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ABSTRACT

Context. Numerical integration of rapidly oscillating functions of several variables is a key concept in engineering models and
digital image processing. Despite the availability of various integration methods, the influence of smoothness and discretisation
parameters on the accuracy of approximation remains insufficiently studied.

Objective. The aim of this study is to analyze a cubature formula that uses economical interpolation schemes and to systemati-
cally investigate the influence of smoothness and discretisation parameters on the accuracy of numerical integration.

Method. There are methods for numerical integration of rapidly oscillating functions of several variables, which are developed
using information operators that restore intermediate values of functions based on known values of the function at points, lines, and
planes. Such information operators include the operators of O. M. Lytvyn, on the basis of which economical schemes for interpolat-
ing functions of several variables have been created. Their application in constructing cubature formulas for approximate calculation
of double integrals of rapidly oscillating functions of several variables of general form allows calculations to be performed with high
accuracy. The main focus is on the question of how the estimation of the error of numerical integration of two-dimensional rapidly
oscillating functions in general form improves with the increase in the smoothness of the function.

Results. The cubature formula of the approximate calculation of the double integral from the rapidly oscillating function of a
general form is researched.

Conclusions. A comparative analysis of the accuracy of the cubature formula for different classes of functions showed that the
class of differentiability of a function is a determining factor that influences the rate of decrease of the theoretical error of numerical
integration. Economical interpolation schemes and a higher level of smoothness of functions provide a significant increase in the
accuracy of approximate calculation of integrals of two-dimensional rapidly oscillating functions of general form.

KEYWORDS: digital twin, digital signal image processing, mathematical modeling, numerical integration, cubature formula,
highly oscillating functions, interpolation of functions of many variables, sparse grid.

NOMENCLATURE f 1is a function of two variables;
G is an integration domain;
¢,, is a number of lines into which the region is di-

vided as per variable x and y ;

f (\V”,e) is a traces of function on the lines Yy

f(v,8,,) is a traces of function on the lines 6, ;

) J 1is an operator that restores the function f on the

A, are lengths of the intervals breakdowns of G ; .
K traces on lines;

A, are lengths of subintervals breakdowns of G ; J is an operator that restores the function f in the

knots;
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J, isa single-variable f function restoration opera-

tors;
J
tors;
hly, are linear splines with respect to the first vari-

" is a single-variable f function restoration opera-

able, defined on intervals of length A, in the operator J ;
Hly, are linear splines with respect to the second
variable, defined on intervals of length A, in the operator
J3
};11“ are linear splines with respect to the first vari-

able, defined on intervals of length Au in the operator J ;

H 1;,, are linear splines with respect to the second

variable, defined on intervals of length A u in the operator
J;

K, 1is a subintegral function for representing f
through J ;

K, is a subintegral function for representing f

through J ;
g is a function of two variables;
g(y,,0) is a traces of function on the lines vy, ;

g(y,0,,) is a traces of function on the lines 6, ;

O is an operator that restores the function g on the
traces on lines;

O is an operator that restores the function g in the

knots;

Oy is a single-variable g function restoration opera-

tors;

O, 1is single-variable g function restoration opera-

tors;
h2,, are linear splines with respect to the first vari-

able, defined on intervals of length A, in the operator
0;

H2y, are linear splines with respect to the second
variable, defined on intervals of length A, in the operator
0;

521“ are linear splines with respect to the first vari-
able, defined on intervals of length A“ in the operator
0;

H 2, are linear splines with respect to the second
variable, defined on intervals of length A u in the operator
0;

G

uv
through O ;

is a subintegral function for representing g
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GHV is a subintegral function for representing g

through O ;
H>" is a class of functions whose partial derivatives

of order r with respect to the first and the second vari-
ables are uniformly bounded by the constant A while
the function itself and its mixed partial derivatives of

order r are uniformly bounded by the constant M ;
o is an oscillation parameter;

17 is a two-dimensional integral from highly oscillat-
ing functions in a general form;
®? is a cubature formula for calculating two-

dimensional integral of rapidly oscillating functions in
general form;
p is an error of approximation of the integral by the

cubature formula.

