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ABSTRACT

Context. At present, artificial neural networks have become widely used to solve many problems of information processing of
the most diverse nature and, above all, data mining, due to their universal approximating capabilities and the ability to learn their
parameters — synaptic weights. The process of training a multilayer network consists of adjusting the synaptic weights of each neuron
using the error backpropagation procedure, which is based on the chain rule of differentiation for complex functions and gradient-
based optimization. Deep neural networks are based on multilayer perceptrons, which have proven their effectiveness in solving
many very complex problems related to the processing and synthesis of images of various natures, natural language texts, multidi-
mensional stochastic and chaotic sequences, including audio and video signals. Unlike classical three-layer perceptrons, DNNs con-
tain dozens and hundreds of layers, and the number of their synaptic weights is commensurate with or even exceeds the number of
synapses in the biological brain. It is clear that for these neural networks, the effect of a vanishing gradient is extremely undesirable;
therefore, instead of traditional compression functions, piecewise-linear constructions are usually used here, the most popular of
which is the so-called ReLU.

Objective. The purpose of the work is to introduce an adaptive activation function for deep neural networks based on the most
common piecewise linear function, ReLU.

Method. A new tunable activation function for deep neural networks is proposed based on the most common piecewise linear
function, ReLU, which, however, does not satisfy the conditions of G. Cybenko’s approximation theorem, but provides protection for
the learning process against the undesirable effect of vanishing gradients.

Results. A new adaptive piecewise linear function based on ReLU is introduced, which is both compressive and protected
against vanishing gradients. In this case, during the training process, not only are the synaptic weights adjusted in the network, but
also the parameters of the activation function itself. Using the proposed function allows you to reduce the number of neurons and
hidden layers in the neural network, the number of required training samples, and the time required to set up the network.

Conclusions. An adaptive squashing activation function based on the widely used ReLU for deep neural networks is introduced,
providing both universal approximating properties and preventing vanishing gradients. A training procedure using this function is
proposed, offering high performance and a simple numerical implementation. An additional circuit for tuning the parameters of the
activation functions can be quite simply introduced into existing deep neural networks that use piecewise linear activation functions.

KEYWORDS: squashing activation function, deep neural network, ReLU, gradient procedures, training signal.

ABBREVIATIONS NOMENCLATURE
ANN — Artificial Neural Networks; Vj(k) — output signal of the j-th neuron of the neural
DNN — Deep Neural Networks;

. . . t k at th t of di te time;
ReLU — Rectified Linear Unit. network at the moment ot discrete tme;

k — discrete time;
N — training sample size;
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\|!j(')— nonlinear activation function of the j-th neu-
ron;

u, (k) — internal activation signal;

y; >0 — parameter defining the shape of the activation

function;
6 ; — bias signal (threshold);

n —number of input signals (dimension of input vec-
tors);
wj; — tunable synaptic weight at the i-th input of the

Jj-th neuron;
x;(k) — signal at the i-th input of the neuron at time

moment k;
0 — learning rule;
d (k) — external training signal;

B — smoothing parameter;
E — objective function;
n(k) —non-negative learning step parameter.

INTRODUCTION

At present, artificial neural networks are widely used
to solve many problems in information processing of the
most diverse nature, and above all in data mining, due to
their universal approximating capabilities and the ability
to learn their parameters — synaptic weights. Multilayer
perceptrons have received the widest distribution here.
The universal approximating properties of multilayer per-
ceptrons were proven by the theorems of G. Cybenko and
K. Hornik [1, 2], using elementary F. Rosenblatt percep-
trons as nodes of these neural networks with so-called
squashing activation functions, among which the most

common are the so-called sigmoidal functions
(o -functions) of the form [1]:

piky=v (u;k)=——,

51000 = v 0 = —— (1)

y;>0— is a parameter that sets the shape of the activation

function and is usually chosen from purely empirical
markings, although in principle it can be tuned using a
gradient optimization procedure [3].

In this case, the non-linear transformation imple-
mented by a separate neuron node can be written as

)71' (k)= v (ejo +ijixi(k)J =V, (ijixi(k)] =
i=1

i=1
=V (Wf x(")) =y, (1;®)).

