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ABSTRACT

Context. The basis for the creation and management of real queuing systems (QS) is the ability to predict their effectiveness. For
the general case of such systems with refusals, with limited approachability of service devices and with a random composition of
group requirements in the input flow, the prediction of their performance remains an unsolved problem.

Objective. The research has the aim to find an analytical representation for final probabilities in the above-mentioned case of
Markov QS, which allows us to predict the efficiency of its operation depending on the values of the parameters in its structure and
control.

Method. For the above-mentioned types of QS, the state probabilities can be described by a system of Kolmogorov’s differential
equations, which for the stationary case is transformed into a homogeneous system of linearly dependent algebraic equations. For real
QS in communication systems, the number of equations can be estimated by the degree set and amount to several thousand, which
gives rise to the problem of their recording and numerical solution for a specific set of operating conditions parameters values. The
predictive value of such a solution does not exceed the probability of guessing the numerical values of the QS operating conditions
parameters set and for parameters with a continuous value, for example, for random time intervals between requests, is zero.

The method used is based on the analytical transition to the description of QS states groups with the same number of occupied
devices. At the same time, the desire to obtain the final probabilities of states in a form close to the Erlang formulas remains. The
influence of the above-mentioned QS properties can be localized in individual recurrent functions that multiplicatively distort Erlang
formulas.

Results. For the above-mentioned types of QS, analytical calculation formulas for estimating the QS states final probabilities
have been found for the first time, which makes it possible to predict the values of all known indicators of system efficiency. In this
case, the deformation functions of the states groups’ probability distribution in QS have a recurrent form, which is convenient both
for finding their analytical expressions and for performing numerical calculations.

When the parameters of the QS operating conditions degenerate, the resulting description automatically turns into a description
of one of known QS with failures, up to the Erlang QS.

Conclusions. The analytical calculation expressions found for the final probabilities of the above-mentioned QS turned out to be
applicable to all types of Markov QS with failures, which was confirmed by the results of a numerical experiment. As a result, it
became possible to practically apply the obtained analytical description of the considered QS for operational assessments of
developed and existing QS effectiveness in the possible range of their operating conditions.

KEYWORDS: Markov queueing systems, requirements’ groups.

ABBREVIATIONS

AAMF is an anti-aircraft missile fire zone;

MAA is an enemy means of air attack;

M;/M/n is a designation of a QS with a Poisson input
flow of requirements groups with random composition,
with maximum number (L) of requirements in a group
(M), with an exponential distribution of random service
time for each requirement (M), with number (n) of
identical service channels (devices);

M/M/n is a Kendall-Basharin classification for QS
with failures;

No. i,j is a cell address in Table 1: i-row number,
j-column number;

QS is a designation for queuing system;

SAM is a designation for an anti-aircraft missile
system,;
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NOMENCLATURE

b, is a probability designation of occurrence in the
input flow of QS a request consisting of exactly r
requirements;

C," is a number of combinations from # to m;

dg is a probability of transition to the k-th level of the
model graph of queuing system by jumping through ¢
tiers of the graph;

/10 is a notation for the input density function of the
demand flow;

/£>0) is a notation for the service duration distribution
density function;

Fj is a probability deformation function, which

deforms the Erlang probability Py ;

1is a designation for the intensity of the requirements
input flow in QS;
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iy,.,i, is a designation for the numbers of specific

service devices;
ki ky are the numbers of channels that become

occupied when moving from previous states to the state
under consideration;

L is a designation for the maximum total requirements
number in one request;

M, 4 is a designation for the mathematical expectation
of devices number engaged in servicing;

M,, is a designation for the mathematical expectation
of the number of requirements in one request at the QS
input;

n is a designation for the number of devices/channels
in QS;

Nyissea 18 a designation for the aircraft number
mathematical expectation that have penetrated the air
defense system with impunity;

NiowiEn 1S an enemy aircraft total number in a blow;

P, is a notation for the QS state probability in which

are occupied exactly k devices;

P ij« 1s a designation for such a QS state probability in
which are engaged in servicing devices with numbers i, j,
k;

P,

ervice 18 @ designation for the probability of
requirements service in QS (QS performance indicator);

0Q;..;, 1s a probability of the requirement falling

within the service area of channels with iy,..,i,

numbers;

r is a designation for requirements number in one
request;

s is a number of air defense missile systems not
engaged in firing at enemy aircraft;

S; ; 1s one of possible QS states, in which channels
1ol

with numbers iy,..,i,, are busy servicing;

Tis a mathematical expectation of requirement’s
duration service time in service device;

v; is a designation for the requirement starting service
by one of the devices probability, given that i available
devices are occupied already;

vi' is a designation for the intensity of requirement
starting service by one of the devices, given that i
available devices are occupied already;

z; is a total area of j-fold overlap of service channel

accessibility zones;
zy 1s a total service area of requirements flow in QS;

A is a designation for the input requests flow
parameter in QS;

A, is a designation for the requests partial flow
parameter which consists of exactly r requirements in
each request at the input of the QS;

p is a designation for channel performance in QS;

p is a load factor of a service device in QS of M/M/n

type;
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OLZ is an intensity of the transition QS into a group of

states with k& occupied channels by a jump over ¢ group
states QS;
y; is a channel number occupied in the previous and

current states;
B; is a busy channel service number in a queuing

system;

7 ; is a probability of a requirement falling into the

J
total accessibility zone of exactly j service channels;

&, is a designation for the channels’ groups maximum
number m out of n channels’ total number;

py is a designation for the QS load factor by the

partial &, incoming flow of requests.

INTRODUCTION

To ensure life, every person has to periodically satisfy
their needs for food, clothing, communication services,
transportation services, banking services, medical and
other services. Needs for such services often arise at
unexpected (random) moments in time. For a group of
people within individual regions, such needs accumulate,
generating continuous flows of typical demands for
specific services.

For the noted conditions, the properties of such
random-time flows of events were investigated by
A. Ya. Khinchin [1], and he proved the statement about
the asymptotic emergence of a set of mathematical
features in these flows, which received the name
“simplest” flow of events.

Due to the repetitive nature of service requirements,
systems for processing and satisfying such requirements
are created in each specific area of activity to meet them.
The creation of systems requires preliminary calculations
of many parameters values for each system, which
determined the need for the emergence of calculation
models, called queuing system (QS) models. For
conditions with the simplest input flow of demands,
Markov models of QS with failures are known, where if
all devices are busy at the moment the next demand
arrives, this demand is rejected and leaves the QS without
being serviced.

There are many different conditions for the receipt and
servicing of requirements for which the necessary QS
models are developed. Thus, at the moment of admission,
a patient at a clinic may not find a free doctor of the
required specialization, a driver at a gas station may not
find the required type of fuel, an enemy aircraft may fly
through the air defense group’s fire zone with impunity.
In all such cases, at the moment of the requirement
receipt, there may be free service devices in the system,
but these devices are not available for service.