INTRODUCTION

Currently, the concept of a digital twin is viewed as
the integration of advanced information technologies and
is widely used in various areas of life. A digital twin is a
virtual copy of its physical counterpart that can process
data in real time, monitor the current status, and manage
system risks. The basic design of digital twins in the mili-
tary and medical fields combines a physical counterpart
with the latest technologies, such as image processing,
mathematical modeling, etc. Digital image processing can
analyze visual data, facilitate accurate modeling and
monitoring of physical objects.

The Fourier transform is one of the central concepts in
mathematical modeling of digital signal and image proc-
essing problems. The use of Fourier transforms allows
useful information to be separated from noise; when part
of an image is distorted or lost, algorithms based on mul-
tidimensional Fourier series are used to restore the com-
plete picture. Multidimensional Fourier series are also
used to analyze data obtained from satellites, radars,
drones or thermal imagers. To construct multidimensional
Fourier series, it is necessary to calculate Fourier coeffi-
cients. The task boils down to constructing cubature for-
mulas for the approximate calculation of integrals of
rapidly oscillating functions of many variables.

It is also important to consider the main problem in
calculating multidimensional integrals — the rapid growth
of computational costs with an increase in the number of
variables. This problem can be avoided by using eco-
nomical interpolation schemes or sparse grids, which
significantly reduce the number of nodes required to
achieve a given accuracy compared to classical methods
using bilinear interpolation.

Currently, there is a pressing need to generalize and
optimize the proposed algorithms and to construct
mathematical models where it is necessary to calculate
double and triple integrals of rapidly oscillating functions
of a general form. i.e. in an irregular case. This task is
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more complex, requires more detailed study and the crea-
tion of new approaches to obtain meaningful results.

The object of study is the process of mathematical
modeling of digital image processing tasks.

The subject of study is an approximate calculation of
the integrals from the rapidly oscillating functions of two
variables in a general case.

The aim of the work is to construct the cubature for-
mula for the approximate calculation of the integral of the
rapidly oscillating function in a general form in the case
when information about functions is specified in the
nodes of a two-dimensional O.M. Lytvyn’s sparse grid.
Particular attention is paid to studying the influence of
function smoothness on the accuracy of numerical inte-
gration.

1 PROBLEM STATEMENT
It is necessary to construct and investigate the cuba-
ture formula of the approximate calculation of the integral
of highly oscillating function in a general case

P(o)={ [ £0xy)e @Y dxay (1)

[ S
[y S——

when the information about f(x,y) and g(x,y) is speci-

fied in the nodes of O.M. Lytvyn’s sparse grid. Conduct a
comparative analysis of the accuracy of the cubature

formula on the class H>" (M,M), r=12.

2 REVIEW OF THE LITERATURE

In medicine and defense, digital twins combine physi-
cal systems with mathematical modeling and digital im-
age processing methods, enabling accurate analysis of
visual data, adequate reproduction of processes and effec-
tive monitoring of complex objects.

The complete structure of a digital twin, its main char-
acteristics, and the process of its existence are described
in[1].

In particular, [2] describes a digital twin for breast
cancer diagnosis using thermographic images, and [3]
describes the structure of digital twins that allow image
quality assessment in photoacoustic tomography. It is
important to note that [3] uses a Fourier transform-based
restoration algorithm and demonstrates the usefulness of
digital phantom twins by comparing image restoration
quality.

The issue of numerical integration of rapidly oscillat-
ing functions is relevant [4-9]. It should be noted that a
significant proportion of research is devoted to effective
cubature formulas [10-12].

The process of digitization in many areas necessitates
the use of innovative mathematical approaches, theories
and algorithms. One such innovative approach is the the-
ory of new information operators (O.M. Lytvyn’s opera-
tors) [13—18], which is based on the construction of op-
erators for restoring functions of several variables using
multi-modal data.
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Information operators have proven themselves effec-
tive in mathematical modeling in various scientific fields,
as well as in mathematical modeling of digital signal and
image processing tasks. Currently, algorithms have been
developed for calculating Fourier coefficients of functions
of several variables depending on the type of information
about the function. These algorithms, which use function
values at points, function traces on lines or planes as data,
allow for high accuracy in information processing.