REVIEW OF THE LITERATURE
The process of training a multilayer network consists
of adjusting the synaptic weights of each neuron using the
error backpropagation procedure, which is based on the
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chain rule of differentiation of complex functions and the
gradient optimization procedure (& — learning rule).

It is easy to see that the derivative of the o— function
(1) has the form

v, () =7,5,00(1- (k)

and its value decreases as the sigmoid approaches its as-
ymptotes —1 or +1, which is associated with the undesir-
able effect of the vanishing gradient, which, in turn, leads
to the termination of the learning process.

Based on multilayer perceptrons, deep neural net-
works (DNNs) were developed [4-9], which demon-
strated their effectiveness in solving many complex prob-
lems related to the processing and synthesis of images of
various natures, natural language texts, multidimensional
stochastic and chaotic sequences, and audio and video
signals. Unlike classical three-layer perceptrons, DNNs
contain dozens and hundreds of layers, and the number of
their synaptic weights is commensurate with or even ex-
ceeds the number of synapses in the biological brain. It is
clear that for these neural networks, the effect of a vanish-
ing gradient is extremely undesirable, therefore, instead of
traditional squashing functions, piecewise-linear construc-
tions are usually used here, the most popular of which is
the so-called ReLU (Rectified Linear Unit), which has the
form:

. Mj, MJ 20,
5,000 = (k) = @

0 otherwise.

It is clear that there is no vanishing gradient here, and
the extremely simple derivative of (2) allows accelerating
the learning process of a separate neuron, since

, 1,uj 20,
W K)) =

0 otherwise.

At the same time, function (2) is not squashing, i.e., it
does not satisfy the conditions of Cybenko’s theorem,
which means that to ensure the required quality of ap-
proximation, the number of neurons with such functions
must be very large (recall integration by the trapezoidal
method). Obviously, the gain in time when training a
separate neuron is completely leveled by the huge number
of these neurons in the network.

Therefore, it is advisable to introduce a piecewise-
linear function (simple derivatives) that is simultaneously
squashing (approximating properties) and at the same
time protected from the vanishing gradient.

MATERIALS AND METHODS

Based on ReLU, the graph of which is shown in Fig-
ure 1.
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Figure 1 — ReLU Activation Function

It is not difficult to introduce a piecewise-linear func-
tion of the form:

300 =y (k) =11,

0, Z/lj < 0,

uj >1,

the graph of which is shown in Figure 2.

.yj

Figure 2 — Piecewise-linear squashing activation function

The use of this function in neural networks trained via
gradient-based optimization procedures is impractical, as
it immediately encounters the vanishing gradient problem.

Therefore, it is proposed to introduce a function of the
form:

J J=
Py =y (k) =1=a(l=u; ), u;>1,
0, u; <0,

the graph of which is shown in Figure 3.
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Figure 3 — Piecewise-linear activation function protected from
vanishing gradient

The derivative of this function at u,(k)>1 has the

form
v (u; (k) =a,

at the same time, by imposing a threshold a > ¢, it is pos-
sible to avoid stopping the learning process. Moreover, by
simultaneously excluding the parameter and the synaptic
weights, it is possible to arrive at this process.

As a target learning function, we will use the local
quadratic criterion:

E (k)= %ef (k) = %(d, *)-3,(0)) . ®)

The process of gradient optimization of criterion (3)
by synaptic weights is implemented using the standard
d -rule [11], which in this case can be written as:

OF ; (k)
wi (k+1) = wj; (k) = n(k) T
O ; (k) de; (k) _
- jl(k)_ ()a (k) aw
de; (k) _

“

=i ) =nk)e; (0

Oe; (k) ou;(k
w0 —nkge, oy "1
Jt Ji

= wji (k) + (ke ; (k) (1 (K)) x; (k) =
= wj; (k) +n(k)S ; ()x; (k).

