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ABSTRACT

Context. This paper presents the results of a study on the use of triangular fuzzy numbers for determining time-optimal routes in
the traveling salesman problem under fuzzy representations of travel duration in a transportation network. To formalize the uncer-
tainty and imprecision of input data — associated with the subjectivity in estimating the time intervals required to travel between indi-
vidual cities-triangular fuzzy numbers are employed. Various approaches to solving fuzzy traveling salesman problems are exam-
ined.

Objective. The goal of the work is to develop algorithms for solving the fuzzy traveling salesman problem based on the imple-
mentation of the Bellman-Zadeh parametric optimization methods, the use of a two-criteria approach with a given weight function
and the refinement of the scheme for calculating the center of gravity of the membership function graph for a given curve density.

Method. The article considers methods for solving the fuzzy traveling salesman problem, which is formulated as the problem of
finding a route to visit a given number of cities without repetitions with a minimum travel time. The parameters of the problem for
formalizing the uncertainty and inaccuracy of input data associated with the influence of subjectivity in assessing the duration of time
intervals required to travel between individual cities are presented as fuzzy triangular numbers. Different approaches to solving fuzzy
traveling salesman problems are considered. The application of the Bellman-Zadeh method, methods taking into account refinements
of defuzzified data, and methods based on a multicriteria approach is formalized. Computational experiments are carried out.

Results. Rational algorithms for solving the fuzzy traveling salesman problem based on the Bellman-Zadeh parametric optimiza-
tion model, multicriteria approach and methods for refining the results of defuzzification of fuzzy data have been developed. In the
conducted numerical experiments on solving the traveling salesman problem, fuzzy input data are based on the method for calculat-
ing the center of gravity (CoG), the center of gravity of homogeneous and non-homogeneous curves, which are determined by the
membership function and the specified reliability values of subjective data. A comparison of the results obtained based on solving the
crisp traveling salesman problem and the results based on defuzzified duration values for the fuzzy traveling salesman problem is
carried out, according to the results of which the dependence of the solution on the defuzzification method is confirmed.

Conclusions. The article considers the method of formalizing the algorithm for solving the fuzzy traveling salesman problem
with the minimum duration of movement along the route based on the Belman-Zadeh method, methods taking into account the re-
finements of defuzzified data and methods based on the multicriteria approach. Fuzzy triangular numbers are used to formalize the
uncertainty of the input data when assessing the duration of movement between individual towns of the transport network. It was
made a conclusion about the feasibility of using fuzzy numbers when solving fuzzy traveling salesman problems in real conditions of
logistics transportation.

KEYWORDS: fuzzy traveling salesman problem, fuzzy numbers, subjective perception of duration, uncertainty, solution meth-
ods, multicriteria approach, defuzzification.

ABBREVIATIONS x; are the elements of matrix X, which equal to 0 or
TSP is a traveling salesman problem; I ‘

CoG is a center of gravity. .. .
i 1s an index;

NOMENCLATURE Jj is an index;

n is a number of cities; 5

t;; are the travel time between all pairs of vertices;

T is a matrix of TS

A is a fuzzy set;
5 (x) is a membership function;

supp Adisa support of fuzzy set A ;

t;; are the travel time between all pairs of vertices; At; are width of intervals of fuzzy travel time;
X is a binary matrix of transitions between vertices A is a parameter of optimization Bellman-Zadeh
Xij 5 model;

* .
X" isan optimal values for first TSP;
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X% isan optimal values for second TSP;
L, is a lower value of first TSP optimal solution;

L, is a lower value of second TSP optimal solution;
U, is an upper value of first TSP optimal solution;
U, is an upper value of second TSP optimal solution;
o is a weight coefficient;

a, is a weight coefficient;

a(s) is a weight function;

X¢ 1s a coordinate x of CoG of planar curve;

Yc 1s a coordinate y of CoG of planar curve;

xg is a coordinate x of CoG of inhomogeneous
curve;
yg is a coordinate y of CoG of inhomogeneous

curve;
p(!) is a density function;

L is a length of membership function grafik;
Z is arequired reliability level.

INTRODUCTION

The challenges associated with organizing and
operating various spheres of the economy and
management possess distinct characteristics that result in
difficulties when solving diverse optimization problems.
Some of these issues can be addressed by managerial
staff, while others require analytical and optimization
methods for production and organizational operations,
including planning, coordination, decision-making, and
control over the movement and storage of goods, services,
and information. Mathematical methods are widely used
to solve such problems, enabling the search for effective
solutions while taking into account the limitations of the
applied problem and the specifics of the available data.
Solving certain optimization problems requires the use of
non-standard methods based on well-known optimization
algorithms.

However, the formal use of such methods is often im-
possible due to the imprecision (uncertainty) of the pa-
rameters and limitations of the real-world process models
under consideration. These characteristics require the de-
velopment and implementation of appropriate methods for
formalizing and updating data that take uncertainty into
account. One of the most well-known and effective meth-
ods for representing imprecise data is based on the use of
Zadeh fuzzy sets [1], the essence of which allows for the
mathematical expression of the subjectivity and uncer-
tainty of parameter values in many applied problems. In
recent years, numerous studies and papers have emerged
based on this methodology and its application to various
optimization tasks, decision support methods, and be-
yond.

One of the key applied optimization problems that
requires a solution under conditions of uncertainty is the
logistics-based Traveling Salesman Problem (TSP) [2]. A
typical problem of salesman is to determine the route of a
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transport network consisting of » interconnected points
(cities). The desired route, along which a traveling
salesman must visit all cities in the network, must pass
through each city only once and must be optimal in time
or length [3].