There is already some achievements in this direction
of research; namely, some cubature formulas have been
constructed for approximate calculation of integrals of
rapidly oscillating functions of three and two variables of
general form, in the case when the information was given
by the values of functions on planes and lines [19, 20].
However, many questions remain unexplored.

These include the creation of appropriate numerical
methods for solving engineering modeling problems
based on the use of projections, the optimality of the pro-
posed numerical methods, testing of cubature formulas to
identify their potential capabilities, and the optimal selec-
tion of planes, lines, etc.

It is also important to consider the main problem in
calculating multidimensional integrals — the rapid growth
of computational costs with an increase in the number of
variables. This problem can be avoided by using eco-
nomical interpolation schemes (O. M. Lytvyn’s sparse
grid), which significantly reduce the number of nodes
required to achieve a given accuracy compared to classi-
cal methods using bilinear interpolation.

This article considers the issue of numerical integra-
tion of rapidly oscillating functions of two variables in
general form when information about the functions is
specified at the nodes of a two-dimensional sparse grid.
Particular attention is paid to studying the influence of the
smoothness of functions on the accuracy of numerical
integration.

3 MATERIALS AND METHODS
Let

0, x <X,

X0 <x<x1,

0, X2 X,

0, x< xk—l’
X = X1

A

My (x)=4 k=1,0,-1,

X~ Xpyl
_Al

0, X2 Xp4q,

s X <X <X,

> X £x<xk+1,
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0, XSXZI_I,

X
_ 1
hly, (x) = A <X <X,

0, xeél,
0, ySyO’
y=)
Hljg(y) = L yo<y<wn.

!
0’ yzylv

09 ysyj—lﬂ

Y=Y

A syj71<y<yj7
1 .
Hl;(y) = =101,

Y=Y+
Ly <Y<y
_Al

07 yZyJJrl’

0, ygyfl—l,

Y=Y,
Ay

0, Yy

Hlyy ()= s Vo1 <Y<Y

O, )CS)NC(),

~ X 5 N
hljo(x) = Zl, Xp <x <X,
1

Iy (x) =

~ y=J - -
Hljp(y) = gll’ Jo<y<i,

09 ij}l,
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0, ij/j-il,

&7 j;]flgy<j}]7
A ~ 2
J=L47 -1,
Y=rVia .

——Al’ y] Sy<y]+19

1:111]' =

0’ yZJ’;JN+19

03 ySyZIZ_la
-~ Y=V 8
lelz )= A] s Y2 <y< Y2

0, y > j}zl29

. 1
Xp =kAy, y;=jAy, Ay =—;
- ~~ ~ ~% T _2 A 1
Xp =kAy, Y5 =JA ki j =007, A :f_'
|

Auxiliary functions

h210(x), H210(y) s h21p (X), pP= l,fz —1,

H213(3), s =105 =1, 2y (x), H2y0, ()

};210()6)7 [:1210()/), ﬁzli) (X), ]3 = 17522 _19

H2; (), §=1.05° =1, k2, > (%), 2, 5 ().

are determined similarly to

£, =pAy, J,=3A,,

PE=10,2, Ay=1/0,2.

Let define operator

Jf(x, )= %:f(xk’J’)hllk (x)+ %f(x, vy ) H; (v)=

k=0
00

I f(xk»yj)hllk(x)Hllj(y)5

k=0 j=0

0 07

Jf(x,y)=

k=0

™

f(xk,?])hhk(x)l:nlj(y)*
0

Il
~.
Il

0, 02

+
J

g

(% vy )y (x) HY () -

Enl!
Il

04=0
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0l
-3 Zf(xkay]')hllk (x)HL; ()
k=0 j=0
‘ ‘

p=05=0
» ly 522
Og(x, y): zg(xpajji)hzlp(x)Hzlv(y)—f_
p=05=0
£ 1 .
+z z g(ip’ y])hzlp (X)Hzls (y)
s=0 p=0
ly /1
_z Zg(xp,ys)hZIP (x)Hle (y)
p=0s5=0