Procedure (4) can also be written in a simple form
wji(k+1) = w;; (k) + (k)3 ; (k)x(k) ,

and since
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0<u;<l,

1, ;<
Wi k) =1

u] >1,

the learning process can be optimized for speed using the
Kaczmarz-Withrow-Hoff algorithm [12—14], which in this
case takes the form

wi(k+1)=w; (k) + e; (k) (uli ))x( ):
(o) .
=Wj(k)+&)x(2k).
x|

The procedure with additional smoothing properties
[15, 16] in a modified form can also be used:

Wi (k1) = w; () + L ()8, (k)x(k),
F(k +1) = Br(k) + x|,

where 0 <B<1.
The quality of the learning process can be improved
by additionally tuning the parameter a at u;(k)>1,

while controlling the fulfillment of the inequality a >e.
At the same time, at each tuning cycle of the neuron, the
value is first adjusted a g (k) at u g (k)>1, and then the

synaptic weights are adjusted:

a;(k+1)=a;(k)+n(k)e; (k) (u; (k) -1),
wj(k+1) = w; (k) +n(k)e; (k) (u; ()) x(k),

where
1,0 <uj < 1,

‘V'j(“j(k))= aj(k+1)a “j(k)>1,
0, uj(k)<0.

Thus, a local error backpropagation procedure is im-
plemented at the level of a single neuron. Training of the
neural network as a whole is implemented using the error
backpropagation rule, with an additional loop for tuning
the parameters of the activation functions.

EXPERIMENTS
During the experimental research, it was decided to
classify images from the “Fashion-MNIST” dataset.
Examples of images are shown in Figure 4.
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0:t-shirt 1:trouser 2:pullover 3:dress 4:coat
- o . -
"
5:sandal 6:shirt 7:sneaker 8:bag 9:ankle boot

Figure 4 — Exemplars of the Fashion MNIST sample

For experimental research, the sample was previously
divided into two subgroups, with the type and depth of the
neural network also taken into account. Thus, in the first
subgroup, the performance of activation functions is
evaluated with a fixed neural network architecture and
varying depth. The second subgroup evaluates activation
functions based on different types of the most popular
DNN:E.

Note also that CNN is used across 3 depth variants:
CNN1, CNN2, and CNN3. Comparative analysis was
carried out on 4 activation functions. The CNN1 architec-
ture consists of two convolution layers, one fully con-
nected layer, and one softmax classification layer. Simi-
larly, the structure of CNN2 is arranged the same as
CNNI1, but with two additional convolutional layers.
CNN3 is deeper, with six convolutional layers and two
additional convolutional layers. All experiments account
for the average performance across five data runs.

Comparative accuracy results are shown in Table 1.
The last column of Table 1 displays the average accuracy
for each activation function across all three CNN models.

Table 1 — Accuracy testing results on Fashion-MNIST in %

Activation Function CNN CNN CNN Average
1 2 3 Accuracy
ReLU 93.5 93.9 94.2 93.9
LeakyReLU 93 92.9 93.7 93.2
Piecewise linear ReLU 93.5 94.2 94.3 94

Let’s conduct an experiment with activation functions
on various models of popular DNNs: ResNet56V1 (1),
ResNet56V2 (2), and ResNet110 (3). First, image bench-
marks are tested at different network depths. Secondly,
benchmark images are checked on other models of com-
mon architectures. The results of the experiments are
shown in Table 2.

Table 2 — Accuracy testing results on Fashion-MNIST in %

Activation Function 1 2 3 Average
Accuracy
ReLU 88.9 90.1 90.4 89.8
LeakyReLU 89 90.6 90.3 90
Piecewise linear ReLU 920 91.2 90.8 90.6
DISCUSSION

The first stage of the analysis aims to evaluate the
overall performance of all activation functions across im-
age and text classification tasks. The second stage aims to
determine the most successful activation functions across
all launched models. Experimental studies show that the
proposed adaptive piecewise-linear function achieves the
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best accuracy in CNN1 and CNN2 and is independent of
the DNN model type, as demonstrated in Table 2.

In the first stage of analysis, we average each activa-
tion function across all launched models using general
image benchmarks. Figure 5 summarizes the average ac-
curacy for all image benchmarks.

