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ABSTRACT

Context. The rocket motion control system is time-varying, since its parameters during flight depend on the point of the
trajectory and fuel consumption. Stability margin indicators are determined in a limited area of individual points of the trajectory
using algorithms that are developed only for linear stationary systems, which leads to the need to enter stock factor in hardware. In
the available sources, due attention is not paid to the development of methods for determining the quantitative assessment of the
stability margin of the time-varying control system.

Objective is to develop a methodological support for the construction of an algorithm for calculating the stability margin indica-
tors of the time-varying system for controlling the rocket rotational motion in the plane of yawing using the equivalent stationary
approximation at a selected trajectory section.

Method. The mathematical model of the control system for the rocket rotational movement in one plane is adopted in the form of
a linear differential equation without considering the inertia of the executive device and other disturbing factors. The effect of
deviation of parameters from their average values for a certain trajectory section is considered as a disturbance, which makes it
possible to transition from a non-stationary model to an equivalent approximate stationary one. The Nyquist criterion is used to
estimate the stability margin indicators, which is based on the analysis of the frequency characteristic of an open system, for the
determination of which the Laplace transform mathematical apparatus is used. To simplify the transition from functions of time in the
differential equation of perturbed motion to functions of a complex variable in the Laplace transform, time-varying model parameters
are presented in the form of a sum of exponential functions.

Result. Methodological support was developed for building an algorithm for determining the stability margin of the rocket’s
rotary motion control system at a given trajectory section with time-inconstant parameters.

Conclusions. Using the example of the time-varying system for controlling the rocket rotational movement, the possibility of
using the Laplace transformation to determine the stability margin indicators is shown.

The obtained results can be used at the initial stage of project work.

The next stage of the research is an assessment of the level of algorithm complexity, considering the inertia of the executive
device and the disturbed movement of the mass center.

KEYWORDS: rocket motion control, time-varying system, Laplace transform.

ABBREVIATIONS dyy (1), 8,5(t) are variable components of the model
APFC is an amplitude-phase frequency characteristic;
LC is law of control;
LTV is a linear time-varying system;

parameters at the trajectory section depending on the time
from the beginning of the section;

MLS is the method of least squares; Cyi-Csi are coefficients in the i-th term of the
CO is the control object; approximation of variable component of the model
TF is a transfer function; parameters by the sum of exponential functions;
CS is the control system for rotational motion of the d -1(t) is a signal at the input of the CS;

rocket in the yaw plane; f; is a specified value of the frequency of the

LF is a Lyapunov function;

CP is a characteristic polynomial. missile body oscillations in the transient process of

disturbance compensation;
NOMENCLATURE fok » fo are frequency of the rocket body oscillations
3,5 are average values of parameters of the CS in the transient process of disturbance compensation at the

k-th step of the iterations and one after their end,;
J is an imaginary unit;

Ay >
model at the trajectory section;
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k is a current number of iteration;

k\v R k:l, are coefficients of LC;

| is the number of rows in the array N;

L{f(t)} is the Laplace transform operator of the time
function;

m is a disruptive acceleration;

N is a array of polynomial Qy(s) depending on the
| argument values;

P(s),Q(s) are numerator and denominator of the TF

W, (8) ;

Q, () is a denominator of the TF w(s);

Qo 1is a first approximation of the denominator of the
TF w,(s);

Qy(s) is a denominator of TF w,(s) at the k-th

iterations step;

Qd(S,yeu) is a component CP of CS caused by the
instability of the model parameters depending on the
complex variable s and the image ., of the signal at the
output of the CS;

Ook> Gk Ook » G2, 0, 0o are coefficients of CP Q(S)
at the k-th iterations step and after their completion;

Iyi, fsi are exponents of the exponential functions in the

i-th term of approximation of variable components of the
model parameters &, (1), d,s(t) ;

s; is an i-th value of complex argument s;

U(w), V(o) are real and imaginary component of the

APFC of the open CS;
U jv is a plane of the real and imaginary components

of the APFC w(s) of the opened CS;
w(s) is a TF of the opened CS;
W, (S), W (S) are TF of CS;
W, (S) is a first approximation of TF W, (S) ;
W, (s) is a TF w,(s) at the k-th step of the

iterations;

O is an equivalent rotation angle of the steering wheel
of the CS regulator’s executive device;

1, is a specified value of the stability margin on the
CP roots plane;

Mok » Mp are margins of stability on the CP roots
plane at the k-th iteration step and after its end,;

Na>Mpnh are CS stability margin indicators by

amplitude and by phase;

Nacr» Nphet ar€ stability margin indicators when using
the method of frozen coefficients;

v, \, J are yaw angle and its derivatives;

Vg, g are given values of the yaw angle and its

derivative;
yo(s) is a first approximation of the image of the

output signal of the CS;
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o; is a value of the circular frequency at which the
APFC of the open CS crosses a circle of unit radius.

INTRODUCTION

The main requirements for the CS, as that’s known are
to ensure the specified parameters of the stability margin
indicators and the accuracy of the trajectory. The
fulfillment of these requirements is achieved by choosing
the structure and parameters of the regulator and
modeling the disturbed motion of the rocket in the
vicinity of the nominal kinematic values.

At the first stage of CS development, a mathematical
apparatus is used in the form of a system of linear
differential equations with parameters that are assumed to
be constant in the vicinity of a certain trajectory point [1],
while as a result of fuel consumption, an increase in speed
and flight altitude, the parameter values can change by
tens of percent. That is, the so-called method of frozen
coefficients is used, as a result, the dependence of the
parameter on time is a piecewise-constant function. The
advantage of this approach is the possibility of using it to
solve the problems of analysis and synthesis of the
mathematical apparatus of linear stationary systems, in
particular, the Laplace transformation and obtaining the
TF, based on which the accuracy and stability indicators
are determined. The disadvantage is the presence of an
error in the value of the model parameters, which is the
largest at the extreme points of the selected time interval.
This leads to the need to introduce reserve factors to
obtain the specified values of the indicators guaranteed,
which leads to an increase in the requirements for the
power of the CS executive device and, as a result, to a
decrease in the weight of the rocket’s payload.