If additional operators are introduced
! 1

NS (%)= 20 f (5 v) il (),

k=0

8\
DS (%) =2 f(x v ) Hp (3);
j=0

Il
~
—_—
e
<
SN—
=
'_‘_‘
=
—
=
SN—

jlf(x’ y)

Jj=0
ls

Og(x )= &(x, ¥)h2y, ()
p=0
(2

0,2 (x, ») g(x, v ) H2i5(»)
s=0
0,? ~

Olg(x y): Z g(;cpﬂ y])hzlﬁ (x):
p=0
52

Og(x. y)= ( poys‘)Hzlc

then for operators Jf(x,y), Og(x,y) and operators
Jf(x, ), Og(x,y), the following identities will be

satisfied:

J=(N1+Jy=IJ2) f . Og=(0;+0,-0,0,)g
I =(NJ2+ Iy =D ) [ s
Og =(010,+0,0, - 010, ) 2

The following cubature formula

Jf(x, )€ @08 gay, )

S —_— —

is proposed for numerical calculation of (1).
Theorem 1 [21]. Let
2,1 i
f(x,y), g(x, y)eH ’ (M,M),

then
p(7* (@), @2(@)) -

1
f(x y ’wg(x Y dxdy j x y "”Og(x y) dxdy| <
0

P ——
[ S——
[ ——

- (M +6M
M+62M +M min 4'(—2) .
94, 9¢,

Let us consider additional functions that will be used
in proving the theorem for representing the approximation
error  f(x,y) by the operator Jf(x,y) through

f(2,2) (x, y) :

Mt 7 (xk—ci), x, <E€<x,

Klk(x é)z X+l — Xk
X, — X
k (xk+1_§), X <& Xy,
Xe+1 ~ Xk
Yit1 =Y
== (y;-m),  y;<m<y,
% (yn)— Yis1 7 Yj
27 5 -
j B (g em) yen<yg
+ s = s
Vi =y’ /
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x~k+1 - #-E), F<i<x
K~(x £)- Yo TN
1\ 5s)=y - _
,.Xk )i(xk_H ‘E-.')» x<<iﬁxk+1,
k+1 "k
Yiaa =Y . . -
AL (y;-—n), yism<y,
Joe (yﬁ) y.;+1_y.;
2j =Y -
Yi—y -
f—~(yj+1 n), y<A< Ty
Vist =]

Lemma. The following is true for function

X+l X+l A13
[ [Ku (x.8)dedr =<
X Xy
Proof. Note that
X4
I |K1k(X,§)|d§=
Xk

X1 =X [ x—x
=B [y - g ——— [ g -gde -

Pl "Xk k+l "X
Xk+1 —X X—X,
=———(x—x; )+ Xpy1 —X
X+l — Xk ( k) X+l — Xk ( i )
then
Xk+1 Xkl
[ Ky (x.8)laedx =
X Xk
X +1 _ _
= J:r (M(X—Xk)‘i‘ XX (xk_'_l_x)de_
X+l — Xk Xie+1 — Xk

Xkt 3 Xis1 )
= ! J. (x xk) a’)c+L J —(xk+1 x) dx
k

2A 3 2N 3

Xk
B 1 (x—xk)4 X+1 (xk+1—x)4 X+1 3
T2A| 43 |y 43 |5 |

REEN Al _2A7 AP
2A134 3.4 4 12
2,2 ~
Theorem 2. Let /(% y)€ H (M,M) , then

M +24M

11 1
‘([gfxydxdy jj xydxdy l44£14

Proof. It is sufficient to show that

11
S yydxdy = [ Jf(x, y)dedy| <
00

O'—-'—‘
S — —
[ Y S——

1
<[ 17 G ) =df Cey )+ Jf G, ) = JF (x, )| dedy <
0

|fCx, ») = Jf (x, )| dxdy +

o'—.»—‘

Jf (3, )= Jf (x, )| dxdy <

+
[ E——

|/ (x, y) = Jf (x, y)| dxdy +

o'—,»—-
SCt— = O /™ e

(N1 +J2 *JlJz)f(x,y)*(JJz +J5J; *Jlfz)f(x,y)‘d’fdyﬁ

—_ O —

=1t —1 X g1 Vi1 [ X Vst
< IZ I [ A*2) (@)K (x.8)Ky ; (von)dedn|dudy +
k=0 =0 x y; | % v,
01021541 N4 20 Yin
I I @Ry (x.B|dds | v
J=0 k=0 %, ¥