From a mathematical perspective, the TSP is a combi-
natorial optimization problem, for which various mathe-
matical programming techniques may be employed.

The object of study is a process of finding the opti-
mal route for the fuzzy traveling salesman problem with
minimum travel time in the transportation medium.

The subject of study is development of efficient algo-
rithms for solving the fuzzy traveling salesman problem
based on the Bellman-Zadeh parametric optimization
model, a multi-criteria approach and methods for refining
the results of defuzzification of fuzzy data.

The purpose of the work is to develop algorithms for
solving the fuzzy traveling salesman problem based on
the implementation of the Bellman-Zadeh parametric op-
timization method, the use of a two-criteria approach with
a given weight function and the refinement of the scheme
for calculating the center of gravity of the membership
function graph for a given curve density.

1 PROBLEM STATEMENT
The task of finding an optimal cyclic tour in the TSP
with given pairwise distances or travel durations 7; be-

tween all cities in the network what represented by a ma-
trix T = {tij},i,j =1,n T:{tij }, ij=Ln, reduced to de-
termining solution X' = {x;;}, x; €{0,1}, i, j=1,_n , of the

combinatorial optimization problem [4]

n n
E:ZZt,-jx,-j — min o)
i=l j=1

subject to the constraints

=

inj.=1,i:l,n, xl-J-Zl,j:l,l’l, (2)
j=1 '

which represents the classical formulation of the problem,
where, in addition to route length or travel duration
between locations, other criteria may also be considered,
such as transportation cost, travel efficiency taking into
account cargo volume or weight, and so on. A
characteristic feature of all such formulations is the
presence of a single optimality criterion in the route

selection process.
It should be noted that, in addition to known and
objective parameters of the traveling salesman’s

movement (such as distance between individual locations
in the network, the maximum speed of the vehicle, etc.),
one may also consider sets of factors that have an
uncertain nature of influence. For example, the travel time
along a particular route may depend on the time of day,
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weather conditions, or even the “congestion level” of a
given section of the transport network. Moreover,
determining the optimal path requires accounting for their
combined influence on the selection of the best route. As
an illustration, a specific section of the road may
experience different levels of traffic load at different
times of the day, implying that the time required to pass
through this section varies depending on when it is
traversed. On the other hand, weather conditions (fog,
rain) are also influential factors affecting travel duration
across the considered segment. These situations
necessitate solving the problem by incorporating
subjective assessments of various motion parameters,
leading to the formulation and solution of fuzzy traveling
salesman problems (FuzzyTSP) [4].

2 REVIEW OF LITERATURE

Numerous works are devoted to the application of
fuzzy set theory and fuzzy numbers to solving various
applied optimization problems [2-9]. Among the the most
recent publications, devoted to solving the traveling
salesman problem, one can highlight the work [2], which
proposes a method for solving the FuzzyTSP using
various membership functions. In [3], a decision-making
concept in a fuzzy environment is presented. In [5], a
solution to fuzzy linear programming problems with
multiple objective functions is proposed. On the other
hand, for the classical TSP as a combinatorial
optimization problem, many methods based on greedy
and heuristic approaches have been proposed, allowing
one to find locally optimal solutions (see, for example,
[6,7]). Therefore, the integration of these methodologies
with the formalization of uncertainty in optimization
problems based on fuzzy numbers is of both theoretical
and practical interest [4].

This paper examines approaches to improving the ob-
jectivity of input parameters in the FuzzyTSP for deter-
mining the shortest travel duration under uncertainty. It is
proposed to apply and compare the results obtained using
the Bellman-Zadeh method [6, 10], methods incorporating
refined defuzzified data [11], and approaches based on
multi-criteria decision-making [12, 13].

3 MATERIALS AND METHODS

Traditional set theory can be viewed as a particular
case of fuzzy set theory. In classical mathematics, a set is
defined as a collection of elements (objects) that share
some common property [4].

According to Zadeh’s theory, fuzzy sets are defined as
subsets of the universal set X as follows:

Definition 1. [4] A fuzzy set A in a universal set X is

a collection of ordered pairs Z:{(ug(x),x)}, where

py:X - [0,1] is a mapping o the set into the unit interval

[0,1] and is called a membership function of fuzzy set A.
The value of the membership function py (x) for

element x € X indicates the degree to which x belongs
to the fuzzy set A (see Fig. 1). The interpretation of the
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membership degree 15 (x) is a subjective measure of
how well the element x € X corresponds to the concept
defined by the fuzzy set 4.

ny(x)

o

x

Figure 1 — Example of a membership function

It is noted that for any fuzzy sets Aand B My (0=
=max(p 5 (x), 15 (x)), 1y 5(x) =min(p(x),pz(x)).

Definition 2. [14] A fuzzy set A is called convex if
next inequality satisfied

My (x+(1-2)y)= min(u; (x),MAT(J’))

forall x,ye X,1¢(0,1).

A fuzzy set A is called normal if there exists xe.X
such that p(x)=1.

Crisp sets Z(x are called o -level sets of fuzzy set A,
where a€[0,1] is the height of fuzzy set 4 and
supp A :{xe X:ipy(x) >0} is the support of fuzzy set

A.

A fuzzy set A is considered unimodal if there exists
only one element x € X' such that p~(x)=nh.

Let us consider the universal set X to be the set of real
numbers, i.e., X =R .