In this work, on the interval of the trajectory, where
the time-varying system is matched by an equivalent
stationary one, the variable component of the model
parameter is approximated by exponential smoothing,
which, thanks to the known properties of the Laplace
transform, significantly simplifies the algorithm for
obtaining the TF in comparison with approximation by
other functions, for example, power series.

The TF includes a component that describes the
influence of time instability of the model parameters on
the CS indicators, but its coefficients on the selected
trajectory interval do not depend on time, that is, it is a
mathematical model of an equivalent stationary system.

Compared to the method of frozen coefficients, where
the dependence of the parameter on time is a piecewise
constant function and the largest error take place at the
extreme points of the interval, the error of the parameter
is determined only by the accuracy of exponential
smoothing.

The TF of an equivalent stationary system makes it
possible to determine the dependence of the CS
indicators, particularly the margin of stability on the
design parameters by using the mathematical apparatus of
stationary systems.
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The object of the study is the control of the rotational
movement of the rocket in the yaw plane.

The subject of the study is the stationary
approximation of the LTV at a given time interval
obtained by using the Laplace transform of non-time-
constant components of the CS model.

The purpose of the work is to develop a methodical
support for the construction of an algorithm for calculat-
ing the indicators of the margin of stability of the time-
varying system of controlling the rotational motion of the
rocket in the plane of yawing using the equivalent sta-
tionary approximation on a given time interval.

1 PROBLEM STATEMENT

The known in the theory of automatic control
approach to determine the margin of stability uses the
APFC of an open control system and based on the
Nyquist criterion, according to which is performed an
analysis of its location relative to the critical point with
coordinates —1, jO on the plane of real and imaginary parts
of the APFC.

CS open at point A is a series connection of the
regulator and CO (Fig. 1). The rotary motion of the rocket
in the plane of yawing is taken as the CO, the input signal
of which is perturbing acceleration m and the equivalent
rotation angle § of the regulator’s executive device.

L

m |
—{+} regulator =

control object —e

‘ A

Figure 1 — Control sysems structural schema

The level of complexity of CS mathematical models
depends on the research task. The order of the system of
differential equations can be between 2 and 16.

For example, the disturbed motion of a typical three-
stage space rocket in the channel of yawing, considering
the first harmonic of fuel vibrations in four tanks and two-
tone elastic oscillations of the rocket body, is described by
a system of differential equations of the 16-th order [1].

The study of the stability of the rotational movement
of the rocket at the first stage of design can be carried out
without considering the fluctuations of the fuel in the
tanks, the inertia of the executive device, the disturbed
movement of the mass center and the final stiffness of the
rocket body, since the frequency spectrum of the
mentioned factors overlaps insignificantly. As a result the
CO is considered as a rigid body, and the disturbed mo-
tion in one of the stabilization planes (for example, in the
plane of yawing) is described by a second-order differen-
tial equation, the coefficients of which have the constant
and time-variable components:

Y =ayy, () y+ayst)-8+m=
=[ayy + 8y, O] v +[ays +éw5(t)]~8+m . (1)
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In this work, on the example of the rotational motion
of a “solid” rocket in one plane, the possibility of
obtaining a stationary approximation of the LTV on a
selected trajectory section by applying the Laplace
transformation of equation (1) is considered, where the
variable components of the model parameters a,,,(t) and
ays (1) are given by the sum of exponential functions.

As a result, the TF of the open system and,
accordingly, the APFC, based on which the indicators of
the margin of stability are determined, do not depend on
time, as in stationary systems.

This approach complements the methodical base of
design work, as it makes it possible to establish trajectory
intervals with constant LC coefficients, which has the
consequence of reducing the level of complexity of the
rocket motion control algorithm.

2 REVIEW OF THE LITERATURE

The issue of analysis and synthesis of LTV is an
integral part of the theory of automatic control, the
development of which is caused by the need to solve
several technical problems, particularly, the design of CS
for the movement of aircraft. For their research, with the
aim of determining the LC that provides the specified
indicators, various variants of the mathematical apparatus
is used, for example, Lyapunov differential inequalities,
matrix polynomials, Lyapunov — Krasovsky functionals,
Lyapunov — Bregman functions, Lyapunov’s parametric
equations, models predictive control, differential
equations with constant coefficients around a certain time.

Analysis of stability of LTV compared to stationary
systems is much more complicated for several reasons.
First, another formulation of the concept of stability,
secondly, there is no obvious connection between the
stability of the LTV and the eigenvalues of the matrix of
the equations system. In addition, the result of the
analysis largely depends on the state transition matrices,
the possibility of determining which is obvious not
always [2].

The construction of LF for LTV is related to the
solution of a scalar differential equation, which contains
both improper and double integrals [3]. For scalar LTV, a
method of LF construction based on the use of the integral
of the system parameter with a weight function on a finite
interval is proposed. Conditions are imposed on the
weight function so that LF is positively defined and
uniformly bounded, and its time derivative according to
the LTV equations is negatively defined, which is a
criterion of stability.

New methods of LF construction for a certain class of
LTV are proposed [4], Lyapunov’s inverse theorem for
asymptotic stability is proved. Its necessary and sufficient
conditions are obtained based on the proved Lyapunov’s
differential inequalities [5].

With the use of Riccatti equations and matrix
inequalities, an algorithm for assessing the stability of
LTV, whose disturbances are described by quadratic
constraints, was developed [6].
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Obtaining the specified technical indicators of the
LTV by using the Lyapunov stability theory is shown on
the examples of spacecraft orientation systems [7, 8];
control of the disturbed movement of the aircraft in the
pitch plane [9], the movement of the aircraft with vertical
take-off and landing [10, 11], the glider in the presence of
prohibited flight zones [12—-14], guidance when meeting
the conditions at the end of the flight interval [15].

The effectiveness of using Lyapunov’s differential
inequalities for the construction of the algorithm for the
calculation of CL is shown, which provides a compromise
between the requirements of speed and accuracy of
stabilization, the properties of the transient process are
established, and the assumption of a limited range of
coefficient changes is removed.