Zl—lflz—l Xpi1 y]'+1 y}'+1

+ZZMJJ~_

O ] |Ro, (o) iy <

Theorem 3. Let f(x, y), g(x, y) e H>? (M, M) , then

.l[j. e 2Y) gy — j'_l[ ¢©08(%) dxdy| <
00 00

<min| 4; 2
1447,

Proof. Let us consider additional functions that will be
used in proving the theorem for representing the approxi-
mation error g(x, y) by the operator Of (x, y) through

g(2,2) (x, y) :
M(xp —t), Xp <t<ux,
X —X
Glp ()C,t)= pH p
Xp —X

—(po —t), X<t<Xp,
Tp+1 = %p
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- 11 (0, -0,0 0 +(0, -0,0 ,
=2 (g 1),y <1<y, +2[ [ min| 1 (4-00;Jstx)+(02-0:0)een))
st(y,‘t): yS+1_y 00 2
’ Ys =) (=14, =1%ps1 Yop Xpil Voot
q—(ys+l_‘c)7 Y<T=Yeqn- <2y > I .[ min| 1; 2 I _[ g(z’z)(t,r)Glp(x,t)st(y,T)dtdn dxdy +
ys+1 -y p=0 s=0 X, 2 X,
. N 052 -10,21 %pat Fsg
~p+1 - (~[3—t~), X5 <f<x, +2min| J J dxdy;
~ - xﬁ“—xﬁ p=0 5§=0 ;Cf) Js
Glp (x,t): -
Y (5 { <% -
T T ) ¥<T <, DI T
1= 2X X T [ []e*e,f6n o]
) p=0 §=0 x,  § -
Vst1 7Y (=~ 2\ = =
ﬁ(yf_r)a Y5 ST<y’ mgz,u{zZ_lpo p+l (20) ~ . L Vil
Gos (37) =1 1775 =P 820y, |Grp (0| didx [ dy |<
57V (o= zos 0 50 x, . 5
)7—~(y§+1 —%), y<E< P ’
S+1 7§ ~ 2 2
. Mo A,™ A
Sme(/ﬁzzAzz,—m—z =2 j+
Thus 2 12 12
: 2 oM 2A,°
11 . 11 00 +2 min (€22A22) 5 wszzfzz 2 =
J‘ I el@g(x.y) dxdy—j J‘ e00g(x.y) dxdy| < 2
00 00 ~
1L L w0 =min 2;—M(D4 +min 2;—M(Z =
<|[ [ %Y axdy—[ [ 50 axay| + 1440, 60,
00 00 .
[ oM +240)
=min 4;—4 .
< 1447,

+

_1[ .1[ @02 (x.y) dxdy—_lf _1[ @02 (x.Y) dxdy
00 00

Theorem 4. Let

11
< g { ‘eimg(x,w_eing(x,y)‘ dxdy +
f(x, y), g(x, y)eHz’z(M,]\;I),

e/@08(%Y) _ oi@0Z(Y)| gy < then

1l

p(1* (@), @% (@)=

<[ [ prsin @202 =000y JSe0emnl N N
00 2 =[£G dxay — [ [ £(x, 1) @080 gy <
11 ~ No) ~ 00 00