In some cases, the system input may receive
requirements not one by one, but in groups with a
composition that is not known in advance.

Thus, during an epidemic or during military
operations, patients may be admitted to medical
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institutions in groups. Enemy aircraft, as a rule, carry out
missions as part of tactical groups that may enter the fire
zone of an air defense group.

As a result, shock loads arise in mass service systems
and the efficiency of the systems decreases.

When developing such systems, it becomes necessary
to have a calculation scheme (a model) of its parameters
in which both properties — the flow of groups of
requirements and the partial availability of service
channels — must be taken into account simultaneously.

For any real QS with the noted features, the
development of necessary model is possible in the form of
a system of Kolmogorov differential equations and the
corresponding algebraic equations for the stationary
operating mode of the QS. The solution of equations
system is possible only by numerical methods. In this
case, the structure of equations must correspond to the
value of operating conditions parameters.

It is possible to guess the future values of some
random parameters of working conditions with a
probability strictly equal to zero, which reduces the
predictive value of calculations and makes it relevant to
develop an analytical description of the required model.

The first analytical description of a single-link
switching non-fully accessible QS model was obtained in
the theory of teletraffic [2] (the third Erlang formula). For
the case of group requests entering the system, an
analytical model was developed in [3]. For a multi-
channel non-fully accessible M/M/n QS, an analytical
model was developed in [4] and can be useful for
developing an analytical model that simultaneously takes
into account two noted features of the QS operating
conditions.

The research object is a stationary service process in
a queuing system Mp/M/n with refusals, with the entry
into the system requirements groups with a previously
unknown composition and with incomplete accessibility
of service devices for the incoming flow of requirements.

The research subject is the probability distribution
law of states groups in incompletely accessible QS of the
M, /M/n type in a stationary mode.

The research purpose is to obtain an analytical
description of the final probabilities of states groups in
incompletely accessible QS of M;/M/n type, with a
simultaneous assessment of its correctness.

1 PROBLEM STATEMENT
A flow of requests (requirement groups) with intensity
I and density fi(¢)= Ie!" enters non-fully accessible QS

of M; /M/n type.

Each service channel in non-fully accessible QS can
be a part of one or more channel groups. Each group of
(r=1,...,L ) requirements represents a service request

and must be serviced using r service devices.
One of the accessible device groups is selected to
service the next request in the input flow. In the selected
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channel group, any free channel is assigned to service
each requirement in the request with equal probability.

In case of insufficient number of free channels some
of requirements from this request are denied service and
leave the system. The service duration of each
requirement is random and has an exponential distribution

oty =pe ™.

The considered distribution densities allow us to assert
the possibility of describing the desired model in the class
of Markov processes with discrete states and continuous
time.

For the sake of brevity, we will further use the well-
known statements [1, pp. 14, 40, 41] on the properties of a
stationary non-ordinary flow of requirements.

A stationary flow of time moments without after
effects, in which groups of events appear, is called a non
ordinary or universal stationary flow and has the
properties of the simplest flow. A non ordinary flow
includes requests of » requirements (r=1,2,..,L) in a
request.

Such a flow can be defined by specifying the
probability distribution law (b,) of the occurrence of
exactly » requirements in any group (in any request) of the
input flow. The intensity of requirements groups flow
turns out to be greater than the flow parameter (/,A < 1),

which contains piecemeal flows with parameters A ,. :

L
r=LL; My, =>r-b

n

, )

A, =Ab,

r re

In a non ordinary flow of requirements at the QS
input, time intervals between requests are random and
satisfy the conditions of A. Ya. Khinchin limit theorem
[1], have an exponential distribution with the

parameter A :

fy=re™, t>0. )

The following well-known [4] logic of operation of
the same QS, but with the simplest input flow of
requirements, can be used as the basis for constructing the
M /M/n model with incomplete accessibility of service
devices, an example of which, for the variant of a city
polyclinic operation, is given in [4].

To demonstrate the physical processes, involved in
constructing a model for servicing the simplest flow of
requirements by a non-fully accessible system, [4]
examines a simplified example of the operation of three
SAM systems group, located on the ground (Fig. 1) when
firing at the simplest flow of enemy aircraft.

Each SAM system (No. 1, No. 2, No. 3) has a firing
zone, projected onto the earth’s surface, in the form of a
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circle (Fig. 1 9, 0,, Q3)- In the general fire zone of

SAM systems there are areas with mutual overlapping fire
zones of neighboring SAM systems, which in the service
system form a group of devices.

Each SAM system (service device) can be a member
of several service groups. To indicate the probability that
the next requirement (enemy aircraft) will be accessible to
a specific group of m devices, a designation indicating the
numbers of these devices is used Ql'1~~~l'm )

In the example (Fig. 1) such probabilities for SAM
systems fire zones are indicated by symbols Q,, 0,, 053>

012, 023, 013, Q123 -

When an aircraft enters such an area, the aircraft can
be fired upon (servicing the requirement) by any of the
adjacent SAM systems.

The group’s maximum number &; from j service

devices out of the total number of n service devices

coincides with the number of combinations C; from n by
J3):

3)

X>

X2 ¢

Figure 1 — Visualization of the principles for choosing an
affordable device to serve the next requirement [4]

Within a constant number j, the observed probability
remains approximately the same for different groups of
devices:

Oy..i; =1 4)

The probability /; estimation method for the example

of a city polyclinic operation is given in [4]. For a
simplified example of SAM systems grouping, the
relative value m; of the total area z; of the region with

Jj-fold overlap of fire zones can be used:
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n,=—L; 0<j<n. (5)

On the other hand, the probability that the next
requirement (enemy aircraft) will be accessible for
servicing by any of groups of j devices (SAM systems), is
equal to the probabilities sum:

&, .
i=1

From expressions (3) and (4) we find the probability
estimate /; :

/ Z]- TC]' 0< i< ;
I el ey C (7

In [4] an example of a M/M/n QS graph (Fig. 2) with
incomplete availability of service channels is considered
in detail and a basic equality [4, formulas (23), (29)] is
found for finding the final probabilities of group states of
a non-fully accessible QS with refusals (8):

1
k.Pk:Pkfl.C}’l*ki»l.p'vk_]? k:1325-~-:n;

P=£; then kuPy = Py_y - Cpy -, k=1Ln;
M (®)

n Jj-1 L
v =I-Z[lj . Z+C]C1HC,I1_;€], 0<k<n.
J=1

i=0“i+1

A
TPi=pitpot it =prprstpd

Figure 2 — Graph of M/M/3 QS model with refusals and with
incomplete accessibility of service devices [4]

In [4], the correctness of the obtained expressions for
the final probabilities was also proven by their automatic
transition to the well-known Erlang formulas [5] for the
M/M/n system with refusals.