Definition 3. [4] A fuzzy set A defined over the set of
real numbers R is called a fuzzy number if it satisfies the
following properties:

I. the set 4 is convex in the sense of definition 2;

II. the set A is normal;

III. the membership function p Z(x) is upper semi-
continuous;

IV. the support of the fuzzy number sup p(Z) is a
subset of the universal set R .

Definition 3. [4] A triangular fuzzy number 4 is an
ordered triplet of real numbers (al,az,a3 ) a, <a, <a,
with an associated membership function p+(x) defined

as:
X—a
Hy(x)= 1 ,xe[al,az];
a—q
ay — X
g0 =—— xela.a3); €)
az—dap
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Hy(x)=0,x¢ [al,a3].

Clearly, a triangular fuzzy number (al,az,a3) is a

special case of a unimodal fuzzy set with a height equal to
one [15] (see Fig. 2).

ny(x)

ol -

a_l 32 33 »

Figure 2 — Example of a triangular fuzzy number

It is well known [4], that triangular fuzzy number
(al,az,az) is called a left triangular fuzzy number if its

membership function is defined as

X—a
R =0x<a; pj(x)=—">,xe(a,a);
a —q
ny(x)=0,x2a, (4)

and a triangular fuzzy number (al,al,az) is called a right
triangular fuzzy number with the membership function:
a) —X

Hy(x)=0,x<a;py;(x)= ,Xx€(a,ay);

a—aq
ny(x)=0,x2asz. (5)

Definition 5. [4] A trapezoidal fuzzy number A is an
ordered quadruple of real numbers (al,az,a3,a4),

a; <apy <ay<ay, with a membership function p Z(x)

defined as:

X—a

Jif aj Sx<ay;
ar —q

L ifa, <x<as; (6)
ay —X

ny(x)=
Jif a3 <x<ay.
ay —as

Definition 6. A rectangular-trapezoidal fuzzy number
A (see Fig. 3) is a special case of a trapezoidal fuzzy
number (al,al,az,a3 ), a; £ a, < ay, where the member-
ship function p Z(x) defined as:

0,if x<aj or x> as;

Lifaj <x<ay; (6"
a3—x

nzlx)=

,if ay <x<as.
a3~
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0] -
>
EN 3, a, X

Figure 3 — Trapezoidal fuzzy numbler

The use of triangular and trapezoidal fuzzy numbers
for practical implementation under conditions of
uncertainty raises numerous questions regarding their
constructiveness and necessitates the development of
specialized methods for representing numerical fuzziness.
It should be noted that the use of left-sided, right-sided
triangular, and rectangular-trapezoidal fuzzy numbers —
most commonly employed for formalization — can be
considered only within the framework of triangular fuzzy
numbers. The inclusion of normalized values from the
interval [aj,a;] of a rectangular-trapezoidal fuzzy

number does not significantly influence the formation of
assessments related to the subjectivity of the formalized
uncertainty parameters. In this context, the interval-based
representation primarily reflects the predetermined
variability of the parameters. From the standpoint of
fuzzy evaluation, the interval [a;,a3], whose

corresponding values indicate the degree of subjectivity
associated with each estimate, is of critical importance.
Therefore, in the future we will limit ourselves to
considering only triangular fuzzy numbers for formalizing
the uncertainty in travel time in the traveling salesman
problem.

Fuzzy Traveling Salesman Problem

Let us consider the fundamentals of optimization
theory for solving the FuzzyTSP. In article [6] the authors
investigated a classical model for solving optimization
problems for decision making in a fuzzy environment,
which laid the foundation for the development of most
results in the theory of fuzzy decision-making. When
analyzing the process of solving optimization problems
under uncertainty, it becomes evident that both the
objective function and the constraints can be fuzzy, each
defined by an appropriate membership function. Since the
primary goal of optimization problems is to find solutions
where the objective function achieves its optimal value
under the given constraints, the solution in a fuzzy context
is defined analogously. Finding an optimal solution
involves identifying an element in the feasible region that
simultaneously delivers the best value of the objective
function and satisfies all given constraints. Thus, a
“solution” under fuzzy conditions can be interpreted as
the intersection of the domains defined by the fuzzy
constraints and the fuzzy objective function. An example
of such a solution in a fuzzy optimization problem is
illustrated in Figure 4.
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o o .
Objective function
14 N
Constraints ~
Solution
0 5 10 15 x

Figure 4 — Example of identifying a solution in a fuzzy
optimization problem

It is clear that the “fuzzy linear programming” model
cannot be defined unambiguously and that different
approaches to implementation are possible depending on
the specifics of the real situation that needs to be
formalized.

We begin by formulating the basic model of a “fuzzy
linear programming problem”. For this purpose, let us
consider the standard formulation of the classical linear

programming problem: find a solution xeR" that
maximizes the objective function
T .
¢’ x —> min, (7)

in the feasible solution space defined by the system of
constraints

Axz2b, x20, ®)

where x = (xl,...,xn)T — the vector of decision variables,
c=(¢;rnc,)’ — the vector of coefficients of the

objective function, A4 =(a;),i=1n,j=1m, - the

constraint coefficient matrix, b = (b,....,b, )" — the right-

hand side vector.

Let us assume that there is a decision maker who
determines the required reliability level Z that must be
achieved in the objective function in model (7)—(8). Also
assume that each constraint in the problem is defined
using data from a fuzzy set. In this case, we can formulate
the general form of the fuzzy linear programming
problem (see, [4]): find a vector such that

cIx< Z, ©)

AxZb, x>0. (10)

Here, the symbol “<” is used to denote the fuzzy
variant of the non-strict relation “<” and can be
linguistically interpreted as “essentially less than or equal
to.” Similarly, the symbol “Z ”, respectively, denotes the
fuzzified version of the relation “>”, which can be
linguistically interpreted as “essentially greater than or
equal to”. Formally, the fuzzy relations “< > and “Z ” can
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be treated as particular cases of fuzzy relations “non-
strictly less” and “non-strictly greater”, respectively, over
the set X=R' [16].