The concept of building a dynamic controller in LTV
feedback, when its parameters are known only
approximately, has been developed [16]. The sufficient
and necessary conditions for the possibility of solving the
problem in the form of matrix inequalities are obtained,
based on which the parameters of the controller are
determined.

In the control system of the rocket rotational
movement the model parameters deviation from the time-
varying nominal values can amount to ten or more
percent, therefore, to increase the efficiency of using the
method of frozen coefficients, an algorithm for their
refinement by using the data of measuring devices on the
current values of part of the state vector coordinates is
proposed [17]. Algorithms for specifying LTV parameters
for various types of disturbances are also described in
works [18-21].

The presence of non-linear links in the aircraft traffic
CS complicates the task of obtaining the specified
indicators, particularly, the stability margin. Linearization
of non-linear links at certain points of the trajectory leads
to LTV. The perespective method of predictive control
[22, 23] was used for their research. An example of its
application can be a predictive controller for solving the
problem of meeting spaceships in the context of a limited
three-body problem, which can be used to control the
docking process with space stations between the Earth
and the Moon [24].

The analysis of available sources shows that the
problem of quantitative assessment of the stability margin
of time-varying control systems, in particular systems for
controlling the rocket rotational movement does not have
a proper solution.

Based on the equivalent stationary approximation of
the LTV on a certain trajectory section, this indicator can
be defined as the reduced smallest distance from the
selected point in the space of LC coefficients to the
boundary of the stability region or on the plane of the CP
roots as the distance from its imaginary axis to the nearest
root, and also based on the criterion stability by Nyquist
through analyzing the APFC of an open system as a
amplitude margin and phase margin.
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3 MATERIALS AND METHODS

As is known, the sequence of determining the CS
stability margin includes the following actions: the
choice of a mathematical model, for example, in the form
of differential equations; their Laplace transformation and
obtaining the TF; transition from TF to APFC of an open
system under the condition of using the Nyquist stability
criterion.

Representation of the variable component of
parameters of the CS model (Fig. 1) by the sum of
exponential functions has advantages from the point of
view of the level of complexity of the transition from
differential equations (1) to TF. This follows from the
well-known properties of the Laplace transform of the
time function f(t) into a function of the complex

variable S, which is called the image and can be written
as:

L{f(t)}:of f(t)-e St dt. )
0

When the approximation of the variable component of
the CS model parameter is carried out by the sum of, for
example, six exponential functions, that is

6
8,y 0 =YCpi eV, 3)
i=1

then based on (2, 3) the Laplace transform of the separate
component of equation (1) according to the image delay
theorem will be as follows

6 6
Li-a,, ()} = L{W-ECW vl :Ecwi WS-, (4)

Therefore, relation (4) gives the Laplace
transformation of the product of the yaw angle y on the

variable component of the model parameter, which has
the consequence of simplifying the transition from the CS
differential equation to the TF.

If in LC — the dependence of the equivalent rotation
angle o of the regulator’s executive device steering
wheel on the given and actual value of the yaw angle
Vg, y are taken into account with the coefficients

k. ky, their time derivatives g,y , that is
8=(wg +v)-ky + (g +¥) k. (5)
then in the CS model (1) there will also be products of the

yaw angle y and its derivative  on the variable
component of the model parameter a;s (t)

OPEN 8 ACCESS




p-ISSN 1607-3274 Pagioenexkrponika, iHpopmaTuka, ynpasiinus. 2024. Ne 3
e-ISSN 2313-688X Radio Electronics, Computer Science, Control. 2024. Ne 3

6
~ ot
y-d,5(t) =y Y Cgi-eb",
i=1

6
Vo5 =Y Cy el (6)
i=1

The use of ratios (2, 4, 6) and the method of
integration by parts establishes a connection between the
individual terms of the CS equation (1) and their images:

6
Liw a5} =2 Csi - w(s—T5) .
=

6
L{y-d,5(0} =D Csi -w(s—T5)-(S—T5) . (7
i=1

According to (1, 3-7), the CS equation can be written
in the form:

\V v (aw\y+zc i e“” )_
i=1

6
~(ky WKy W)@y + ) Coi 5 =

6
= (ky -Wg +ky Vo) @5+ 2. Coi-eBH+m. (8
i=1

It’s known the principle of superposition is valid for
linear systems, according to which the result of the action
of the input signal yg4(t) or m(t) can be determined

independently. In order to build an algorithm for
calculating indicators of the CS stability margin from two
possible TFs

Liv(t)}
Livg(®)}

Liw(D}
Lim()}

_v(s)

_ v
m(s)

W2(9)= Vg(s)’

Wi (8) = ———

in this work, the TF w;,(s)
determined by the Laplace transformation of equation (8)
at zero initial values.

To obtain the TF, the differential equation (8) is
transformed into an algebraic one with respect to the
images of the actual y(s) and specified yg4(s) value of

is selected, which is

the yaw angle:

w(s)-[s? —kw Ays *S —Ky Bys —8yy —

B wl) Cy(-rs)
Z - Z v(s)

© Avdieiev V. V., Alexandrov A. E.,
DOI 10.15588/1607-3274-2024-3-16

2024

6
- W(s — f5) (5 -
‘k\u‘gc&' 6'(8)

Vg (8) [ays - (K, +ky -8)+

i), _

\Ifg(s Isi )
+k C +
§ B0
6 ot ) (S — I
' Vg (s—Tsi)-(S—T5)
ky - Cs; - .
+ky é si ve® ] (10)

Equation (10) makes it possible to obtain the TF
W, (s) in the form of a fractional-rational function of a

complex-type argument S:

v(s) _ PG

vg(s) Q)

WZ(S) =

where the designations are accepted:

P(s) =5 (k, +ky, S)+k“’écsi'%+
+k\'4, -ﬁ;‘CSi .\Vg(S—qjagizégs— I5i) ’ o
Q(s)=s” -k, 3 5'S_k\v'5w5—5
6 —r .
_ECW% v 21 o
«, éc& Ao )

Iterations are necessary to obtain the TF w,(S) , since
the image of the output signal y(S) is included in the last
three terms of the equation (10) left part, which are a
consequence of the time instability of the model
parameters on the trajectory’s selected section and
considered as a disturbance in this work.