In [3, formula (17)], a basic equality was found for
searching for the final probabilities Pj, of group states in

QS with a non ordinary requirements groups’ input flow:
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1 L
p;=— 27\’]’ OSZ<L,

L S
KPp =poPr_1 +p1Pr— +--+pr-1Po; 9)

k L
pKPe =2 P j- D
Jj=l1 q=j

In [3] the correctness of the obtained expressions for
the final probabilities is also shown by their automatic
transition to the well-known Erlang formulas [5] for the
M/M/n system with refusals.

The problem is to find analytical expressions for final
probabilities Py, (k=1, 2, ..., n) of states groups’ in the
service process, in which in the M;/M/n system, with
incomplete accessibility of service devices there are
exactly k requirements. The marked probabilities of states
group’s in QS, in which exactly k£ channels are occupied
with servicing, allow us to find the servicing probability
Perice of requirements.

Thus, the problem of predicting the efficiency of real
queuing systems with partially accessible devices with
refusals arises in the presence of a requirements groups’
flow with random composition at the input of the system.

2 REVIEW OF THE LITERATURE

The first model of a queuing system was developed by
A K. Erlang [5] in 1909 to describe the operation of a
telephone station. The process of each requirement
servicing from the next subscriber consisted of connecting
his communication channel to the communication channel
with another subscriber. After the end of the
communication session, the channels were freed and it
became possible to use them for service requests from
other subscribers. If a requirement was received from a
subscriber at a time when all communication channels
were busy, such a requirement from the subscriber was
denied service. The moments of requirements receipt time
and end of communication sessions were not known in
advance and were considered random in the model.

Processes of servicing requirements with an unknown
start and end time also occur in other systems and areas of
human activity. These include logistic systems [6],
production systems [7], telecommunication networks [2],
systems for management in medicine [8], systems for
traffic management [9], and systems for the defense of
objects from air blows [10] as well as socio-economic
systems [11]. In each of these areas, the Erlang model
could be used either directly or with modifications that
were necessitated by the peculiarities of the processes in a
particular area. Thus, the closest to the description of
processes in the management of medical institutions and
systems for protecting objects from air strikes were
models [4] and [3], which separately took into account the
properties of incomplete accessibility of service devices
and the group composition of requirements in service
requests, respectively. Each of these properties
necessitated a transformation of the Erlang model, which
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made it possible to assess the directions in changes in the
efficiency of the corresponding systems. However, both
of the noted properties can simultaneously occur in
service processes, which necessitated further modification
of the Erlang model [5].

3 MATERIALS AND METHODS

For the sake of certainty, we will consider the
construction of the desired service model using the
example of repelling attack of enemy aircraft of different
composition and purpose (flow of requests at the input of
the service system) by group of » SAM systems deployed
on the ground, which, in this case under consideration, is
n-channel not fully accessible queuing system. In the
general zone of anti-aircraft missile fire of the SAM
systems group there are areas with j-th layer of fire zone
(Fig.1). At each such section, the enemy aircraft can be
fired upon by any of the j SAM systems (serviced by any
of the j devices). Each section can correspond to its own
set of specific SAM systems (service devices).

The enemy MAA strike passes through the SAM
systems grouping fire zone. The enemy MAA combat
formations contain MAA groups of different purposes
according to r=1,..,L MAA in the group (a non

ordinary flow of requirements at the input of the queuing
system).

If a group, consisting of » MAAs (r-group) enters a
section of the AAMF zone with j-th layering, in which s
SAM systems are free s< j, then at r>s exactly s the

MAAs will begin to be fired upon (will be serviced), and
r—s MAAs will pass through the AAMF zone without
impact (are denied in service). There is reason to assume
that the probability of the r-group MAA getting into any
of the AAMF regions with the j-th layering is the same
and equal to /;. Then the probability 7; of getting into

one of the zones with the j-th layering is found (3)—(7),
taking into account all the accessible zones:

=€l 0<j<n. (10)
In turn, from (10) and (3) it follows:

1= <<

i = > Sjsn. 11

ey (11)

For the noted conditions, the combat model of the
SAM systems group can be represented by a model of
incompletely accessible queuing system of a non ordinary
flow of requests.

Statement for a mathematical problem. A non ordinary
Poisson flow of requirements, grouped into requests, with
the parameter A enters QS M;/M/n with non-fully
accessible channels and with the vector of probabilities
{m;} for suitability of requirements to service devices.

The flow of requirements is a superposition of
independent partial flows, each of which is characterized
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by a constant number r of requirements in a request

(r=1,..,L) and a parameter A, of the exponential
distribution of time intervals

requests:

between neighboring

Ap=A-b., r=1.,L. (12)
Each request (group of requirements) can be assigned
to any of the service zones, which has its own individual

set of channels with specific numbers jj, ..., j; capable of

servicing requirements in that zone. Each channel spends
on average 7 minutes on a service cycle and has a
productivity of p=T -

Any of the accessible free channels is selected for
servicing without any preferences, that is, with a
probability inversely proportional to the number of free
accessible service channels. Some of the requirements, for
which there are free service channels in the zone under
consideration, are started to be serviced and remain in the
system until the end of the service cycle. Requirements,
for which there are no free channels in the zone under
consideration, leave the system unserviced (are denied
service). One channel can service only one requirement at
a time.

At any given moment in time, the system can be in
one of the possible states S; ,; with specific numbers

i1,.,i; and the number k£ of channels occupied by

servicing. The set of all possible states with & occupied
channels forms a group state S; of the system, is called a

tier of the model graph and contains C ,]f possible internal
states.

The problem is to determine analytical expressions for
the final probabilities P, k=0,..,n of the service
system’s group states Sy .

Solution. A fragment of the model’s graph, under
consideration, with the number of service channels n =4
is shown in Figure 3, where only representative arcs of
typical states S; ; for each tier of the model graph are

shown. The intensities of transitions along these arcs are
marked in the breaks of the arcs. The return from the state
S; of the k-th tier to the (k& —1)-th tier occurs in the

Ty 0y
same states from which it was possible to get to the states
S; of the k-th tier.

i)

Further, for the convenience of analysis, the
hypothesis is adopted that L >n, which does not reduce
the generality of the analysis, since it is always possible to
include in the flow of requirements the missing

probabilities b, , setting them equal to zero.
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Figure 3 — Fragment of the service model graph of a non
ordinary flow of requirements by a non-fully accessible QS with
refusals

For the intensities of transitions to states of tiers with a
large value of %, the notation ocZ is used, in which the

lower index denotes the absolute number of the tier to
which the transition arc leads, and the upper index
indicates the number of tiers traversed by the arc,
including the tier of the final state of the model. For

example, the designation oc% shows the intensity with
which transitions to a specific state of the 3rd tier follow
from a specific state of the 1st tier (Fig. 3, an example of
a transition from state S; to state Sj34 ).