In this case, the objective function is defined as the
minimization of the linear expression (7), where the value
of Z is considered an upper bound of the optimal solution.

Let us introduce the notation.
- -z

[ch =D, (b j— p, and rewrite the constraints (9)—

(10) as follows:

DxZp, x>0, an

If the value Z and the elements of the vector b are
given in the form of fuzzy numbers, then the right-hand
side of the system of inequalities (11) will define a vector
whose elements can correspond to specific values of the
supports of the given fuzzy quantities. Therefore, each of
the (m + 1) inequalities in (11) for a given value of the
vector p has a set of solutions that are characterized by

the value of the corresponding membership function,

denoted by p;(x),i=1,m+1. Without loss of generality,

it can be assumed that all membership functions are
monotonically increasing. Then, for any « €[0,1] the

values p;(x)=a, i=1,m+1, can be interpreted as

degrees of confidence with which the vector x satisfies
n -

the crisp inequalities Zdijx 2 pi(a), i=1,m+1 (where
Jj=1

d;; — matrix elements D, and p;(a) — are the values

ij
obtained based on the a-level sets of the fuzzy elements
of vector p). If we assume that the decision-maker (DM)

is interested not in a fuzzy set of solutions, but in a crisp
“optimal” solution of the original problem, then an
improvement of the solution (11) can be proposed by
solving the following nonlinear programming problem:

pp(x)= min p;(x).

i=1,m+l1 (12)

If we assume that the decision maker (DM) is
interested not in a fuzzy set of solutions, but in a crisp
“optimal” solution to the original problem, the solution
(12) can be further refined by solving a nonlinear
programming problem

max min p,;(x) =maxpp(x).
x20 i=1,m+1 x>0

(13)

Let us define the type of membership functions u;(x),

i=1,m+1. The values of p;(x), i=1,m+1, should be

equal to O if the constraints or objective function are
significantly violated, and equal to 1 if they are
completely satisfied. In addition, the functions are
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assumed to increase monotonically from 0 to 1 on the
interval [0,1], i.e

0, zdz] J <Di>

n

SZ ij ]_pl+ql,1—1m+1 (14)

Hi(x)=1€[01], p

0, Zdl] ]>pi+qi’

where ¢q;, i=1,m+1, are subjectively defined tolerance

thresholds for admissible deviations in the constraints and
the objective function.

Under our assumption regarding fuzzy numbers, the
membership functions are linearly decreasing over the

corresponding ~ “tolerance  intervals”  [p;,p; +¢;],
i=l,m+1:
0, ZdU X;<pi
Hi(x)_ 1- (Zdzj J pl)/ql’pl<zdlj ]Spi+qi’

Jj=l1

0, Zdy ;> i+ 4

i=Lm+1. (15)
Substituting (15) into (13), and after straightforward

algebraic manipulation, we obtain the following decision-

making criterion for selecting the optimal solution:

max min | 1— (Zdlj x; = pi)lq; (16)
x20 i=1,m+1
We introduce a new variable Ae[0,1], which

corresponds to the minimal membership level of the fuzzy
set of “solutions” P defined in (12) for the fuzzy model

(11) 1- (Zdl/ Xj pi)/qiz}\"

This ylelds the Bellman-Zadeh [10] optimization
model

g an

under condition

+Zdy X;<pi+q;, i=lLm+1, x20. (18)
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If the optimal solution of problem (17)—(18)
denoted by a vector (K,xo) , then x9 will be the solution

of the maximization problem (13) for the fuzzy
optimization model (7)—(8), under the assumption that the
membership functions are defined as in (14).

Thus, we come to the conclusion [4], that this optimal
solution to the original model (7)—(8) can be found by
solving a standard (crisp) linear programming problem
with one additional variable and one additional constraint.

Let us apply this approach to solving the fuzzy
traveling salesman problem. To solve the FuzzyTSP, it is
necessary to take into account the nature of the
uncertainty of the problem parameters and develop
appropriate methods for finding a route.

In real-world transportation logistics scenarios, it is
often impossible to determine precise travel times
between cities in a network. When travel times cannot be
precisely determined and represented by fuzzy triangular
numbers, route finding on a transportation network is
formulated as a fuzzy traveling salesman problem.

Let’s formulate a mathematical formulation of the
FuzzyTSP. The goal is to find a traveling salesman route,
represented by a cyclic permutation of the indexes of
cities in the transportation network, that minimizes the
total travel time. In other words, we aim to minimize the
objective function

n n -
2 2 i s

i=1 j=1

(19)

where the travel times between nodes are given by a
matrix 7' ={1; }, i,j= 1,n , whose elements are triangular

fuzzy numbers tNU = + Aty) i,j —1 n,

Lis by =ty
and the possible connection routes between cities are
specified by the matrix X:{xii} » X €{0.1}, iyj=1n
subject to the constraints (2).

To determine the route in the FTSP using the
Bellman-Zadeh approach, we solve two crisp TSPs of the

form (1), (2), with objective functions

mm z Zt,]xy ,

i=1 j=l1

(20)

n n
i=1 j=1

€2y

taking into account the constraints (2), respectively. The
solutions yield the optimal values of the objective
functions Z; and Z,, which correspond to the optimal
total durations of the route under lower and upper bounds
of fuzzy travel times in the network.