To obtain the first approximation of the image of the
output signal wy((s) necessary for the iterations, the

image of the signal at the input of the CS wyg(s) is

required, the choice of which does not affect the
indicators of the stability margin. From the point of view
of the complexity level of the algorithm, it can be taken as
constant — single signal with accuracy up to the factor d,
that is g = d-1(t). Then according to (2)

yg(s)=d/s.

When the disturbance is not taken into account, then
in equation (10) terms with coefficients C;,Cs; are

assumed to be zero and the first approximation of the TF
W, (s) will have the form
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v (Ky +Ky -S)

-S— k\v ays — yy

Yo(s) _
Yg(s)

Wy0(S) =

. (13)

27 s k
The first approximation of the output signal’s image
Wo(8) =Wg(s)-Wyo(s)=d-Wyp(s)/s.

Numerator (11) of TF w, (S)

P(s)=ay,5- (K, +ky -5)+
+s-(k, ZCS' +ky ZCs. (14)
— i i=1

according to equation (10) and relations for the terms of
its right-hand side:

Vgs—w) s yg(s-0)(s—a)
\Vg(s) S—(X,’ \Vg(s)
The LC coefficients (5) k,, and k , which are

included in (8, 10-14), are determined for the selected
trajectory interval based on the given previous values of

the margin of stability n; on the CP roots plane and the
frequency f; of the rocket body oscillations in the

transient process of disturbance compensation:

2 ! =
kW :—(T]l +47[ fl +a\W)/ S k‘V :—an /a.wé. (15)

Relations (15) are obtained from the fact that the roots
of the denominator Q, of the first TF approximation

(13) according to the values m; and f; are as follows:
51’2 =-1N + J 21 fl .

Iterations to determine the denominator Q(s) TF

W, (s) — CP can be carried out according to the scheme:

Qe (5) = Qp(8) ~———— [ZCW. Wit (8= Fyi) -

k1()

—Ky 'ZCBi Yy (S T5) —
izl

., 6
—ky 2. Csi W1 (S—15) - (=T )} (16)
i=l
W (5) =y (9) = g (6) W (5) -
Q (s) g
=Wy, (s)-d/s;k=1,n,
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where the index k is the number of the iteration step,
Qp(s) is the denominator of the TF (13), in which the

disturbance is not considered.

At each step of the iteration, an array N of | rows
and two columns is created, in which the values of CP
Qi (s) are entered, where the argument S varies in a
range sufficient to calculate the passage of the APFC in
the vicinity of the critical point according to the Nyquist
stability criterion. By processing this array with the use of
MLS (I equations with three unknown coefficients of
the CP), the current coefficients Oy, Gk, 0ok of the CP

and, accordingly, the values n,, f5 are determined.

The number of iteration steps n depends on the
results of checking the achievement of the specified value
of the difference of the modules selected to control the
convergence of the values at the current and previous

step, for example ‘fzk - f2k—1‘ or ‘nzk _nzk—l‘ .
The result of the performed iterations is the indicator
N, of the stability margin on the CP roots plane and TF
(9) of the closed system
P(s)

WZ(S): 2 )
Qo -S™+Q;-S+(g

a7

which is necessary to determine the indicators of the
stability margin according to the Nyquist criterion. These
indicators are based on the TF of the system open at point
A (Fig. 1),

W, (S)
1+w,(s)

P(s) _ PG

W) = G5 05+ 0p+P(S) Qal®)

> (18)

taking into account the location of the polynomial Q,(S)

roots.
The formulation of the Nyquist criterion depends on
the number of polynomial Q,(S) roots in the right half

of the complex plane.

For example, when one of the roots is located in the
right half of the plane, then the CS is stable, if in the
frequency interval from zero to infinity the critical point
K in this criterion is semi-encircled by the open system’s
curve of APFC

P(jo)
Qa(jo)

w(jo)= =U(0)+ j-v(o), (19)

where the polynomials P,Q, are represented in formulas
(14,17, 18).

Indicators of stability margin in terms of amplitude
Na and phase np, are determined based on the APFC

of the open system (19).
The peculiarity of the application of the torque of the
CS executive device to the rocket body is that the model
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parameter a,,5 (1) is less than zero, therefore, unlike the

a
0
classical version of the Nyquist stability criterion, the
coordinates of the critical point on the plane u jv are as
follows: [+1 j-0].

The margin of stability by amplitude mn, is the

distance from the point K to the point S of intersection
of the APFC (19) and the circle of unit radius with the
center O of the plane u jv, and the margin of stability by

phase mpy, is the angle’s value between the axis Ou and
the vector OS (Fig. 2).

1w

u:u(;E".

Figure 2 — Margin of stability by amplitude and by phase

The named indicators of the margin of stability are not
independent, the relationship between them is determined
by the following ratios:

2
n
Ma =2 (I=cosTgn) . mpy =arceos(1—12),

which can be used for additional control of the obtained
results.
The choice between m, and mp, in the process of

studying the system’s dynamic characteristics depends on
the specific task.

To calculate the described indicators of the stability
margin of the CS on the selected trajectory interval, the
following data are required:

— constant components of the model parameters (1)

Ay > Ays 5
— coefficients of approximation of variable component
of the model parameters by the sum of exponential
functions (3, 6)
C

e I’Wi, CSi , rﬁi, i= 1,6;

— the preset values of the stability margin n; on the

plane of the CP Q(S) roots and the frequency f; of the

rocket body oscillations in the transient process of the
disturbance compensation.
The results of the calculations should be:

~ LC coefficients (5) k., ky, ;
— values of the stability margin n, on the CP Q(S)

of the rocket body

oscillations in the transient process of the disturbances
compensation;
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roots plane and the frequency f,

— indicators of the stability margin of the CS by
amplitude n, and by phase npp .