In order to understand the order of transition
intensities formation, we will use the designation Q; ;.

of a requirements group probability of falling into the
service area of specific group of channels and compose
expressions for transition intensities. Let us temporarily
introduce notations, indicating the numbers of occupied
channels in the initial state of the model graph and in the
final state.

o =M (0 +%'(le +013+014)+

1 1 L
+§'(Q123 + 0124 +Q134)+Z'Q1234)+ O D hys
r=2

(13)

1
12 =M (02 + 01 +5'(Q23 +004)+
1 1 1
+E'(Q123 +Q124)+§'Q234 +§'Q1234)+

L
+(02+012) DAy

r=2
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. 1
Oj25123 =M(O3 + 023+ 03 +5Q34 +
1 1
+ 0123 +5‘(Q134 +Q234)+5'Q1234)+

L
+(Q3+ 013+ 03 +0123) DAy
r=2
02351234 = A (04 + Opg +Ong + O34 +
+ 0124 + 0134 + 0234 + 01234) + (04 + 014 +

L
024 + O34 + Q124 + Q134 + 0234 + Q1234) - DA

r=2

Taking into account (4), that is, the hypothesis about
the equal probability of requests (groups of requirements)
getting into any service zone with the same number j of
accessible service channels, we find that the intensities of
transitions between the states of two different tiers are the
same for all arcs of one direction, connecting the states of
these tiers and are equal:

1 1 1
Qo] Q02 =T 0 =
3 1 L
27\‘1 (11 +—12 +l3 +—l4)+11 . 27\.,.,
2 4 r=2
1 1 1
A2 =Q513 = =03 =

L
:}\‘1 (ll +212 +§Z3 +%l4)+(ll +12)' z}\'l”

r=2 (14)

1 1 1
0125123 = Q25124 = =03 =Ap-(f +

L
+%12 +213 +%l4)+(11 +212 +l3)' 27\.,.,
r=2
1 | 1
012351234 = 0l[2451234 = =04 = Ay ([ +

L
+312 +3l3 +l4)+(ll +312 +3l3 +l4)' Z}\.r
r=2

The obtained expressions (14) in the general case take
the following form:

noJ-log L
1 _ J-1-i i
af =k Yl Yl G+
j=1 i=0%i+1

k-1 . L (15)
(Xl Gl 2k
j=0 r=2

Reasoning similarly for the graph arcs that transfer the
service process through one state, we find:
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5 1 1
ag12 =22 (012 +§'Q123 +§Q124 +

| L
+gQ1234)+Q12 DN
r=3
5 |
0123 =A2(023 + 0123 +§Q234 +
| . (16)
+§Q1234)+(Q12 +0123) 2 A5

r=3
2
251234 =h2 (O34 + Q134 + Op3a +

L
+01234) + (O34 + Q134 + 0234 + O1234) - DA,
r=3

Taking into account equality (4), expressions (16) will
take the following form:

2 2 2
Ao12 =A013 =--- =02 =
2 1 L
=hy (o +=h+—1)+1 - D s
3 6 r=3
2 2 2
A15123 = A5124 = =03 =
4 1 L (17)
:}\,2 (12 +—l3 +—l4)+(12 +[3). Zkr’
3 3 r=3
01251234 = 41351234 =--- =04 =

L
:}\.2 (12 +2l3 +l4)+(12 +2[3 +l4)' Z}\.r .
r=3

However, in this case, the general expression for the
transition intensity oc% is not obvious. To derive such an

expression, we introduce a model of one state at the k-th
level of the graph (Fig. 4).

n \
\%n—k%\
Vi kiky BiBa - Bak

This is the area of This is the uncertainty

certainty. Here the area. These channels
channels are already are free and can be
occupied by service. assigned for service.

l k l
This is the area of
occurrence of refusals upon
receipt of requirements

groups with 7 > 3, that is,
with 7»3,7»4,...,7\,L

Channel
numbers
— Y172 "

|<—k2—>|

Figure 4 — Model of a single state with & busy channels on the k-
th tier of none-full-accessible QS's graph

In this state y;7y,...yY4_2 k1 ko, the service channels
are busy and the (3;B,..,_; channels are free. The
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edge with the desired transition intensity oni leads from
the state with v y,...y,_, busy channels (the symbol y;
can correspond to any number of the real service channel,
provided that it occurs once in the set y;y,...Y;,_2 ) to the
marked state v y,...v5—2 k1 ko .

Thus, in the analyzed state there are three types of
channels:

v;— channels occupied in the previous and current

states;
ky ky— channels occupied during the transition from

previous states to the state under consideration;
B ; — unoccupied channels.
The transition to the state y;y,...Yy_» k1 kp can be

caused by a partial flow A, of requests consisting of 2
requirements, as well as by flows A ,. of requests with a

large number of requirements (7 > 3) in the request.
In the last case, these requests should not fall into
areas with channel accessibility B,B,...0,_x (Fig.4),

since this will lead to the inclusion of
B -channels and bypassing statey;y,...Yy_2kikp, in
consideration.

From the composition of each mentioned request A ,.
of flows (>3) only 2 requirements will get into the
channels K k,, the remaining (r-2)

requirements of each such request will be lost. Let us
denote the intensity of transitions caused by this part of

service

the flows with “refusals” by the symbol a,%** .

At the same time, the flow requests A, can also fall
into the areas of [ -channels. In this case, the probability
of including the channels kjk, with a simultaneous
transition to the analyzed state y;y,...Y4.» k1 k5 , although

it decreases, but exists and should be considered.
We will first conduct the analysis for the flow of
requests with the parameter A, , finding the intensity of

transitions oci*, and present the result of this analysis in a
compact notation:

1
1 s .
afe =yl 14l Y ——-CiT5-Cpy +

i=0Ci42

2 ] 2ei i

+ly =Gy Cpg oot
~c
lk2 i+2 (18)
_ 1 oy .

+1 - T-C,’C‘_ZZ’-C,;_,{+~~+
i=0Cito
"2 N2—i i

o 2 G Gyl
i=0Ci+2
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It can be noted that the last term is nonzero only at
i =n—k . The final expression for the transition intensity

a,zc* will take the following form:

2 A J=2-i i
O g 27»221] T'Ck_z 'Cn—k' (]9)
j=1 i=0“i+2

Let us consider the procedure for determining the
second, “refusal” component ai** of the desired
intensity.

When requests for streams with parameters A ,.,7r >3
are received, the transition to the state y, v, -+ y_o k1 k>

is possible only when such a request enters an area
accessible for servicing by channels k&, and
inaccessible for 3 -channels.