. 00g(x,y)-00g(x,y) 5(02(x)+0g(x.») )
o] [ psin 2 o iy = Vi+2am o[ oM +24M)
00 S———+ Mmin 4 ————
1 o 1441, 1444,
<of | Gin 22 Y) -0 g(x,y)Ia,m,er
2
00 Proof. Let’s find the estimate
11 ~
v2[ [ fin 20800Y) ~00g(r D] ey <
2 - 11 ) L1 s
00 [ [ e e 0Y dxdy—[ [ Jf(x, )& P80 dvdy| <
11
< 2[ I mil{l' (o|g(x, »)-Og(x y)|dedy+ 0101 ' 10 1
00 2 <{[ [ e e 200 ardy— [ [ Tf(x, )00 dxy| +
+2H ' [1 m(0]+020102)g(x,y)(0102+020]O]OZ)g(X,y)]dXd . 00 00
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Note. The cubature formula (2) uses
= 2002 + 1)y + D)= (£ +D)(ly +1) = O(L)

values for function f(x,y) and

Ny =2(0,2 +1)(Ly +1)=(Ly +1) (L +1) = O(L5>)
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11 11 -
[ ] 7@y @%0 ddy=[ [ f(x, 7)Y duay| <
00

for function g(x,y).

4 EXPERIMENTS
The essence of the experiment is to compare the accu-

racy of the cubature formula on the class H 2l (M M )

and H>? (M,M)

To demonstrate the effectiveness of numerical integra-
tion of rapidly oscillating functions of two variables of
general form using the cubature formula based on O.M.
Lytvyn’s sparse grid, we will use the estimates obtained
in Theorem 1 and Theorem 4. That is, we will show how
the accuracy of the approximation significantly depends
on the smoothness class of the functions.

Consider the functions sin(x+y), cos(x+y), which

belong to the class HZ’V(M,]V[), r=1,2, M=M=1.

For the given functions, let us consider the behavior of the
error of the cubature formula (2). According to Theorem
1, the accuracy of the approximation of the integral (1) by

formula (2) on the class H 21 (M M ) is equal to

g =€ () —L+mln[4 76; j ,
9¢? 9¢

when /¢, =/, and according to Theorem 4, on the class

H>? (M,M) it is equal to

gy =¢(0)=

25 . 25w
7+ min 4; 7
144¢ 144¢

when ¢, =1

5 RESULTS
Table 1 shows the values of the theoretical errors ¢,

and &, on the class Hz’l(M,]l;[) and H2’2(M,M),

respectively, and for different values of ® and /.

Table 1 provides the values of theoretical errors for
two classes of functions with different values of discreti-
sation parameters and different smoothness of functions.
As can be seen from the table, the accuracy of numerical
integration largely depends on the smoothness of the
function: smoother functions provide smaller errors.

The Fig. 1 and Fig. 2 show the curves of theoretical
trajectories €| and €, for different values of  and /.
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Table 1 — Comparison of theoretical errors in @ = 207, 607, 1007

l ® €] €
64 207 1211072 6.60-1077
128 20m 3.03-107 4121078
236 20m 7.58-107 2.58-1077
512 20m 1.89-107% 1.61-10710
1024 207 4.73.107 1,01~10_12
256 60 2241073 7.66-107°
S12 60 5.62-107% 4.78-10710
1024 60n 1411074 2.99.10~ 1
>12 100m 9.35-107% 7.96-1010
1024 100m 2331074 4.97-107 1

T+ min(a; 1%

alw) =gz
-
o

T

Bw
@

~+min(4;

o
-
=

ealw) =&
"
(-]

10710

10-11

25 26

20

Figure 2 — Curves of theoretical trajectories €, for different values of ® and ¢

The graphs demonstrate that the accuracy of numerical integration directly depends on the discretisation parameters

and the smoothness of the functions.

6 DISCUSSION
The smoothness of functions is a parameter that af-
fects the accuracy when investigating the potential capa-
bility of the cubature formula for numerical integration of
two-dimensional rapidly oscillating functions of general
form. Theoretical estimates of approximation error de-
pend on the class of differentiability: smoother functions
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provide significantly smaller errors, while less smooth
functions are more difficult to approximate.