Let us denote the optimal solutions of problems (20),

(2) and (21), (2) as
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% . n n
X" =arg min DDl s
i=1 j=1

* . n n
X?* =arg min D2ty + A
i=1 j=I

respectively. Then we compute

n n n n
— i 2% _ 2%
Ll—mln(Zl,ZZti/xlj ), Up —max(Zl,Z Ztisz‘j ,
i=1 j=1 i=1 j=1
. n n 1*
L2 =m1n(Zu,Z Z(tlj + Atl/)xlj ) N
i=1 j=1

n n
1*
UZ :maX(Zu,Z Z(tl] + Atlj)xl] ) ,
i=1 j=1

which represent, respectively, the lower and upper bounds
of the optimal values of the objective functions

n n n n
D2 txy and Y0 (4 + Aly)x;;
i=1 j=1 i=l j=I
Then, the solution to the FuzzyTSP (19), (2) is
obtained by solving the parametric Bellman-Zadeh
optimization problem [10] of the following form:

max A
X

n n
}\.(Ul —Ll)"rzztljxij SUI,
=1 j=1
=1y (22)

n n
X(Uz —L2)+22(t[]- +At,~j)xl~j SUz,
i=1 j=1

x; =0 or 1 forall i, j=12,..,n.

Clearly, solving the Fuzzy TSP, taking into account its
combinatorial nature, via the corresponding optimization
formulation requires significant computational and time
resources. Therefore, current research in the domain of
FuzzyTSP focuses on improving existing methods and/or
developing new approaches.

The main results are associated with the use of
techniques that transform the triangular fuzzy parameters
into a specific representation format [16]. This
transformation allows performing arithmetic operations
on fuzzy numbers. The implementation of such an
approach is among the most commonly used strategies for
constructing route sequences in FuzzyTSP, particularly
when averaged values of fuzzy input parameters are
calculated based on their centers of gravity [17].

Another direction of research in the development and
implementation of FTSP solution methods involves the
application of a multicriteria approach. Let us consider
the fuzzy traveling salesman problem (19), (2) as a

bicriteria optimization problem, where the total travel
© Ivohin E. V., Gavrylenko V. V., Yushtin K. E., Ivohina K. E., 2026
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time along the route is to be minimized under fuzzy
constraints given by lower and upper bounds. In other
words, the classical single-criterion formulation of the
TSP is replaced with a formulation containing two
criteria:

n n
= z Ztijxl-j — min,
i=1 j=1

(23)

n n
i=1 j=1

@24

where the values ¢;, ij=1,n, are the elements of the

ij
matrix 7={1; }, iJ:L_n , which represent the nominal

travel times between all pairs of nodes in the
transportation network.

To obtain a compromise solution, we apply the
convolution method. Let us introduce weight coefficients
ay,0,>0: ay+a, =1, corresponding to the decision-
maker’s confidence in the lower and upper bounds of the
travel durations. This allows the formation of weighted

indicators from the fuzzy input values 7;, i,j=1,n. The

solution of problem (8), (9) with two sets of fuzzy

parameters 7; and t; +At;, i,j=Ln, respectively, is

[j )
sought as the optimal solution to a classical TSP of the
form (1), (2) with the following weighted criterion:

FZO(,IE +0(,2F2 =

non n n
O{lz Ztljxlj +O{22 Z(tll +Atl]')xl]' =
i=1 j=1 i=1 j=1 25)
n n
i=1j=1

subject to the constraint (2). It is important to note that the
resulting compromise solution depends on the chosen
weight coefficients w; and w,. This approach utilizes only
the support intervals of the fuzzy travel durations and
does not account for the values of the corresponding
membership functions.

Nevertheless, this approach provides a constructive
way of solving the fuzzy traveling salesman problem
(FTSP) as a bicriteria optimization task for finding a time-
optimal travel route based on the criteria defined in (23)
and (24), subject to constraints (2).

However, the application of only two criteria—related
to the confidence levels of the decision maker in the travel
duration bounds — does not fully exploit the convolution
method for determining a compromise route in the FTSP
defined by (19), (2) as a solution to the associated
bicriteria problem.

To generalize the above approach, we introduce
confidence indicators through a weight function o(s)>0,

defined on the interval se[0,1], which satisfies the

OPEN a ACCESS
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1
[als)ds=1.
0

(26)

Let us formulate the optimality criterion in the fuzzy
traveling salesman problem (19) using the weight
function a(s) >0, s€[0,1], as follows:

1 n n
0 i=1 j=1
no 1 (27)
=" > {f ou(s)(ty + sty )ds}x; — min .
=l j=1 ¢

Assuming that a(s)=0 for all s¢[0,1], the integral
in (27) evaluates the weighted average of the linear travel

time functions 7; +sAt;, i,j=Ln, with respect to the

confidence levels specified by the weight function ®(x).
In this formulation, the entire range of values within
a(s), is used to derive defuzzified estimates for fuzzy

travel times intervals tj +sAt;, se[0]], i,j=1,_n,

i
allowing the fuzzy TSP to be reduced to the classical
problem (1), (2).

It should be noted that defining an additional
confidence function ®(x) may impose preferences for

certain values lij + sAt se[0,1], ij=1,n, , derived

ij 3
from the support intervals of fuzzy travel durations,
without directly accounting for their fuzziness. To
incorporate the fuzzy nature of the travel time intervals,

corresponding membership functions  pg (¢; +sAt;),
ij

se[0,1], i,]'=1,_n should be used.
Let us denote g;(s)= My (tij +sA;) - (4; + sAt;)

s€[0,1], i,j=1,_n . Then for any arbitrary weight function

1

a(s)=>0, se[0,1] a(s), values J'oc(s)glj(s)ds, will be
0

considered as the weighted average values for each fuzzy

triangular number tNl, ij=Ln. Then, the defuzzified

values of the travel durations on the network are
computed by integrating both the membership functions
and the preference weights defined by w(x), and the
optimality criterion (12) a(s), se€[0,1], and the
optimality criterion (12) for the fuzzy traveling salesman
problem becomes:

n n 1
> > 4f as)gy (s)ds}x; — min .

