOTO Iporecy 3 BaxkuM xBoctoM B MFSD (multifractal fractional sum-difference) moaemni.
Takuii mporec MOXKe OIMCYBATH TEJICKOMYHIKaLifHUI Tpadik y ASSKUX CHCTEMax 3 MAaKETHOH Mepefadeio NaHUX, PO3IIIL] HEIEePepBHOTO
¢binbTpa MoXke OyTH IOLINPHUM Y BUIIAJKY BEIUKOI KITBKOCTI JAHHX.

Meta podoTu. MeToro po6OTH € OTpUMaHHS HAOIMKEHOTO PO3B’sI3Ky [uis BaroBoi ¢yHKIil GinbTpa Konmoroposa-Binepa ta mokasatu
3aCTOCOBHICTh METOY OOpOOKH CHUTHAIIIB, BUKOPHCTAHOTO B POOOTI.

Merona. [lns po3paxyHKy BaroBoi (pyHKILi, IKy pO3IJIIHYTO B pOOOTi, BUKOPHCTOBYEThCSI METOX [ anepkiHa, 1o 6a3yeThcsi Ha OpPTOroHa-
JBHUX MoiHOMax Yebuiosa nepuioro poxy. JociimkeHo pi3Hi HaONMKeHHs BKJIIOYHO 0 HAONM)KSHHSI TPHHAIATH TTOJIiHOMIB. BinnosiaHi
iHTerpanu OOYKCIICHI YUCIOBUMH METOJaMU Ha OCHOBI MatemaTudyHoro makery Wolfram Mathematica. Yum Oinblua mBHIKICTH mepenadi
MaKeTiB, TUM BHIIOIO0 Ma€ OyTH TOUHICTb OOUHMCIIEHHS iHTerpaliB.

PesyabTaTu. [lokasaHo, o I JOCHTH BENMHKOI KiTBKOCTI HOJIIHOMIB HEB’s3Ka MiX JIIBOIO Ta IIPaBOI0 YaCTHHAMH iHTETrpaIbHOTO PiB-
HsiaHs Binepa-Xorda, 1110 po3risaaeTsest B poOOTi, € TOCUTh MAJIO0 AJIsl OTPUMAaHKUX PO3B’si3KiB. Po3paxoBaHo BiAMOBiAHI cepeaHi abcostro-
THI BIJICOTKOBI TOXMOKH HEB’SI3KHU JUTS PI3HUX MIBUAKOCTEH mepeaadi nakeriB. Metox oOpoOKH cUrHaiiB, BUKOPHCTaHUH y poOOTI, Aa€ ajaek-
BaTHI pe3yJbTaTu it Barosoi GyHkii ¢pinsrpa Konmoroposa-Binepa mis npornosysanns npouecy B8 MFSD mopeni.

BucnoBku. JlocikeHO TeOpEeTHIHI OCHOBH N0OYIOBH HerepepBHOro ¢insrpa Konvoroposa-Binepa mist mporHo3yBaHHS BHIIAIKOBOTO
nporecy B MFSD wmopeni. BaroBy ¢yHkiito ¢inbTpa oTpuMano sk HaONIMKEHHI PO3B’SI30K IHTErpanbHOTro piBHsHHS Binepa-Xomda 3a no-
noMororw Merony ['anepkina, mo Oa3yeTbesi Ha moiiHomax YeOumioBa mepuioro poay. IlokasaHo, o oTpUMaHi pe3yJbTaTH Ul BaroBoi
GbyHkuii GpinbTpa € anekBatHUMH. OTpHMaHi pe3yJIbTaTH MOXKYTb OyTH KOPHCHUMM JUIS IIPAKTHYHOTO IIPOTrHO3YBAHHS TEIEKOMYHIKaliHHOro
tpadiky. Pesymbratu poboTu TakoX MOXKYTh OyTH 3aCTOCOBaHI IS PO3IIIALY BHIIAJIKOBUX IIPOLECIB 3 BAXXKUM XBOCTOM Y Pi3HHX raly3sx
3HaHb, HAMTPUKIIA, Y CLTLCBKOMY TOCIIOIAPCTBI.

KJIFOYOBI CJIOBA: Barosa ¢yHxuis ¢inbrpa Konamoroposa-Binepa, tenexomyHikauiiinuii tpadik, meron I'anepkina, MFSD mo-
JIeb, TToNiHoMY YeOuiIeBa epuioro posy, CTalioHapHHIl BUIAAKOBHI IPOIIEC 3 BAXKKUM XBOCTOM.
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