The number of such accessible areas for each value
[; (j=1,..,n) of the overlap coefficients of the service

devices accessibility zones is equal to:

) k=2 . L
— J
Ol fs = le+2'ck72 Z?\.r .
j=0 r=3

(20)

Combining (19) and (20) for £=2 we find the
desired transition intensity:

2 5Ny & ci i
afp=hy 2l D —— TGyt
j=1 i=0%i+2

@
k=2 . L
+ Yl CLy [ YA,
j=0 r=3

Reasoning similarly and comparing expressions (15)
and (21), we find the desired expression for the transition
intensity in the general case:

n

=9 1 o
af =g 2l 2 ——Cig " Coy +

j=l i=0C,
22
k—q ) L - o (22)
+ ZIJ-_H]-C]{_(] 'zkr» gq=Ln; k=Ln.
Jj=0 r=q+1

It should be noted that the arc with intensity OLZ
leaves the state y;y;...v;_q belonging to the tier of the
model graph with numberk —¢q, and enters the state
Y1Y2--Yk-q k1 k2. kj of the graph k-th tier.

To determine the final probabilities in the researched
non-fully accessible QS with a non ordinary input flow of
requirements groups, we will use the well-known [12]
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property of Markov graphs. According to this property, in
steady state, the total flow of movements along the ribs
entering any closed contour on the graph is equal to the
total flow of transitions along the edges leaving this
contour. In this case, the flow of transitions along a
separate edge of the graph is equal to the product of the
intensity of transitions along this edge, for example p for

the state S34 in Fig. 3, by the probability of the state from
which this edge comes out. Thus, for a state Ss34, the flow

of transitions along the outgoing edge can be obtained in
the form: p- pay.

Next, we will use the noted property and, for the
system of inserted contours in Fig. 3, we will compose
equations for the balance of transition flows. In this case,
for the probabilities of group (tiered) states, we use the
probability symbol P, and for the probabilities of states
within each tier, we use the probability symbol p and

take into account the ratio of group probabilities and
probabilities of states within each tier (Fig. 3):

By=po; P =p1+py+p3+prs

Py =p1o+ P13+ Pra+ Pz + P+ P3gs
Py = p123 + Proa + P134 + P234s

Py = p1o3s -

(23)

For the inner contour enclosing the vertex S, we
obtain:

Wpy +1po +Up3 +Upy = (24)

= (4(1} + 6oc% + 40@ + lai) Do -

Taking into account (23) and the number of channels

n=4, equality (24) can be represented in the following
form

WP =R (Clal+C2ad+Clod+Clad). (29

For the remaining contours in Fig. 3, we omit the

procedure for the transition from the probabilities of

internal states to the probability of the group state, noting

that such a transition did not require any hypotheses about
the values of the internal states probabilities, we obtain:

2uP, = B3ab +3a3 +1ad) +

+ By (603 +403 +1a3) = R(Cpjois + Copja3 +  (26)
+Cy102) + By(Cra + Cha3 + Cpag);

3uPR = Py(205 +10d) + A (303 +103) +

+ By(40d +1af) = B(Cl ol +C2 0D+ @7

2 2 3 3 3.3 4 4N .
+Pl(cn—la3 +Cn—1a4)+PO(Cna3 +Cn0”4) 5
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4MP4=P3-1a14+P2-1aﬁ+101.1ai+p0.1aj:
=5 Cn 30‘4+P2 Cn 2(14+P1 Cn 10L4+P C1 ‘(28)

In the general case, the equation for the balance of
transition flows will take the following form:

n—k+j

k
k'H.Pk:ZPk] Z

j=1

q
n k+j O'“kfjJrq : (29)

Next, we will take into account the need for
subsequent verification of correctness of the resulting
analytical description of an incompletely accessible QS
with input flow of non ordinary groups requirements, by
degenerating them into already known and verified
models, we will look for expressions for the final
probabilities of group states in a form convenient for such
verification:

k _
(pllc') Fis k=1 n;

Pk = PO N
1 (30)
[ $ 60" (m) ]
k=0
where for the functions Fj we’ll need formulas:

Ay —

py=—L, q=1 31)
U

To find an analytical calculation formula for the
probability P, deformation function Fj , we present the

expression for the transition intensity (22) taking into

account the transition probability d,? , and then we obtain:

Next, we substitute the expression for the final
probabilities (30) into equality (29), and we obtain:

(k J)' A

(33)

n—k+j
Z Cn —k+j " dk —Jj+q
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After elementary transformations we obtain:

k
(k=1)!
Fe=2Fpj—5——
=1 (p)’ (k=N
n—k+j _
Z Cg—kﬂ'pq'dlg—ﬁq’ k=1,n
q=j

(34)

In order to find the value of a function F,, we

substitute the value & =1 into expression (29), and then
we get:

n
WR=F- Y Cl -y df .
gq=1

(35)

Then we substitute the probability value P, from
equality (30) into equality (35) at £ =1, and we obtain:

n
By oy Fi =Ry X.Cf by df

(36)
q=1
From equality (36) and (31) we find:
1 n
Fi=—2Clp,-d] 37)
pl q:]

On the other hand, from equality (36) with the value
k =1 we obtain:

1 n
Fl :FO_ZCgpng .
1 q:l

(38)

Equating the right-hand sides of equalities (37) and
(38)

1 n
Z Pg-dd =Fo-—2Clpg-dd, (39
P1 g=1 P1 g=1

we find the value of the function F:

Fy=1. (40)

To check the correctness of expressions (22), (30) and
(34) of the obtained analytical description of the non-fully
accessible M, /M/n QS with a non ordinary input flow of
requirements groups, we’ll research the asymptotic
transition of its description into the specification of a
similar fully accessible M;/M/n QS with a non ordinary
input flow of requirements groups, and then into the
description of a similar non-fully accessible QS but with a
simplest requirements flow.

When the analytical description of a non-fully
accessible QS with a non ordinary input flow of
requirements groups degenerates into a fully accessible
QS, all values of accessibility probabilities for individual
groups of service channels become equal to zero, except
for the probability /,, :
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n
ly=—t=0, k<n; 1,="=n,=1. 41
Ck ! cy “h

Then expression (22) degenerates into equality (42):

n—q
o =iyl B Yl
i+q (42)

L P J—
+[lk]- Dhy, g=Ln; k=Ln.
r=q+l1

The product of the combinations under the sum sign in
equality (42) is different from zero and equal to one only
when the value i =n—k . Then expression (42) takes the
following form:

of =y by —— Zx

i+q r=q+l

(43)

When substituting the value i = k— j+ ¢ into equality
(43), we obtain:

1
=yl

L
lk' Z}"r

r=q+1

U jg (44)

q
Cn —k+j

Next, we substitute the value O‘Z_ i+q from equality

(44) into equality (29) and, taking into account conditions
(41), we find:

k n—k+j
k'M'szsz J° Z Cn —k+j ak Jj+q =
=
k n—k+j
=2 P Z
j=1

n k+j " (45)

+1 - Zx,].

r=q+1

iy -
q
Cn k+J
In the internal sum in equality (44), we select the last
term with the value ¢ =n—k+; and take into account
the conditions (41). Then expression (45) will take the
following form:

n—k+j—-1 c? . .
[xq n—k+j n
k q=] Cq k+j
k-wPB=%P_; ni (46)
=1
/ +0]+CIEH 0. Zx
r=q+1
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Finally, taking into account the accepted hypothesis
L=n,we find:

k L
k],lPk = zpk*j . Z?\.q .
J=1 q=Jj

(47)

Expression (47) completely coincides with the basic
equality for finding the final probabilities P, of group

states in the M, /M/n QS with a non ordinary input flow of
requirements groups (8).