=1 j=1 ¢

(28)

Finally, the fuzzy traveling salesman problem with
objective function (19) is reduced to a single-criterion
optimization problem with the objective function in the
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form of (28), by applying a multicriteria approach and a
specific linear convolution with an interval-defined
weight function. This enables the refinement of route
calculations within the fuzzy TSP framework.

Finally, one of the most effective techniques
employed in solving fuzzy traveling salesman problems is
the defuzzification of fuzzy numbers based on the
computation of the center of gravity (CoG) of the fuzzy
set [18]. In this case, the “averaged” value of a triangular

fuzzy number A= (aj,ay,a3) is considered to be the

value computed as the center of gravity of a planar figure
bounded by the abscissa axis and the graph of the
membership function of the fuzzy set. For a discrete fuzzy
set, the formula is given by:

(29)

where x; are values from the universal set, and, p(xl») is

the membership degree of each value, i:l,_n , in the case

of a continuous representation of the fuzzy number, the
formula takes the form:

“x. (o )ex

CoG =4

J ek

The quantity CoG obtained by this method represents
the abscissa of the center of gravity of a homogeneous
planar figure. It is important to note that a fuzzy set (or
fuzzy number) is defined by the graph of its membership
function over the interval of its support. In the case of a
triangular fuzzy number, the membership function is
piecewise linear, which allows the CoG value to be
replaced by computing the center of gravity of a

homogeneous curve ( x, , y,. ), using the formulas

J;? xy1+ [u'(x)]2 dx

Xp=—2 ,
J:3 \/ 1+ [p’(x)]2 dx

[IRTCNES G

Ye =
L? \/ 1+ [;,l'(x)]2 dx

The center of gravity of a plane curve is defined as a
point on the plane at which the static moment about any
coordinate axis is equal to the static moment of the curve
itself about the same axis. In other words, the center of
gravity of the curve corresponds to the “average” value of
the triangular fuzzy number.

When applying the above averaging methods based on
the CoG concept, it is generally assumed that the density
of the membership function curve and the associated plate

OPEN a ACCESS
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is homogeneous. However, one can also assume that the
curve has a variable density function p(/), 0</<L,
where the value of p(/) depends on the position of each
point on the graph of the fuzzy number’s membership
function (here L is the arc length of the curve). Without
loss of generality, we can assume that the density values
lie within the interval [0,1]. In this case, the position of

the center of gravity of a continuous inhomogeneous
curve is given by

e (P s

D weRe

[, PRGN+ [ ()1 dx
[RURTIE

By interpreting the density function p(x) as the credi-
bility (or reliability) function of the membership values,
the triangular fuzzy number is thus represented as a type-
2 fuzzy number [19]. Accordingly, by expressing the den-
sity dependence on the location / on the curve through an

arbitrary function p(/): R —[0,1], 0</<L, one ob-

tains new “averaged” characteristics of the center of grav-
ity and the corresponding degree of membership (as per
equation (31)).

X (32)

4 EXPERIMENTS

We conduct numerical experiments using various ap-
proaches to solve the fuzzy traveling salesman problem in
which the travel duration along the network is defined by
fuzzy right-triangular numbers. The computations are
carried out using a model of a logistic transport network
with precisely defined values of travel time for all possi-
ble segments of movement [20].

The optimal solution to the classical traveling
salesman problem on the specified network corresponds
to the route

1525651051158 5559-57>4-53->1, (33)

=

for which the total duration amounts to 156 units.

To simulate the fuzzy version of the traveling
salesman problem, the fuzzy travel time along each path
between cities is modeled using the rule:

G =ttty 1.8+ 1.5+ (i + j)-0.75), (34)

where i,/ are the indices of the cities and ¢ is the crisp

(precisely defined) travel times.

5 RESULTS
Applying different defuzzification methods to the
fuzzy travel durations results in solutions that fully
coincide with the travel sequence given in (33). Table 1
presents the lower and upper bounds of travel durations
between cities i and j within the transport network, the
weighted travel durations computed using o =0, =0.5,

the CoG values of the corresponding fuzzy durations, as
well as the calculated centroids of homogeneous and
inhomogeneous graphs of linear membership functions
(using p(l)= e ,0</<L) and the corresponding
optimal values of the total travel time for the salesman
(see the row labeled “Duration”), which are obtained by
the aforementioned methods. The last column reports the
results obtained using the Bellman-Zadeh method with
parameter A =0.15.

It is evident that the invariance of the route across
different solution methods for the fuzzy traveling
salesman problem is due to the uniform increase in all
fuzzy duration parameters, which is rarely observed under
real-world conditions. In this case, the primary objective
of the presented results is to visually demonstrate the
previously discussed solution techniques for the fuzzy
TSP. It is worth noting that the most informative and
qualitatively accurate outcomes were achieved in
numerical experiments involving fuzzy travel durations
between cities, in which the computation of travel time
accounts for the density function of the membership graph

