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ABSTRACT 

Context. The problem of data depersonalization in information systems is considered. The analysis of modern approaches to de-
personalization of data is carried out, it is revealed and proved by need of creation of the new method allowing to increase security of 
the processed data and their reliability. The object of the study was a model of data depersonalization, allowing to reduce the cost of 
protecting information systems.  

Objective. The goal of the work is the analysis of modern methods of depersonalization and the creation of a method that elimi-
nates the identified shortcomings, with an increased level of confidentiality and use of hashing of critical data and a private key. 

Method. A method of personal data depersonalization is proposed, based on the method of entering identifiers using hashing of 
critical data and a private key, which allows to increase the confidentiality of information processed in information systems. Methods 
are proposed for selecting key critical attributes from primary documents that uniquely identify the subject of personal data, the 
method of generating initial sets, which divides the source data into two disjoint subsets, the method of generating a hash identifier 
from a unique sequence and a private key that depersonalizes information and enhances its confidentiality. 

Results. The developed method is implemented in software and researched while solving the problems of depersonalization. 
Conclusions. The carried out experiments confirmed the efficiency of the proposed method and allow to recommend it for im-

plementation in automated information systems for processing personal data for solving problems of depersonalization. Prospects for 
further research may be in the creation of hardware streamlined data depersonalization allowing to increase the speed of processing 
and confidentiality of data in the information systems. 
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ABBREVIATIONS 
PD is a personal data; 
ISPD is an information system of personal data. 

 
NOMENCLATURE 

D  is a personal data table; 
M  is a total amount of attributes; 
N  is a table rows count; 

1A , 2A  are datasets; 
K  is a number of key attributes; 
F  is a hash function; 

ika  is a rows of data of the table; 
P  is an original message; 
f  is a multi-round non-key reshuffle; 

LotaRhoPiChiTheta ,,,,  are hash functions; 

DCBA ,,,  are arrays; 
x  is an amount; 
i  is a counter; 
Z  is a hashing results; 
r  is an array defining the count of bits of reshuffle for 

each state; 
PK  is a private key. 

 
INTRODUCTION 

In modern automated systems a large amount of per-
sonal data of various security classes is processed. In ac-
cordance with the Convention for the Protection of Indi-
viduals with regard to Automatic Processing of Personal 
Data (Strasbourg, January 28, 1981) (with changes and 

additions), the operator must ensure the confidentiality of 
the data being processed, which leads to significant mate-
rial costs [1–3]. So the cost of protecting one workplace 
of an automated personal data processing system can be 
more than 1000 US dollars, and the number of worksta-
tions of an automated system can be several hundreds of 
dollars. Also the problem faced by many companies, col-
lecting and storing consents to the processing of personal 
data that require handwritten completion or using an elec-
tronic signature, is known. To solve this problem, the 
methods of depersonalization can be used [4]. 

The object of the research is the process of trans-
forming confidential personal data into anonymous, non-
confidential sequence. 

The process of converting confidential personal data 
into an impersonal non-confidential sequence usually 
takes a lot of time, has a low resistance to attacks and has 
limitations at processing large amounts of personal data 
with frequent changes. 

The subject of the research is the methods of deflat-
ing personal data. 

Known methods of data depersonalization [5–8] have 
low speed; in records relationships between attributes of 
depersonalized data and their corresponding personal data 
attributes are partially preserved; if the values of individ-
ual attributes change, only the composition of the data can 
change, not the depersonalization. Therefore, in order to 
increase the speed and confidentiality of data depersonal-
ization, it is necessary to develop a method to eliminate 
the identified shortcomings. 
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The purpose of the work is to increase the speed and 
quality of the process of depersonalization of data proc-
essed in automated information systems. 

 
1 PROBLEM STATEMENT 

Let us assume that the raw data is given in a form of 
preliminary values ),,...,,( 21 MN dddD  where M  is the total 
attribute count and N  is the table row count. Attributes d  
may be key and non-key. As the result the number of the 
key values is equal to  ).<<(0 MKK  While forming of 

data for hashing a private key PK  with bitness of 512 is 
used. For a given sequence of data, the depersonalization 
function can be represented as the task of splitting data 
into two sets, 1A  and 2A , wherein 1A  contains confiden-
tial data, 2A  the anonymous information, and finding a 
unique 0d  sequence such that, for set 

1 i2( , ,…, , ) i ikF a a a PK , the value 0d  will be a unique 

0d const . At the same time the following condition is 
met – the inverse is impossible, finding a 

1 i2( , ,…, , ) i ika a a PK  data block from any 0d  is impossible, 

which in turn allows to establish the interrelation of the 
elements of the first and second sets. 

 
2 REVIEW OF THE LITERATURE 

In the process of analysis of modern methods of PD 
depersonalization the following methods were studied: 
method of identifiers implementation, method of change 
of composition or semantic, method of decomposition, 
mixing method. 

1) Method of identifiers implementation is a replace-
ment of personal data values with creation of a table 
(guide) of conformity of identifiers with the initial data. 
The disadvantages of this method are: 

a) In the request and in the response to this request 
the type of representation of PD attributes that were re-
placed with identifiers is changed.  

b) In the records the relations between attributes of 
depersonalized data and PD attributes corresponding to 
them are saved. 

c) It is applicable to a small amount of PD attrib-
utes and the small volume of a PD array. 

2) Method of change of composition or semantics is 
the change of composition or semantics of personal data 
by replacement with statistic processing, transformation, 
compilation or replacement of some information [9]. This 
method has the next disadvantages:  

a) Application of this method is uneffective for PD 
depersonalization, because during PD attributes extracting 
it is necessary to consider the possibility of 
depersonalization with the usage of these attributes. 

b) During basic replacement of values of separate 
attributes only change of PD composition can happen, but 
not depersonalization. 

c) In record relations between attributes of deper-
sonalized data and the attributes of personal data corre-
sponding to them are partially saved. 

d) Applicable when processing tasks do not require 
personalization of depersonalized data, if it is needed this 
process can be used on small data arrays. 