Thus, when a found description of M;/M/n QS with
incomplete approachability of service devices degenerates
into the same system, but fully accessible, the found
description is automatically transformed into a known
description of QS M} /M/n with complete approachability
of service devices. The noted phenomenon testifies in
favor of correctness of the obtained analytical description
in relation to simpler M;/M/n QS, which is a simplified
version in relation to considered non-fully accessible QS
with a non ordinary input flow.

The M/M/n QS, with incomplete approachability of
service devices and with an ordinary (simplest) input flow
of requirements [4, formula (29)], taking into account the
designations of variables, is described by the equation (8)
of transitions flows balance (48):

kP = Pr_y - Cogar - 0

k=1n . (48)

In equalities (1) the probability #; =1 and all other
probabilities become equal to zero b, =0,r=2,..., L.

Then the parameters of the partial flows of
requirements will take the form
A =1; A, =0, forr>2, which will lead to changes in
the found analytical description (22), where for all values
g22 ol =0.

On the right-hand side of (29), the inner sum turns out
to be nonzero only when j=1, and expression (29) is
transformed to the form:

k n—k+j
k-w B = sz—j' > Cg—k+j 'OLZ—‘/#q =
J=1 q=Jj
(49)

| !
=B Cpps1 -0 -

J=1

which coincides with the description (48) of a non-fully
accessible M/M/n QS, with refusals and with an ordinary
(simplest) input flow of requirements. At the same time,

expression (22) for 0‘1? is transformed to the form:

n _
(xkzﬁ k=1n,

Jj=

Jj-1 1 . .
—1-
L Y5 Cok s (50)
1

i=0“i+1
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which completely coincides with the expression [4,
formula (29)] (see here formula (8)) for a non-fully
accessible M/M/n QS, with refusals and with a simplest
input flow.

As a result, when the found description of a non-fully
accessible QS with a non ordinary input flow of
requirements groups and with refusals degenerates into a
non-fully accessible system with refusals, but with a
simplest input flow, the found description is automatically
transformed into a known description of a non-fully
accessible M/M/n QS with refusals and with an ordinary
(simplest) input flow of requirements. The noted
phenomenon testifies to the correctness of the obtained
analytical description in relation to the simpler M/M/n
QS, which is a simplified version in relation to considered
incompletely accessible QS with a non ordinary input
flow. Thus, the application of the mathematical apparatus
for analysis the groups of states of Markov graphs [12]
made it possible to obtain analytical formulas for
calculating values of states’ final probabilities in process
of servicing a non ordinary flow of requirements groups
in a non-fully accessible system with refusals, which is a
general case of previous types of QS.

4 EXPERIMENTS

In order to test the operability of analytical description
of the incompletely accessible M} /M/n model, we use an
example from the topical sphere — of important objects air
defense (Fig. 5) by a grouping of four single-channel
SAM systems (Table 1, No. 1, 2-3) — “service devices”,
which should prevent a planned air blow of N,,,,; g, =15
enemy aircraft (Table 1, No. 2-8, 2-3) with a duration of
7,5 minutes and at intensity of 2 aircraft per minute
(Table 1, No. 2-8, 2-3). Let’s assume that shelling an
aircraft in a fire zone ends with its destruction.

W

¥

Figure 5 — An example of setting the task of assessing the
objects’ air defense effectiveness by the SAM systems’ using
the Ms/M/4 model of an incompletely accessible QS with input
flow of requirement groups
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To destroy an object covered, at least five aircraft are
required. Therefore, the task of SAM systems grouping is
considered fulfilled in the case when less than five aircraft
can break through to the object (N js50q <5 )-

In QS with incomplete approachability of service
devices, refusal to service the next requirement is possible
with any number of free devices. Therefore, to estimate
the service probability, it is necessary to use information
about the mathematical expectation of the occupied
devices number M, , and the performance p of QS' one

channel:

n
. w-Mpyg.
Mb.d.zzk'Pk: Poervice = .
k=0 1

(51

We also note that the mathematical expectation of the
enemy aircraft number that broke through to the target
(Nonissea) can be found (52):

Nmissed = Ntotal.En' (1 - Pservice ) (52)

To perform the calculations, we use the initial data
(Table 1 No. 1-24, 2-9), and the set of formulas (1), (41),
(14), (17), (31). To calculate the missing expressions for
the transition intensities, we use equality (22), and obtain:

| L
a3 =135 Tl 2
r=4

L
of =3l +1g)+ 1y DA,
r=4

L
ag=hg(ly)+1y- Y, .
r=5

Next, we use equalities (40) and (34). We find the
missing expressions for the deformation functions Fr—F)
of the final probabilities P, of QS states group using the

(53)

general recurrent expression (34), we obtain:

1
Fy=F, 'k—o(3a12 +303 +1a3) +
1

(54)
+ (“)2-(6a§+4a§+1a3);
1)
1 1 2 2p
F3=F2'—'(2'0L3+1'(X4)+F1' .
h ()
52 (55)
{(Graf +1ad)+ Foy -t (4-ai+1af);
1)
1
F4 ::F3';1'G£+F2'3 (H; '01.42‘4-
1) 1)
. 5 . 3 (56)
+Fy- (“)3 ~a§1+F0~ (“1 ~ocﬁ.
(A1) *)
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We will calculate the probabilities of QS states group
according to (30). To control the correctness of the
obtained model M; /M/n with incomplete approachability
of service devices, we’ll use the well-known formulas of
Erlang model [5]:

pk _ n pk -1
Pk ZPO'F; kzl,n; POZ e . (57)

Table 1 and Figures (Fig. 6-Fig. 9) present the
calculation results..

For ease of analysis, Table 1 and Figures 6-9
introduce an abbreviated designation for the compared QS
models, which allows us to establish a significant
difference in the probability distribution of group states of
the model developed in this research (Devel.) and known
models (Req.gr., Inacces. and Erlang).

The known models do not provide for simultaneous
consideration of the essential features of real QS —
incomplete accessibility of service devices and the group
composition of the input flow of requirements with an
unknown composition of groups in advance, which leads
to a significant distortion of the predicted results for QS
operation.

Thus, (Fig. 9 and Table 1 No. 37) the excess in the
assessment of the expected value of the efficiency
indicator P, ;.. » relative to the value obtained using the

developed model, turns out to be at least one and a half
times greater than the more realistic assessment using the
developed model.