Bringing these indicators closer to the desired values
can be ensured by correcting m;, f; or characteristics of

the CS executive device.

4 EXPERIMENTS

The purpose of the experiments is to verify the
described methodological support for the construction of
the algorithm for determining the indicators of the CS
stability margin on the example of the trajectory section
of the rocket first stage, where the deviations of the model
parameters from their average values can be 40%.

On this trajectory section, the variable components of
the model parameters in the equation (1) are
approximated by the sum of exponential functions (3, 6),
the coefficients of which and exponents are given in the
Table 1.

Table 1 — Approximation coefficients of the model parameters
variable components

i Nyi Cyi f5i Csi

1 0.14149 5365 0.04742 | 2.836
2 0.14266 _17210 0.06852 | 10.296
3 ~0.30716 11781 | 0.00621381 | 0.565
4 0.14383 24170 0.1209 | 0.0661
5 031185 | —11.579 05 | 4310

9
6 0.14445 ~12320 0.07312 | _8.017

According to the sequence of the described actions,
the following data are also required to build the algorithm
for calculating the indicators of the stability margin of the
rocket rotational motion control system in one plane:

— constant components @, d,s of the model
parameters in the equation (1);

— preset values of the stability margin n; on the plane

of the CP roots and the frequency f; of the rocket body

oscillations in the transient process of the disturbance
compensation.
For the selected trajectory section, the coefficients CL

Ky, Ky
variants of the previous values of the stability margin n,

(Table 2).

are determined according to (15) with two

Table 2 — Data for calculation of LC coefficients

a\V\V a\VES N1 fl
52 5! Hz
1.2
0.849 -0.331 . 0.3
0.5

The experiments were carried out in the Mathcad
environment, in which the following data determination
procedures were used:
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— polyroots(q) — the roots of the polynomial whose
coefficients are entered in the array q;

— angle(a,b) — the angle between the abscissa axis and
the vector with coordinates a, b;

— Minimize(f,x) — argument X, at which the function
f(x) is minimal;

— Re(f), Im(f) — real and imaginary component of the
complex function f.

The main procedures that were necessary for the
operation of the algorithm are as follows:

— fim(l,a,b,Q) — entry into the array | values of the
argument X in the range a...b and the corresponding values
of the function Q(X). By processing this array using MLS,
it is approximated by a polynomial of a given degree;

— fq(l,mq) — calculation of the coefficients o, q1, 02
of the polynomial Q (16) by processing array mq of |
rows using the MLS, which is also filled by the fm
procedure:

-1 r -

r | | |
I Yy Y > Q)
i ia o
g | I I
G =] s s XS | | 2sicQG) |
| [F == iz
L, L4, L
TIPS s -Q(sp)
lio o x| Lia ]

— yf(s,90,91,92) — determination at the current step of
the iteration of the image of the CS output signal
depending on the complex argument S and the coefficients
of the polynomial Q (12, 16) under the action of the
disturbance yg(t) =1(t),

P(s)

(0y-8%+0,-5+0g)-S

yf(s,00,01,0) = (20)

— Qd(s,Weur) — calculation of the value of the
component of the polynomial Q (16), which is due to the
instability of the model parameters, depending on the
coefficients Qok, Qik, ok Of the function ., (20) at the
current iteration step;

Q(s,ycur) — calculation of the CP value (16) at the
current iteration step:

5 '
Q(s,Weyr) =5 _a\VS'k\u S—8yy —

_E\VS : k\u _Qd (s, \chr) ;

— U(®), V(w) — the real and imaginary component of
the APFC of the open system according to (18):

Re(W, ( jo))+|w, (jo)

U(o) = - —,
1+ 2 Re(W, (jo))+|w, (jo)|
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(&)= tmwy (jo)
1+ 2 Re(W, (jo)) +|w, (jo)|
— fl(w) - function for -calculation using the

Minimize(f;,®) procedure of the frequency w;, at which
the APFC crosses a circle of unit radius:

fi(©) =|u(@)” + V(@) -1;

— MNa(®1), Mpu(®;) — formulas for calculating the
stability margin according to the Nyquist criterion by
amplitude and by phase:

(1) = [ @(e) -1 +v(@)? ],

Nph (@) = angle(u(wy), V(o).

Experiments with the use of the above tools made it
possible to verify the possibility of using the sequence of
actions described in section (3) to determine indicators of
the CS stability margin at the selected trajectory section.

5 RESULTS

The advantage of representing the variable
components of the model parameters as a sum of
exponential functions is a simple transition from the CS
differential equations (8) to their Laplace transformation,
and the disadvantage is that iterations are necessary to
obtain the TF. This can be seen from equation (10), in
which the image y(s) of the CS output signal is included
in the terms of the left part of the equation, which are due
to the instability of the parameters.

The convergence of the iterative process of
determining the instability influence of the model
parameters on the stability margin 1 for the selected data
example and two variants of the initial value m; is shown

in Tables 3, 4.

In the third and fourth columns of the Tables 3, 4 are
shown fragments of the array N in which | values of CP
Q(sj) are entered in the range of arguments sufficient to
establish the position of the APFC of the open system
relative to the critical point in the Nyquist criterion.
Processing of this array using MLS gives the coefficients
and roots of CP (16) after the current iteration step.