For the proposed cubature formula, approximation er-
ror estimates were obtained for different classes of differ-
entiability. To confirm the theoretical results, theoretical
errors were calculated for functions f(x,y)=sin(x+y),

g(x,y)=cos(x+y), that simultancously belong to the
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two classes H?! (M,M) and H?? (M,M). Theoretical

error values were calculated for different parameters of
@ and /. The results shown in the tables and graphs are
fully consistent with the proven theorems.

CONCLUSIONS

At the current stage of science and technology devel-
opment, the creation of digital twins is one of the key
areas of digital transformation of engineering, industrial
and information systems. The functioning of digital twins
is inextricably linked to the field of digital signal and
image processing, since the construction and updating of
such models is based on the analysis of large amounts of
data obtained from sensors and measuring systems. This
data is often oscillatory in nature, containing high-
frequency components and noise, which requires the use
of accurate and robust numerical methods for its process-
ing, filtering and integration. In this regard, it is important
to expand the range of numerical methods for approxi-
mate calculation of integrals of rapidly oscillating func-
tions. Classical integration methods often prove to be
computationally expensive or insufficiently accurate in
conditions of high oscillation. The development of eco-
nomical cubature formulas and specialized interpolation
schemes allows for a significant reduction in computa-
tional costs while maintaining high accuracy, which is
critical for the implementation of real-time digital twins.

An important component of modern numerical re-
search is not only the construction of effective cubature
formulas, but also a deep understanding of their accuracy
properties. In particular, to predict the results of numerical
experiments, it is essential to study the dependence of the
accuracy of quadrature formulas on the class of differenti-
ability of subintegral functions. This approach allows us
to estimate possible errors in advance and to choose inte-
gration methods for specific tasks in a reasonable manner.

The scientific novelty of the work lies in the devel-
opment and theoretical justification of a cubic formula for
the numerical integration of two-dimensional rapidly
oscillating functions of general form, constructed on the
basis of economical interpolation schemes using
O.M. Lytvyn’s information operators. For the first time,
the dependence of the accuracy of this cubature formula
on the class of differentiability of subintegral functions
has been systematically investigated, and theoretical esti-
mates of approximation errors for different classes of
smoothness have been obtained. The established patterns
of change in the integration error allow predicting the
accuracy of numerical calculations depending on the
properties of functions and discretisation parameters,
which justifies the feasibility of applying the proposed
approach in the tasks of digital signal processing, engi-
neering modeling and digital twin construction.

The practical significance lies in the fact that the es-
tablished patterns of change in integration error depend-
ing on the properties of functions and discretisation pa-
rameters allow predicting the accuracy of numerical cal-
culations, which justifies the feasibility of applying the
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proposed approach in digital image processing, engineer-
ing modeling, and digital twin construction tasks.

The prospects for further research should focus on
extending the proposed approach to multidimensional
fast-oscillating functions and more complex integration
domains. Promising areas include research into adaptive
cubature formulas, in which the discretisation parameters
and the choice of integration nodes are automatically
adjusted to take into account the smoothness of the sub-
integral functions. Such research can be aimed at develop-
ing effective algorithms for implementing the proposed
methods in digital image processing and digital twin con-
struction tasks.
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AHOTANISA

AkTyanbHicTb. UncenbHe iHTErpyBaHHS HMIBUAKOOCHMIBOBAHUX (YHKIIH 6araTboX 3MiHHHX € KJIIOYOBHM KOHLIEIITOM Y
3aauax iHKEHEPHOTO MOJICIIIOBaHHS Ta UPPOBOi 00poOKK 300pakeHb. He3Baxaroun Ha HAsBHICTh Pi3HUX METOJIB iHTErpy-
BaHH$, BIUIUB NTapaMeTPiB NIAJAKOCTI Ta JUCKPETH3aLlil HA TOYHICTh HAOIMKEHHS 3aJIMIIAETHCS HEJOCTATHBO JOCIIKEHUM.

Merta po6oTn — aHai3 KybaTypHOi GpopMyH, siKa 3aCTOCOBYE €KOHOMHI CXEMH 1HTEpIIOSAIIi, Ta CHCTeMaTH9IHEe BUBYCHHS
BIUTUBY IVIQJIKOCTI 1 HapaMeTpiB AUCKPETHU3allil Ha TOYHICTh YUCENbHOIO IHTErPYBaHHS.