As a result, all known models allow us to assume that
the SAM group will let through less than 5 enemy aircraft
and thus reliably perform its task (Table 1 No. 38).

However, simultaneous consideration of the
incomplete accessibility of service devices and the group
composition of requirements in the input flow more
objectively shows the significant inability of the SAM
group to perform its task, since more than eight enemy
aircraft can pass "without service" to the protected object
(Table 1 No. 38, 12).

At the same time, the result of the experiment
demonstrates the automatic degeneration of the
deformation functions (Fy—F,) into the functions of
incomplete accessibility (Table 1 No. 27-31, 13) and in
the function of non ordinary (Table 1 No. 27-31, 14), as
well as in a single value (Table 1 No. 27-31, 15) with an
automatic transition to the description of the final
probabilities QS (Table 1 No. 32-36) of group states in
the model with incomplete accessibility of service
channels, in the model with group arrival of requirements
and in the Erlang model.

The calculation expressions of the deformation
functions Fy—F, are recurrent, which allows automating
the calculation of their values for specific operating
conditions and the specific configuration of QS.
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Table 1 — Comparative assessment of service probability and task performance efficiency by the SAMS group (Fig. 5) using the developed
and previous types of QS models with refusals

Names and values of models’ parameters Types of models

# | Name Value # | Name | Value | # | Name Value # | Name | Devel.* |Inacces.* | (Req.gr.)* | Erlang*
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 n 4113 u 1|15 o' 0.087] 27 Fy 1 1 1 1
2 1 2114 P1 0.133] 16 o' 0.120] 28 F 5 1 5 1
3 A 0.667 15 L 5017 o' 0.164 ] 29 F 40.1 0.9 55 1
4 a 0.200] 16 A 0.133] 18 oy 0.340] 30 Fs3 372.204 0.486 912.5 1
5 a 0.200| 17 A2 0.133] 19 a’ 0.033] 31 Fy 3408.55 0.247 19637.5 1
6 az 0.200| 18 As 0.133] 20 s’ 0.056 | 32 Py 0.451 0.178 0.360 0.143
7 as 0.200] 19 Aa 0.133] 21 s 0.144] 33 P 0.301 0.356 0.240 0.286
8 as 0.200| 20 As 0.133]22 as’ 0.021] 34 P, 0.161 0.321 0.176 0.286

9| m 04] 21 L 0.1] 23| o 0.061| 35 Ps 0.066 0.115 0.130 0.190
0] m 03] 22 L 0.05]| 24| o, 0.037] 36 P, 0.020 0.029 0.093 0.095
11 T3 0.16| 23 5 0.04| 25| Mya 0.9] 37| Piewice 0.452 0.731 0.678 0.905
12] my 0.14| 24 Iy 0.14] 26| M, 3| 38| Nuissed 8.23 4.04 4.84 1.43

*Devel. — The developed QS M, /M/n with refusals with not fully accessible service channels and with input flow of requirements’ groups.
*Req.gr. — QS M, /M/n with input flow of requirements’ groups and with refusals. The functions F; automatically degenerate into known

non-ordinary functions [3, formula (18)].

*Inacces. — QS M/M/n with not fully accessible service channels and with refusals. The functions F; automatically degenerate into known

functions of incomplete accessibility [4, formula (28)].

*Erlang — QS M/M/n with refusals. The functions F; automatically become equal to one [5]

Py

0.5 4

0.4 o b

0.3 ﬁ

0.1 H I H

00— 2 3 I4 =

Figure 6 — Final probabilities Py of states’ groups in queuing
systems with refusals and under identical conditions:
a) the developed M /M/n model;

b) the well-known M/M/n model. *Inacces. — see (*) in Table 1,

(by=Lb,=0;A1 =LA, =0,forr>2)

Py

0,5 a

0,4 a b

03 ‘ ﬁ

o2 §

01| [Tl I H
0oL i

1 2 3
Figure 8 — Final probabilities Py of states’ groups in queuing
systems with refusals and under identical conditions:
a) the developed M /M/n model;
b) the well-known M/M/n model. *Erlang — see (*) in table 1,

(ly=r, =L, =0,k<n;
by=Lb,=0;11=1; 4, =0,forr>2)

Py
0.5
0.4 ¥

03| Rt

0.2 ‘
|

1 2 3
Figure 7 — Final probabilities Py of states’ groups in queuing
systems with refusals and under identical conditions:
a) the developed M /M/n model;
b) the well-known M; /M/n model. *Req.gr. — see (¥)
inTable 1, (l, =7, =11, =0,k <n., (41))

0.1
0.0

P service

1,5
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08
0.8 045
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Figure 9 — Predicted value of performance indicator for a group
of SAM systems (Fig. 5), using QS models:
1) the developed M; /M/n model;
2) M/M/n model *Inacces. — see (*) in table 1;
3) M; /M/n model. *Req.gr. — see (*) in table 1;
4) M/M/n model. *Erlang — see (*) in table 1.

5 RESULTS M;/M/n with incomplete approachability of service
In the course of this research, analytical formulas for  devices were obtained for the first time, which makes it

calculating the values of final probabilities in Markov QS possible to evaluate and predict the values of all known
© Gorodnov V. P., Druzhynin V. S., 2025
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indicators of system efficiency. In this case, the
deformation functions (F}) of the states groups’
probability distribution in QS have a recurrent form (34),
which is convenient both for finding their analytical
expressions and for performing numerical calculations.
When the parameters of the QS operating conditions
degenerate, the resulting description automatically goes
into a description of one of a known QS: with refusals and
with incomplete accessibility of service devices (M/M/n);
into a description of a known QS with refusals, with full
accessibility of service devices and with non-ordinary
input flow of requirements groups (M/M/n), into a
description of a known Erlang QS with refusals. During
the numerical experiment, were obtained results (Table 1,
Fig. 6-Fig. 9) that testify in favor of this statement. Thus,
the noted types of QS turn out to be special cases of the
analytical description of the final probabilities of QS
M, /M/n with refusals, with partially accessible service
devices and with an input flow of requirements groups
with random composition obtained in this research.

CONCLUSIONS

In the course of the research, the analytical formulas
for calculating numerical values of final probabilities of
states in the M; /M/n QS with incomplete approachability
of service devices for the input flow of requirements
groups were received. The results of numerical
experiment testify in favor of correctness the analytical
formulas for calculating numerical values of final
probabilities and in favor of possibility of their practical
application in real QSs when solving problems of
forecasting efficiency, as well as analyzing and
synthesizing the parameters of real queuing systems.

The scientific novelty of the results obtained in
research lies in the creation of possibilities for forecasting
the effectiveness of known type of Markov queuing
systems with refusals, with incomplete approachability of
service devices and with an input flow of requirements
groups with random composition. The obtained
description (24), (27)—(29), (33) of a queuing system is a
general for known QS with refusals, with not full
approachability of service devices and with the simplest
input flow of requirements (M/M/n), for known QS of
My /M/n) type and for known Erlang model M/M/n.