(see Table 1, column xF).
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Figure 5 — An example of a transport network in the traveling salesman problem [4]
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Table 1 — Results of Solving the FuzzyTSP with Fuzzy Travel Duration Values in the Network [4]

i J tij i + At 0.51;40.5(t; + At CoG X, xP O
1 2 12 25.35 24.675 17.2337 17.103 17.01 14.0025
1 3 13 27.90 26.95 18.8037 18.4807 18.17 15.235
1 4 14 30.45 29.225 20.3742 20.0508 20.016 16.4675
1 8 18 40.65 38.325 26.6586 26.3284 26.241 21.3975
1 10 13 31.35 28.675 19.1806 19.160 19.105 15.7525
1 11 14 35.70 31.85 22.0797 22.0195 22.011 17.255
2 5 15 33.75 31.875 22.1870 22.1852 22.156 17.8125
2 6 16 36.30 34.15 23.7584 23.3543 23256 19.045
3 4 13 30.15 28.075 19.5295 19.512 19.314 15.5725
3 6 15 35.25 32.625 22.6731 22.1125 22.105 18.0375
4 6 16 37.80 349 24.2450 24.108 24.092 19.27
4 7 17 40.35 37.175 25.8170 25.6245 25.602 20.5025
5 8 18 43.65 39.825 27.6335 27.3799 27.367 21.8475
5 9 19 46.20 42.1 29.2058 29.0481 29.031 23.08
6 8 16 40.80 36.4 25.2245 25.1274 25.121 19.72
6 10 10 31.50 25.75 17.7688 17.1875 17.085 13.225
7 9 17 44.10 39.05 27.0429 27.0356 27.026 21.065
7 10 20 50.25 45.125 31.2685 31.2386 31214 24.5375
8 11 11 35.55 28775 19.8387 19.1381 19.123 14.6825
9 11 20 52.50 46.25 32.0067 31.9191 31.694 24.875
10 11 10 35.25 27.625 19.0165 18.246 18.228 13.7875
Duration 156 3963 354.15 245.6485 | 242.1097 241212 192.045
6 DISCUSSION triangular fuzzy numbers are employed. Various ap-

Several remarks should be noted. The procedure for
finding a solution to the fuzzy traveling salesman problem
based on the Bellman-Zadeh method is based on multiple
solutions of a crisp problem for different parameter val-
ues. To solve the problem, a genetic algorithm was used
[21], which allowed us to obtain a solution relatively
quickly. However, the transport network in the problem
under consideration is small, and when it increases, find-
ing a solution based on the Bellman-Zadeh method will
be significantly limited. Thus, solving practical problems
of finding the optimal traveling salesman route in a fuzzy
setting is characterized by low performance and signifi-
cant requirements for computing resources. To speed up
obtaining the result, it is proposed to use methods based
on defuzzification of the duration of movements between
network nodes by calculating the gravity centroids of the
graphs of the corresponding membership functions.

CONCLUSIONS

This paper presents the results of a study on the use of
triangular fuzzy numbers for determining time-optimal
routes in the traveling salesman problem under fuzzy rep-
resentations of travel duration in a transportation network.
To formalize the uncertainty and imprecision of input data
— associated with the subjectivity in estimating the time
intervals required to travel between individual cities-
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proaches to solving fuzzy traveling salesman problems
are examined. The application of the Bellman-Zadeh
method, methods incorporating refined defuzzified data,
and methods based on multicriteria decision-making are
formalized. The interpretation of averaged values for
right-sided triangular fuzzy numbers is analyzed. An en-
hancement of defuzzified values is proposed based on the
computation of the center of gravity of the membership
function curve and the construction of type-2 fuzzy sets,
which allows for improved objectivity of the input pa-
rameters and yields better results. In the conducted nu-
merical experiments on solving the traveling salesman
problem with fuzzy travel durations, the influence of
various defuzzification techniques is demonstrated. These
include the use of the center of gravity (CoG), the cen-
troid of homogeneous and inhomogeneous curves defined
by membership functions, and the assigned confidence
values of subjective data. A comparison is made between
the results obtained from solving the crisp version of the
traveling salesman problem and those derived from de-
fuzzified values in the fuzzy case. The outcomes confirm
the dependence of the solution on the defuzzification
method applied. The study concludes that using triangular
fuzzy numbers is appropriate and effective for solving
fuzzy traveling salesman problems in real-world logistic

transportation scenarios.
OPEN a ACCESS
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AHOTANIA

AKTyanbHicTb. BaXI1BOIO Cy4acHOIO IPOOJIEMOIO € IIBUJKE BiTHOBJICHHS Ta ONTUMi3alis yIpaBIiHHS JIOricTUKOI0. B
3aJIeKHOCTI BiJI MOCTaBJICHOT 3a/1a4i iCHY€e 0arato pi3HUX MaTeMaTHYHUX METOJIB Ta MiIXO/iB 10 BUPIIIEHHS PI3HUX JIOTiCTH-
YHHX 3334, PO3B’A3yBaHHSA AKMX HAGyBae ITHPOKOTO MPAKTHYHOrO BIPOBAKEHH:. Oro KOHKPETHHMIl 3MICT 3aIeKHTh Bil
XapakTepy MpoOJieMH Ta MOBHOTH HASBHUX JaHHUX. [HOMI Ui pO3B’sS3aHHS BIJOMHUX 33]a4, OJHIEIO 3 SKUX € 3a/1a4a KOMiBOsI-
&Kepa, BAAE€THCS 3HAUTH HETUIIOBI METOJUKU Ha OCHOBI IIO€AHAHHS JICKIJIBKOX OOYHCIIIOBATEHUX CXEM Ta METO/IB.