Mertona. [CHYIOTh METOIM YHCEIBHOTO IHTEIPYBAHHSI IIBUAKOOCIHILOBAHUX (DYHKIIIH JEKIIbKOX 3MiHHHX, SIKi pO3po0IIeHi
3 BUKOPHCTaHHAM iH(QOpMaliiHUX ONeparopiB, IO BiJHOBIIOITH MPOMIXKHI 3HA4YEHHS (YHKIIH 32 BiIOMHMH 3HAUYCHHSIMH
¢GyHKIIT B TOUKAX, Ha JNiHIAX, IWiomuHax. [lo Takux iHpOpMaIiiHUX onepaTopiB BixHocumo onepatopu O. M. JIutBuHa, Ha
OCHOBI SIKMX CTBOpEHI €EKOHOMHI CXeMHU iHTepnoisuii QpyHKIiH JeKinbkox 3MiHHMX. X 3acTocyBanHs npu moGy 081 KyGaTyp-
HHUX (OpMyJ HAOIMKCHOTO OOUYHCIICHHS IOABIHHMX IHTErpaliB BiJ MIBUAKOCIMIBOBAHUX (YHKIIH NEKiTbKOX 3MIiHHUX 3ara-
JBHOTO BUJy JI03BOJISIE pOOMTH OOYMCIICHHS 3 BUCOKOI TouHicTI0. OCHOBHA yBara NpH/iJICeHa MHUTAHHIO SIK 13 3pOCTaHHAM
rIagKocTi QyHKIIT MOKPALIYIOThCS OLiHKA IMOXUOKU YMCEIbHOIO IHTEIPYBaHHS JBOBUMIPHMX HMIBUAKOOCLMIbOBAHUX (DYHK-
i B 3aranpHiit Gopmi.

Pe3yabTaTu. Jlocnigxena kybaTypHa GopMyiia HaOIMAKEHOIO OOUMCIEHHS NOABIHHOIO iHTErpaly Bifl LIBUAKOOCLMIIO0-
4oi (yHKIIT 3arajJbHOTO BUY.

BucHosku. ITopiBHsIbHUI aHai3 TouHOCTI Ky6aTypHOi hopMyIiu Ha pi3HUX Kiacax (yHKIil noka3as, o Ki1ac audepe-
HIIHOBHOCTI QYHKIIT € BU3HAYAIbHUM YMHHHKOM, SIKUil BILUTMBA€E HA IBUJIKICTh CMIJaHHS TCOPETHYHOT MOXHUOKH YUCETLHOTO
iHTerpyBaHHs. EKOHOMHI CXeMU IHTepHoJsLii Ta BUIIKMHI piBeHb INaAKOCTi QYHKIIHM ae cyTTeBe MiABUINEHHS TOYHOCTI Ha-
OJIMXKEHOTO OOYUCIICHHS IHTETPaTiB BiJi JBOBUMIPHHUX IIBUAKOOCHMILOBAHUX (DYHKIIIN 3arajibHOTO BUJLY.

KJ/JIIOYOBI CJIOBA: nudposuii aBiiiHuk, nupposa 00podka 300paxeHb, MaTEMaTUUHE MOJEIIIOBAHHS, YUCEIbHA 1HTE-
rpyBaHHs, Ky0aTtypHa hopmyIia, MBUAKOOCIMILOBaHI (QYHKIIT, IHTEpHoNsLis QyHKIIIH 0araThboX 3MiHHUX, PO3pi/PKEHA CiTKA.

JITEPATYPA 3. Digital twins enable full-reference quality assessment of

1. Characterizing the Digital Twin: A systematic literature photoacoustic image reconstructions / [J. Grohl,

review / [D. Jones, C. Snider, A. Nassehi et al.] // CIRP L. Kunyansky, J. Poimala et al.] // Medical Physics. —

Journal of Manufacturing Science and Technology. — 2025. DOI: 10.48550/arXiv.2505.24514
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