Fiecewise linear ReLU

LiitEa QyEEnia

=

e EETITT TOTITICTT

Figure 5 — Average accuracy value of activation functions com-
pared to others, using different popular networks based on the
“Fashion MNIST” sample

In the second stage of analysis, an idea of the most
successful activation function for each model was ob-
tained. Table 3 shows the most successful combinations
between activation functions and launched models.

Table 3 — Successful activation functions for each deep

network
Activation Function CNNI [ CNN2 | CNN3 |1 |2 |3
RelLU +
LeakyReLU +
Piecewise linear ReLU + + + |+ | +
CONCLUSIONS

An adaptive squashing activation function based on
the widely used ReLU for deep neural networks is intro-
duced, which simultaneously provides universal approxi-
mating properties while preventing the undesirable van-
ishing gradient problem. A training procedure using this
function is proposed, ensuring high speed and a simple
numerical implementation. An additional circuit for tun-
ing the parameters of activation functions can be quite
simply introduced into existing deep neural networks that
use piecewise-linear activation functions.

Scientific novelty: A training procedure using an
adaptive activation function for deep neural networks is
proposed, ensuring high speed and a simple numerical
implementation.

Practical significance: Using the proposed function
reduces the number of neurons and hidden layers in the
neural network, the required volume of training samples,
and the time required to set up the network.

Prospects for further research: Fast neural networks
for pattern/image recognition for a wide class of practical
tasks in Data Stream Mining and Big Data Mining.
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AHOTAIIA

AxTyanbHicTs. Ha 1eil yac mty4Hi HEHpOHHI MepeXi OTpUMaN MHUPOKE MOMINPEHHS Ul BUPILIeHHs 6araTbox 3a/ad OIparo-
BaHHs iH(popMalil Halpi3HOMAaHITHIIIO! IPUPOAH i, HEPII 3a BCE, IHTEJIEKTYaIbHOI0 aHaII3y JaHHX, 3aB/SIKH CBOIM YHIBEpCAIbHUM
alpOKCHMMYIOUMM MOXJIMBOCTSIM 1 3/aTHOCTI JJO HABYaHHS CBOiX MapaMeTpiB — CHHANTHYHUX Bar. [Iponec HaB4aHHs OararorapoBoi
MepeXi MoJArae y HaJalTyBaHHI CHHANTHYHUX Bar KO>KHOI'O HEHPOHA 3a JI0NIOMOT0I0 NPOLEyPH 3BOPOTHOTO HOLIMPEHHS TTOXHOOK,
sika 0a3yeThes Ha JIAHIIOTOBOMY TIPaBHJI AU(EPEHIIIOBAaHHS CKIaTHUX (YHKIIH Ta TpalieHTHOI mpoueaypu ontuMizamii. Ha ocHOBI
OaraTomapoBUX MEPCENTPOHIB OyJIM CTBOPEHI TAMOOKI HEHPOHHI MepeiKi, IO JTOBEIH CBOIO €(EKTUBHICTH MPH BHUPILNICHH] 0araTbox
Jy>ke CKIIaJHUX 3aJiad, [TOB’sI3aHUX 3 00pOOKOI0 i CHHTE30M 300paXkeHb Pi3HOMaHITHOI IPUPOIHN, IPUPOJHOMOBHUX TEKCTIiB, 6araTo-
BUMIPHUX CTOXaCTHYHUX 1 XaOTUYHHX ITOCITIZOBHOCTEH, BKIIIOUAIOYH ayAio Ta BijeocurHany. Ha BinMiHy BiJ KJIIACHYHHX TPHOIIApPO-
Bux nepcentponiB ['HM MicTATh JeCATKH Ta COTHI MIAPiB, a KUIbKICTh iX CHHANTHYHUX Bar € CHiBPO3MIipHOIO a00 HABITh MEPEBHIILYE
KIJIBKICTh CHHAIICIB Y GI0JIOTYHOMY MO3KY. 3p03yMiso, IO AUl IIMX HEHPOHHUX Mepex e(eKT 3HUKAI04YOro TpajieHTa € BKpail He-
OaxaHUM, TOMY 3aMiCTh TPAAULIHHUX CTUCKAIOYMX (YHKLIH TYyT BUKOPUCTOBYIOTHCS 3a3BHUYail KYCKOBO-JIiHIAHI KOHCTPYKLii, Haii-
O1IbLI TOIYJISIPHOIO 3 SIKKX €, TaK 3BaHa, ReLU.