As follows from these Tables, for the selected data
example, three iterations are enough so that the indicator
1, of the CS stability margin, considering the instability
of the model parameters, was calculated with an error of
no more than 0.01 s,

As is known, to calculate the parameters of the
stability margin by amplitude m, and by phase mp,

based on the Nyquist criterion, the APFC w( jo) of the

open system (19) is needed in the vicinity of the
frequency range ®, in which its passage relative to the
critical point with coordinates [+1 j-0] on the plane
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Table 3 — Convergence of iterations at 1y = 1.2 s

Table 4 — Convergence of iterations at 1; = 0.5 st

i Si Qu(si) N2 Moz k1 k||l Si Q«(si) 2 Mok M2k
1104 3.01972 1 0.4 3.01972
2 | 0.73043 5.3342038 2| 0.73043 3.5782648
3| 1.06087 6.5131834 0.9064601 —0.2935395 3 1.06087 4.4027546 0.3665767 —0.1334233
. e | 1] .
1|8 82.30107 | 8 72.5998937
02, dn Goi 02 qn o1
1.00444 1.82097 3.47350 1.00346 0.73569 2.51093
1 0.4 4.4387594 1 0.4 2.679288
2 0.73043 5.3424195 21 0.73043 3.1218419
3 1.06087 6.5218544 0.9059249 -5.35.10* 3 1.06087 3.8378597 0.2033659 -0.1632108
21 . T e, 21 .
| 8 82.3035688 | 8 69.8009891
022 iz oz o553 iz oz
1.00446 1.81992 3.48263 1.00446 1.81992 3.48263
1]04 4.4386312 1 0.4 2.6741968
2] 073043 | 5.342307 2] 0.73043 3.120315
X 3| 1.06087 6.5217596 0.9059502 -2.53-107 3| 1.06087 3.8388745 0.2046855 0.0013196
BIE 823035647 ’ i 5 69.8023279
023 di3 o3 03 013 Jos
1.00445 1.81997 3.48250 1.00376 0.41091 2.29259
Table 5 — Indicators of the CS stability margin
The formulation of the criterion depends on the roots m | m M | M Mon | Tphet
of the CP of the open system, which can be determined, s - degrees
for example, by the Minimize procedure in the Mathcad 1.2 0.906 | 0717 | 0.842 | 42.0 49.8
environment. For the data example in the Tables 1, 2 and 0.5 0205 0.174 0414 10.0 23.9
n,=1.2 ! they are equal to —0.963 and +1.075, i.e. one of 6 DISCUSSION

the CP roots is in the right half of the roots plane.
Therefore, according to the Nyquist criterion, the CS
stability takes place under the condition that the curve of
the APCH (19) is in the range frequency o from zero to
infinity (Fig. 2) makes a semicircle above the critical
point K with coordinates [H j-0 .

The calculations performed according to the described
algorithm show that the instability of the model
parameters for the data example (Tables 1, 2) at =12 s~
" leads to a decrease of the stability margin in comparison
with the results of the method of frozen coefficients for
the selected trajectory section on the CP roots plane (16)
by approximately 25% and, according to the Nyquist
criterion, the stability margin in term of amplitude by
15%, in term of phase by 16%.

Since the relationships between the named indicators
are not described by linear functions, the ratios between
them in quantitative terms do not coincide.

When 1,=0.5 s™' the indicators of the stability margin
on the CP roots plane decrease by approximately 59%,
and according to the Nyquist criterion, the stability
margin in terms of amplitude and phase decreases by 58%
(Table 5).

The experiment results show the possibility of
building an algorithm for calculating the stability margin
indicators of a time-varying CS on a selected trajectory
section obtaining an equivalent stationary CS using the
Laplace transformation of the model parameters time-
varying components given by the sum of exponential
functions.

© Avdieiev V. V., Alexandrov A. E., 2024
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To use the described actions in the design work for the
construction of the algorithm for calculating the stability
margin indicators, it is necessary given by tables or
graphs of the dependence of the model parameters on
time. The flight path is divided into sections, on each of
which are determined coefficients of approximation of the
model parameters variable components by the sum of
exponential functions.

Based on the CO characteristics and the CS executive
device, the desired values of the CP roots are assigned.

The Laplace transformation of the variable
components of the model parameters makes it possible to
move from a differential equation with time-varying
coefficients to a TF, which matches LTV with an
equivalent stationary system on a seclected trajectory
section.

The proposed approach to determining the stability
margin indicators of time-varying CS has the advantage
that their error is the same for all points of the selected
trajectory section, while when using the method of frozen
coefficients, the error depends on the distance to the
middle point of the trajectory section. This can give a
possibility of increasing the size of the trajectory sections
and, accordingly, reducing their number.

CONCLUSIONS
The scientific novelty of the work consists in the
development of a methodology for determining the
indicators of the margin of stability of a time-varying
rotary motion control system of a rocket by means of
Laplace transformation of the variable component of the
mathematical model parameters given by the sum of

exponential functions.
OPEN a ACCESS
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The practical significance of the obtained results is
the expansion of the methodological basis for the design
rocket motion control systems.

Prospects for further research is to assess the
complexity level of the algorithm taking into account the
inertia of the executive device and the disturbed
movement of the mass center.

ACKNOWLEDGEMENTS

The work was performed on the basis of the materials
of the state budget research topic “Control and
telecommunication systems and processes of aircraft and
ground systems. Modeling of complex technical proc-
esses”. State registration number 0122U001324 dated
February 9, 2022.

The authors express their gratitude to the staff of the
Department of Cyber Security and Computer-Integrated
Technologies of the O. Gontchar Dnipro national univer-
sity and the National Center for Aerospace Education of
Youth named after O. M. Makarov for support.

REFERENCES

1. Thdalov I. M., Kuchma L. D., Poliakov M. V. et. al. Dy-
namic designing of rockets. Dynamic problems of rockets
and space stages: /][44 monograph. D., JIIPA, 2013, 280 p.

2. Tianrui Zhao, Zhou Bin, Michiel Wim Stability analysis of
linear time-varying time-delay systems by non-quadratic
Lyapunov functions with indefinite derivatives, Systems &
Control Letters, 2018, No. 122, pp. 77-85. doi.org/10.1016/
j-sysconle.2018.09.012.

3. Zhou Bin, Yang Tian, James Lam On construction of
Lyapunov functions for scalar linear time-varying systems,
Systems & Control Letters, 2020, No. 135, P. 104591.
doi.org/10.1016/j.sysconle. 2019.104591.

4. Kawano Yu. Converse stability theorems for positive linear
time-varying systems, Automatica, 2020, No. 122, P.
109193. doi.org/10.1016/ j.automatica.2020.109193.