The practical significance of the research results
consists in obtaining analytical calculation formulas for
performing rapid quantitative assessments of final
probabilities, as well as all indicators of the efficiency of
QS M;/M/n with incomplete approachability of service
devices and its less complex QS variants in the course of
solving practical problems of analysis, synthesis and
management of real objects, for which such models can
serve as a formal representation. The recurrent formulas
obtained for calculating the values of the deformation
functions of probabilities for states groups in QS are
convenient for performing quick practical calculations.

© Gorodnov V. P., Druzhynin V. S., 2025
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Prospects for further research may be a research
and development of an analytical description for final
probabilities in Markov models with incomplete
accessibility of service devices, with an input flow of
groups of requirements and with waiting.
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AHAJITHYHAN ONMUC ®THAJIBHAX IMOBIPHOCTEM CTAHIB Y HEITIOBHO JOCTYITHII CUCTEMI
OBCJIYT'OBYBAHH4 3 BIIMOBUMM I 3 BXI/IHUM IOTOKOM I'PYII BUMOT

I'oponnos B. II. — 1-p Bilicbk. Hayk, npodecop, npodecop Hauionansroi akanemii HarionansHoi reapaii Vkpainu, M. Xapkis,
Vkpaina.

Jpy:xunin B.C. — 1-p ¢inocodii, mouent kadenpu namuBHOTo 3abe3meuyeHHs Onecbkoi BilicbkoBoi akazemii, M. Opeca,
Vkpaina.

AHOTAULIA

AxTyanbHicTe. OCHOBOIO CTBOPEHHS Ta YNPABIiHHS PEAJbHUMH CHCTEMAaMH MAacOBOTO OOCIYyrOBYBaHHS € MOMJIUBICTH
NIPOrHO3y IXHBOI eeKTUBHOCTI. [ 3araJbHOTO BUIIAJKY TAaKHX CHCTEM 3 BIIMOBAaMH, 3 HENOBHOIO JOCTYITHICTIO IpPWIANiB
00CITyroByBaHHSI Ta 3 BHUIIQJKOBHM CKJIQJIOM TPYIl BUMOI y BXiJHOMY HOTOLI NPOTHO3 €(pEeKTHUBHOCTI X POOOTH 3alMINAEThCS HE
BUPIILIEHOIO IPOOIEMOI0.

Meton. [lns BumeBkazanux tumiB CMO HMOBIpHOCTI CTaHIB MOXXHA OIMCATH CHCTEMOIO [H(EepeHLialbHUX DPIBHSIHb
Konmoroposa, sika U1sl CTAlliOHAPHOTO BHIIAIKY IIEPETBOPIOETHCS B OAHOPIAHY CUCTEMY JIIHIHHO 3aJeKHUX anreOpaidHuX PiBHSHB.
Hns peanpanx CMO B cuctemMax 3B’A3Ky KUIBKICTh PIBHSHB MOXe OyTH OIliHEHAa MHOXXKHHOIO-CTYIIEHEM 1 JOCATAaTH KiTBKOX THCAY,
0 TOPOKYE MPOoOIeMy IX 3amucy Ta YHCENBHOTO PO3B’s3aHHS Ui KOHKPETHOTO HAOOpYy 3HA4YEHb MapaMeTpiB YMOB POOOTH.
[IporocTuyHa LiHHICTH TAaKOTO DIIIEHHS HE MEPEBHUINY€ HMOBIPHICTH BraJyBaHHS YHCIOBHX 3HAUCHb IapaMeTpiB yMOB poOOTH
CMO, a s mapaMeTpiB 3 Oe3nepepBHIMHU 3HAUCHHSIMU, HAIIPUKJIAM, IS BUMAIKOBHUX IHTEPBAJiB Yacy MiX BUMOTaMH, JOPIBHIOE
HYJIIO.

BukopucTtanuii MeTo] 3aCHOBaHMI Ha aHAIITHYHOMY Iepexoai 10 onucy rpyn craniB CMO 3 0IHAKOBOIO KINBKICTIO 3aHATHX
npuctpois. [Ipu npOMy nparHeHHs OTpUMATH KiHIEeBi IMOBIpHOCTI cTaHiB y ¢opmi, HabmmwkeHiit 1o Gopmyn Epnanra, 3anumaerses.
BB 3rajanux Buie BiactuBocTeit CMO MoOXHa JIOKaldi3yBaTH B OKPEMHX PEKYPEHTHHX (QYHKIIAX, SKi MYJIBTUILTIKATUBHO
CHOTBOPIOIOTH (hopmynu Epnanra.

PesyabTaTn. [{1s Bumesasnadenux tunie CMO Boepie 3HaiiIeHO aHATITHYHI pO3paxyHKOBI GOPMYIH IUIs OIIHKH (iHATEHUX
nmoBipHocTe craniB CMO, mo nae 3MOry IpOrHO3yBaTH 3HAYEHHS BCIX BIIOMHX ITOKa3HHUKIB €()EKTHBHOCTI CHCTEMH. Y LOMY
Bunanky ¢yskuii nedopmanii posmoniny #iMosipHocTel rpyn craHiB y CMO MaloTh peKypeHTHHH BHIJISN, IIO 3pYYHO SIK JUIS
3HAXOJDKECHHS X aHAIITHYHUX BUPA3iB, TaK 1 JUIsl YMCEIBHUX PO3PaXyHKIB.

Konu mapamerpu ymoB po6otn CMO BUPOIKYIOTBCS, pe3yJIbTYIOUHI OIMC aBTOMAaTHYHO NEPETBOPIOETHCS HA ONMHUC OJHIET 3
Bigomux CMO 3 BiamoBamu, ax 10 CMO Epnanra.

BucHoBku. 3HaiifieHi aHaNITHYHI PO3paxyHKOBi BHpa3u sl (QiHambHUX MHMoBipHOCTel Bumiesraganoi CMO BusiBHIHCS
3aCTOCOBHUMH 0 BCiX THmiB MapkiBcbkoi CMO 3 BigMOBaMu, IO MiATBEPHKEHO pe3yJbTaTaMU YHCEIBHOTO EKCIIEPUMEHTY. Y
pe3ynbTaTi CTajJo MOX/IMBHM IHPAaKTHYHO 3aCTOCOBYBAaTH OTPHMaHHil aHAMTHYHUH omuc po3ristHyToi CMO st omepaTHBHHX
OLIIHOK e(eKTHBHOCTI po3po0iieHoi Ta icHyro4oi CMO B MOKIMBOMY [Tiarma3oHi yMOB iX (yHKIIOHyBaHHS.

KJIIOYOBI CJIOBA: MapkiBcbKi CHCTEMH MacOBOTO 0OCITyTOBYBaHHS, TPYIIH BUMOT.
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