Hins. Mera poboTH — pO3pOOKUTH aNTOPUTMU PO3B’SI3aHHS HEYITKOI 3a/ladi KOMIBOsDKEpa Ha OCHOBI peajizallii MeToiB
napaMeTpuuHoi onTumiszauii bennmana-3ane, BUKOPUCTaHHS IBOKPUTEPIaIbHOIO MiAXOAY 13 3a1aHOI0 BaroBoO (DYHKIII€0 Ta
YTOYHEHHS CXEMH PO3paxyHKY LIEHTpY Baru rpadika GyHKIii HaJIe)KHOCTI JUTsl 33JaHOT IIIILHOCTI KPUBOI.

Merton. Y CTaTTi pO3rISaloTECS METOAU PO3B’SI3yBaHHS HEWITKOI 3aJadi KOMIBOSDKEpa, MO (hOPMYIIOETHCS K 3amada
3HAXO/KCHHS MapUIPYTY BiJBiTyBaHHS 3a[JaHOT KIJIBKOCTI MiCT 0€3 MOBTOPEHb 3 MiHIMAJIBHOIO TPUBAIICTIO pyxy. [lapamerpu
3aadi Ui Gpopmasizalis HeBU3HAYEHOCTI Ta HETOYHOCTI BXIJJHUX JAaHUX, ITOB’A3aHUX 3 BIJIMBOM Cy0’€KTUBHOCTI B OLIIHKax
TPHUBAJIOCTI, HEOOXITHUX JUTS IEPEMIIIIEHHS MK OKPEMHUMH MIiCTaMH MPOMIXKKIB 4acy, MOAAOTHCS Y BUTIIS/II HEUITKUX TPUKY-
THUX 4ucen. Po3risHyTo pi3Hi MiAX0aH, IO A03BOJIIOTH PO3B’SI3yBaTH HEUITKi 3a1aui KoMiBosbkepa. ©opMmarizoBaHO 3acTo-
cyBaHHs MeToqy benmana-3aze, METO/IIB 3 ypaXyBaHHSM YTOYHEHb Ae(a3udiKoBaHUX JaHUX Ta METOJIB Ha OCHOBI Oararto-
KputepianbHoro migxonay. [IposeaeHo 00UMCIIOBAIBHI €KCIIEPUMEHTH.

PesysibTaTu. Po3po0ieHO pallioHalbHI aITOPUTMH PO3B’sI3aHHS HEYITKOT 331a4i KOMiBOSDKEpa Ha OCHOBI TapaMeTPUYHOT
onTtuMizaniiitHoi Mozaeni bemimana-3ane, 6araTokpuTepiaabHOrO MiAXOAY Ta METOJIB YTOUHEHHS pe3ysbTaTiB aedasudikarii
HEUITKHX JaHUX Y MPOBEIECHHUX YHCEIbHUX EKCIIEPUMEHTAX 3 PO3B’sI3aHH 3a1a4i KOMiBOSDKEpa 3 HEUITKO 3aJaHOI0 TPUBAJiC-
TIO NIePEMilleHb IPOAEMOHCTPOBAHO BILIMB Pi3HUX BapiaHTiB Aedasudikarii HeUiTKUX BXiAHUX JaHUX Ha OCHOBI METOAY PO3-
paxyHKy neHTpa TsokiHHA (CoG), HeHTpY Bard OZHOPITHOT Ta HEOTHOPIAHOT KPUBHX, SIKi BU3HAYAIOTHCS (DYHKIIIEI0 HAIEIKHO-
CTi Ta 33JlaHMMH BEJIMYMHAMU HaJiliHOCTI Cy0’eKTUBHUX JaHuX. IIpoBefeHO MOPIBHAHHS Pe3yJbTaTiB, OTPUMAHUX Ha OCHOBI
BHpIIICHHS 9iTKOT 3a/1a4i KOMiBOsDKEpa, Ta Pe3yJibTaTiB Ha OCHOBI e a3u(ikoBaHUX 3HAYCHb TPUBAJIOCTI IS HEUITKOT 3a1a4i
KOMIBOSDKEPY, 32 ITOraMHt SIKOTO MiATBEPPKEHO 3aJIeXKHICTh PO3B’SA3KY Bijl criocoOy aedasudikarii.

BucHoBKH. Y CTaTTi pO3MIIIHYTO METO popMatizailii alropuT™My po3B’s3aHHs HEUITKOT 3a/1a4i KOMIBOSDKEpa 3 MiHIMab-
HOIO TPUBAIICTIO PYXYy 3a MapLIPYyTOM Ha OCHOBI MeTony benmana-3ane, METONIB 3 ypaxyBaHHSIM yTO4YHEHb Aeda3udikopa-
HUX JAHHUX Ta METOMIB HAa OCHOBI OaratokpuTepianbHOro miaxoay. st ¢popmaizaiii HEBU3HAUYCHOCTI BXIJHHUX JaHUX MpPU
OLIHIII TPUBAJOCTI NEPEMILIEHH MK OKPEMHMH MiCTaMH TPAHCIOPTHOI MEPEKi BUKOPUCTOBYIOThCSA HEUITKI TPUKYTHI UHCIIa.
3po06iieH0 BUCHOBOK IO JOLUIBHICTh BUKOPUCTAHHS HEUITKUX YMCENl NPH PO3B’s3aHHI HEYITKHUX 3a/1a4 KOMIBOSDKEpa B pea-
JIBHAX YMOBAX JIOTICTHYHUX IIEPEBE3CHb.

KJIFOYOBI CJIOBA: HeuiTka 3a1a4a KOMIBOsDKEpa, HEUITKI 4uCla, Cy0’ €KTUBHE CIPUIHATTS TPUBAIOCTi, HEBU3HAUE-
HICTh, METOJIM PO3B’A3yBaHHs, OaraTOKpUTepiabHUN TiaXif, aedaszudikaris.
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