5. Zhou Bin On asymptotic stability of linear time-varying
systems, Automatica, 2016, No. 68, pp. 266-276.
doi.org/10.1016/j.automatica. 2015.12.030.

6. Peter Seiler, Moore Robert M., Meissen Chris et. al. Finite
horizon robustness analysis of LTV systems using integral
quadratic  constraints, Automatica, 2019, No. 100,
pp. 135-143. doi. org/ 10.1016/j.automatica.2018.11.009.

7. Bin Zhou Lyapunov differential equations and inequalities
for stability and stabilization of linear time-varying systems
Automatica, 2021, No. 131, P. 109785.
doi.org/10.1016/j.automatica. 2021. 109785.

8. Mullhaupt Ph., Buccieri D., Bonvin D. A numerical suffi-
ciency test for the asymptotic stability of linear time-varying
systems, Automatica, 2007, No. 43, Issue 4, pp. 631-638.
doi.org/ 10.1016/j.automatica.2006.10.014.

9. Xiaochen Xie, James Lam, Chenchen Fan et. al. A polyno-
mial blossoming approach to stabilization of periodic time-
varying systems, Automatica, 2022, No. 141, P. 110305.
doi.org /10. 1016/j.automatica.2022.110305.

10. Snyder Steven, Zhao Pan, Hovakimyan Naira Adaptive
control for linear parameter-varying systems with applica-
tion to a VTOL aircraft, Aerospace Science and Technology,
2021, No. 112, P. 106621.
doi.org/10.1016/j.ast.2021.106621.

11. Tian Bailing, Zong Qun, Wang Jie et al. Quasi-continuous
high-order sliding mode controller design for reusable

© Avdieiev V. V., Alexandrov A. E., 2024
DOI 10.15588/1607-3274-2024-3-16

194

12.

13.

14.

16.

17.

18.

19.

20.

21.

22.

23.

24.

launch vehicles in reentry phase, Systems & Control Letters,
2013, No. 28.1, pp- 198-207.
doi.org/10.1016/j.ast.2012.10.015.

Xingling Shao, Honglun Wang, HuiPing Zhang Enhanced
trajectory linearization control based advanced guidance and
control for hypersonic reentry vehicle with multiple distur-
bances, Aerospace Science and Technology, 2015, No. 46,
pp- 523-536. doi.org/10.1016/j.ast.2015.09.003.

Yu Wenbin, Chen Wanchun, Jiang Zhiguo et. al. Analytical
entry guidance for no-fly-zone avoidance, Aerospace Sci-
ence and Technology, 2018, No. 72, pp. 426-442.
doi.org/10.1016/j.ast. 2017. 11.029.

Wenbin Yu, Chen Wanchun, Jiang Zhiguo et. al. Analytical
entry guidance for coordinated flight with multiple no-fly-
zone constraints, Aerospace Science and Technology, 2019.
No. 84, pp. 273-290. doi.org/10.1016/j.ast.2018.10.013.

. Zhang Whanging, Chen, Li Jinglin et al. Guidance algorithm

for impact time, angle, and acceleration control under vary-
ing velocity condition, Systems & Control Letters, 2022, No.
123, P. 107462. doi.org/10.1016/ j.ast. 2022.107462.
Zhang Baoyong, Xu Shengyuan, Ma Qian et al. Output-
feedback stabilization of singular LPV systems subject to
inexact scheduling parameters, Automatica, 2019, No. 104,
pp- 1-7. doi.org/10.1016/j.automatica.2019.02.047.
Avdieiev V. V. Opredelenye parametrov modely systemyi
stabylyzatsyy raketyi v protsesse poleta, Mezhdunarodnyi
nauchno-tekhnycheskyi zhurnal «Problemyi upravlenyia y
ynformatyky», 2021, No. 6, pp. 78-92. (In Russian).
doi.org/10. 34229/1028-0979-2021-6-8.
Daniel Silvestre. Set-valued estimators for uncertain linear
parameter-varying systems, Systems & Control Letters,
2022, No. 166. 105311.
doi.org/10.1016/j.sysconle.2022.105311.
Bako Laurent, Ndiaye Seydi, Blanco Eric An interval-
valued recursive estimation framework for linearly
parameterized systems, Systems & Control Letters, 2022,
No. 168, P. 105345. doi.org/
10.1016/j.sysconle.2022.105345.
Tranninger Markus, Seeber Richard, Horn Martin Strong
detectability and observers for linear time-varying systems,
Systems & Control Letters, 2022, No. 170, P. 105398.
doi.org/10.1016/ j.sysconle.2022.105398.
Korotina M., Romero J. G., Aranovskiy S. et al. A new on-
line exponential parameter estimator without persistent exci-
tation, Systems & Control Letters, 2022, No. 159, P. 105079.
doi.org/10.1016/j.sysconle.2021.105079.
Golzari Ali, Pishkenari Hossein Nejat, Salarich Hassan et
al. Quaternion based linear time-varying model predictive
attitude control for satellites with two reaction wheels, Aero-
space Science and Technology, 2020, No. 98, P. 105677.
doi.org/ 10.1016/j.ast.2019.105677.
Salahshoor Karim, Khaki-Sedigh Ali, Sarhadi Pouria An
indirect adaptive predictive control for the pitch channel
autopilot of a flight system, Aerospace Science and Tech-
nology, 2015, No. 45, pp. 78—87. doi.org/10.1016/ j.ast.
2015.04.016.
Sanchez Julio C., Gavilan Francisco, Vasquez Rafael
Chance-constrained Model Predictive Control for Near Rec-
tilinear Halo Orbit spacecraft rendezvous,Aerospace Science
and Technology, 2020, No.100, P. 105827. doi.org/10.1016/
j-ast. 2020. 105827.
Received 09.01.2024.
Accepted 16.08.2024.