Merta. Meta poOoTu moJjsrae y 3ampoBapKeHHI aJaliTUBHOT aKTHBAIIHOT (YHKIIT A7 TTHOOKMX HEMPOHHUX MEPEK Ha OCHOBL
HaiOLIBII PO3MOBCIOKeHOT KycKoBo-miHiHHOI GyHKIiT ReLU (Piecewise linear ReLU).

MeToa. 3anponoHOBaHa HOBa HAJIAIITOBHA aKTHBaLiifHa (YHKIIS Ul NIMOOKMX HEHPOHHNX MEpex Ha OCHOBI HaWOILIBII PO3IIO-
BCIOIDKEHOI KyCKOBO-JiHIIHOT (yHkii ReLU, sika ogHak He BiAMOBinae ymMoBaM anpokcuMailiiinoi Teopemu JIx. [{ubenka, ane 3a-
Oe3mnedye 3aXKCT MPOLECy HABYAHHS BiJl HEOaXKaHOTO eeKTy 3HUKAIOUOTO TPajiieHTa.

Pe3ynbraT. BBeneHo HOBY aJanTuBHY KyCKOBO-NiHiiHY (yHkuito Ha ocHoBi ReLU (Piecewise linear ReLU), 1o ognovacHo €
SIK CTUCKAIOYO0I0, TaK 1 3aXHIIECHOIO Bijl 3HUKAIOYOTr0 rpajieHTa. [Ipy 1poMy y mporeci HaB4aHHs y MEpeKi HAJIAIITOBYIOThCS HE JIMIIE
CHHANTHYHI Baru, ajie i mapaMeTpu camol akTuBawiinoi gyHkiii. BukopucranHs 3anpomnoHoBaHoi GyHKLIT J03BOJISIE CKOPOTUTH Ki-
JIBKICTh HEHPOHIB Ta MPUXOBAHUX LIAPIB Y HEUPOHHIN Mepeski, HeoOXiAHUI 00CcAT HaBYAIFHUX BHOIPOK Ta Yac HANAIITYBaHHSI Mepe-
K1 B IUIOMY.

BucnHoBkH. BBeneHo y po3mia afanTUBHY CTHCKAIOUy aKTHBAIliiHy (yHKII0O Ha OCHOBI mupoko mommupenoi ReLU mmns rmubo-
KHX HEHPOHHUX Mepek, 0 OJHOYACHO 3abe3Iedye yHiBepcalbHi alpoOKCHMYIOUi BIIAaCTUBOCTI 1 B TOH ke 4ac Mepeka He IoTepIae
BiJ HeOa)kaHOTO e(peKTy 3HHKAIOUOTo IpajicHTa. 3alpoIIOHOBaHa MIPOLelypa HaBYaHHS 3 BUKOPHUCTAHHAM miel QyHKmii, mo 3abe3me-
4Yye BHCOKY LIBHJIKOMIIO Ta XapaKTePH3yeThCs IPOCTOTOI0 YMCEIbHOI peanizauii. [onaTKoBUH KOHTYp HaJaIllITyBaHHS NapaMmeTpiB
aKTUBALIIHUX QYHKIIH JOCHTH NPOCTO MOXe OyTH BBEICHHUH Yy BXKe iCHYI0UI TMOOKI HeHPOHHI MEpesXi, 10 BUKOPHCTOBYIOTh KyCKO-
BO-JIIHIMHI aKTUBALiHI QyHKIIT.

KJIFOYOBI CJIOBA: ajantuBHa cTHCKalO4a akTHBaliiHa (yHKis, rinboka HeliponHa Mepexa, ReLU, rpamieHTHI npoueny-
Py, HaBYAJILHUM CUTHAIL.
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