OPEN a ACCESS




p-ISSN 1607-3274 Pagioenexrponika, iHpopmaTuka, ynpasiainus. 2024. Ne 3
e-ISSN 2313-688X Radio Electronics, Computer Science, Control. 2024. Ne 3

V]IK 629.764
3AIAC CTIMKOCTI HECTALIIOHAPHOiI CHCTEMM YITPABJIIHHSI OBEPTAJILHUM PYXOM PAKETH

ABaeeB B. B. — 1-p TexH. Hayk, npodecop, nmpodecop kadeapu kibepOesneku i KOMII I0TepPHO-IHTETPOBAaHUX TEXHOJIOTH, J{Him-
POBchKUii HallioHaNbHUH yHiIBepcuTeT iMeni Onecst ['oruapa, JHinpo, YkpaiHa.

AdexcanapoB A. €. — acmipanT kadeapu KidepOe3neku i KOMI I0TepPHO-IHTETPOBAaHUX TEXHOJIOTiH, JIHIMPOBCHKUI HAIllOHATb-
Huit yHiBepcutet imeHi Onecs ['onuapa, [{ninpo, Ykpaina.

AHOTAIIS

AxTyanbHicTh. CHCTeMa yIpaBIIiHHS PyXOM paKkeTH € HeCTAI[lOHapHOI0, OCKLIBKM B TPOIIECi MONBOTY 11 apaMeTpH 3ajiexarh
BiJl TOUKH TpaekTopil i BUTpaT nanusa. [loka3HUKH 3amacy CTiIHKOCTI BU3HAYAIOTh B 0OMEKEHOMY OKOJIi OKPEMHUX TOYOK TPAEKTOPIT 3
BUKOPUCTAHHSIM JITOPUTMIB, sIKi pO3pOOIICH] TINBKH IS JIIHIHHUX CTAI[IOHAPHUX CHUCTEM, IO MPU3BOAUTDH A0 HEOOXiITHOCTI BBEICH-
Hs Koe(ilieHTIB 3amacy B amapaTHHX 3aco0ax. B mocTymHux mkepenax po3poOIi METOAIB BU3HAUCHHS KUTBKICHOI OLIHKH 3amacy
CTIMKOCTI HeCTalliOHAPHOI CUCTEMH yTIPABIiHHS HAJICKHOT YBaru He MPUIUIAETHCS.

Meta podoTn — po3poOka METOANYHOTO 3a0e3MedeHHs1 MO0y I0BH aJITOPUTMY PO3PaxyHKyY HOKa3HHUKIB 3aracy CTiHKOCTi HecTa-
L[IOHAPHOI CHCTEMH YIIPaBIIiHHS 00epTaJbHUM PYyXOM PAaKeTH Yy IUIOMINHI PUCKAHHS 3 BUKOPUCTAHHSIM Ha BUOPAaHHX AIIBHHUIIX Tpae-
KTOPii €KBIBAJICHTHOT'O CTAlliOHAPHOTO HAOIMKECHHSI.

Meton. Marematu4yHa MOJENb CHCTEMH YIPaBIiHHA 00€PTATbHUM PyXOM PaKeTH B OJHIM IUTONIMHI MPUHHSTA y BUIIISAI JTiHIH-
HOro audepeHIifHOrO PiBHAHHSA 0e3 BpaXyBaHH: 1HEpLii BUKOHABYOTO MPUCTPOIO Ta iHMKX 30yproBaidbHUX (hakTopiB. Edekr Bigxu-
JICHHS TapaMeTpiB Bix iX cepemHix 3HaueHb JUIS NEeBHOI NUIBHUII TPAEKTOPIi pO3risIaeThest K 30ypeHHs, M0 A€ MOXKIUBICTD Te-
pexo.y BiJ HECTaI[iOHAPHOT MOJIETI IO EKBIBAIEHTHOI HAOMIKEHOT cTamioHapHoi. 1S OI[iHKH MOKa3HUKIB 3a1acy CTIHKOCTI BUKOPH-
craHmii kputepiit HalikBicTa, o crnmpaeThcs Ha aHaJ3 YaCTOTHOI XapaKTEPUCTUKH PO3IMKHEHOI CHCTEMH, JJISI BU3HAYECHHS SKOI
BUKOPUCTOBY€ETHCSI MaTeMaTHYHUI arnapat neperBopeHHs Jlammaca. 3 METOIO CIPOIIEHHs nepexony Bin ¢yHKUiH yacy y nudepeH-
LIHOMY piBHSHHI 30ypeHOro pyxy 10 (YHKIIH KOMIIEKCHOTO 3MiHHOTO y TepeTBopeHHi Jlaruiaca 3MiHHI y yaci mapameTpy MoJedi
MOJIaH1 y BUIISIAI CyMH €KCIIOHEHLIAIbHUX (QyHKIIiiL.

Pesyabrat. Po3poGiiene meroanuHe 3a0e3nedeHHs AUt M00YA0BH adrOpuTMy BH3HAYEHHS 3aracy CTiHKOCTI CHCTEMH YIpaB-
JIiHHA 00epTaIbHAM PYXOM paKeTH Ha 33/IaHii JUTBHUII TPAEKTOPIi 3 HETIOCTIHHIMH y Yaci mapameTpamH.

BucHoBku. Ha mpuknani HecTalioHapHOT CHCTEMH YTPaBIiHHSA OOEpTaTbHUM PYXOM PakeTH MOKa3aHa MOXKIHMBICTH BHKOPHC-
TaHHS NepeTBopeHHs Jlariaca Uit BU3HaueHHs IOKa3HUKIB 3a1acy CTifKOCTi.

OtpumaHi pe3ysIbTaTH MOXKYTh OyTH BUKOPHUCTaHI Ha IOYAaTKOBOMY €TaIli MPOEKTHUX POOIT.

Hacrynuuii eTan qociijpkeHHs 1€ OL[iHKa PiBHS CKJIQJHOCTI aJrOPUTMY IPH BpaxyBaHHI iHEpLii BUKOHABYOTO IPUCTPOIO Ta 30Y-
PEHOTOo PyXy LIEHTPY Mac.

KJIFOYOBI CJIOBA: ynpaBniHHs pyXOM pakeTH, JiHiiHa HecTal[ioHapHa cicTeMa, repeTBopenHs Jlaraca.
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