3) Method of decomposition is division of an array of 
personal data into several sub-arrays with subsequent 
separate storage of sub-arrays . The basic disadvantages 
are: 

a) It saves relations between attributes of deperson-
alized data and PD attributes corresponding to them in 
records of each storage. 

b) Is applicable on large arrays of PD. 
c) Resistance to attacks depends on the complexity 

of setup of relations between tables 
4) Mixing method is a reshuffle of separate values or 

groups of values of personal data attributed in an array of 
persona data. This method has these disadvantages: 

a) This method does not save relations between 
attributes of depersonalized data and personal data attrib-
utes corresponding to them in records. 

b) Resistance to attacks increases with growth of 
the size of the array of personal data. 

c) In applicable to large arrays of personal data 
with frequent changes in data.  

The algorithms for the implementation of the identifi-
ers’ priming method are represented by functions, some 
of which consider various cryptographic approaches for 
generating an identifier for the connection between the 
cross-reference table and the depersonalized database. For 
example, a unique and relevant identifier of an individual 
is obtained by using a one-way cryptographic function 
from the following attributes: the surname, name, patro-
nymic and date of birth of the individual – O.A. 
Vishnyakova and D. N. Lavrov [9]. There is also a patent 
for a method of identifying a subject of personal data us-
ing a SIM card as an identifier for communication, pro-
posed by E. S. Volokitina [10]. The method has been suc-
cessfully implemented in educational organizations. The 
featured algorithm successfully solves the security prob-
lem during processing anonymous data. However, the use 
of an additional identifier complicates the processing and 
increases costs. 

Algorithms for the implementation of a method of 
changing the composition or semantics are presented by 
I. Y. Kuchin [11], which proposes an approach of encod-
ing identifying attributes based on the developed algo-
rithm. A distinctive feature of the work is the analytical 
justification for the choice of the composition of the iden-
tifying group and the provision of a given degree of ano-
nymity as part of an anonymous database. This method 
has been introduced in the healthcare field, however, the 
issue of ensuring security is solved only when storing 
personal data, not when dealing with other information 
processing modes. 

Algorithms for the implementation of the mixing 
method are presented by works that propose the use of 
mixing algorithms aimed at the storage of PI or its trans-
mission over open communication channels. For example, 
K. O. Bondarenko and V. A. Kozlov [12] have presented 
a method of mixing data inside segments with sequential 
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mixing of rows and sensitive attributes, as the algorithm 
uses lookup tables generated by the cryptographic gamma 
method. On the one hand, the use of cryptography guaran-
tees the sustaining power of the algorithm even during a 
processing session, but, on the other hand, it complicates 
the process of adding, deleting, searching data and in-
creases the cost of protection. These shortcomings are 
obstacles for the implementation of the method. 

Other research areas involve the use of mainly crypto-
graphic methods, which can be attributed to depersonal-
ization with a sufficient degree of conditionality, since 
they solve the problem of the impossibility of identifying 
an individual according to the processed data, but they are 
not formally included in the set of methods established by 
Roskomnadzor or merely partially use such methods. For 
example, the work of Y. V. Trifonova and R. F. Zharinov 
[13] suggests using the built-in cryptographic tools of the 
CryptDB database management system. As an example of 
the partial use of the identifier method, one can cite the 
work of I. Azhmukhamedov, R. Y. Demina and I. V. Sa-
farov [14], wherein the cross-reference table encryption is 
applied with subsequent blocking. 

To generate a sequence hash, the following method is 
used based on the concept of a cryptographic sponge, 
which calls for two primary stages [15–16]. 

1) Absorbing. The initial message P  is subject to 
multi-round reshuffles f, accumulation and processing of 
all blocks of the message from which the hash will be 
developed is conducted [17]. 

2) Squeezing. The output of the received value of 
Z  as the shuffle result, the development of the hash value 
and the output of the results until the necessary length of 
the hash is reache [18]. 

In the absorbing phase first is set the initial state from 
the zero vector with the size up to 1600 bits . Next is con-
ducted the operation xor of a fragment of the initial mes-
sage 0p  with the fragment of the initial state with the size 

of r , the remaining part of the state with capacity of c  
remains the same. 

The result is processed by the f  function which is a 

multiround non-key pseudo-random reshuffle and repeats 
till the initial message blocks exhaust [19]. Next comes 
the squeezing phase at which it is possible to extract a 
hash of a random length. The flow chart of the hashing 
algorithm is shown at the Fig. 1.  

The function ()F  in this algorithm executes 24 

rounds, one round includes the work of five functions 
aPi,Rho,LotTheta,Chi, , consistently processing the inner 

state at each round. 
The function Theta  is represented by the next expres-

sions (1): 
 

40]4[]3[]2[]1[]0[][  …,x=x,Ax,Ax,Ax,Ax,=AxC 
;40)1]1[(]1[][  …,x=x+Cx=CxD   

[ ] [ ] [ ] 0 4 0 4A x, y = A x, y D x ,x =  … , y =  … .   (1) 

 

 
Figure 1 – The flow chart of the hashing algorithm 

 

The function Chi  is represented by the next expres-
sion (2): 

 
 [ ] [ ] ( [ 1 ] [ 2 ] 0 4 0 4Ax,y =B x,y ~ B x+ ,y &B x+ ,y ,x=  … ,y= … .   (2) 

 
The functions Pi , Rho  are represented by the next 

expression (3):  
 

  [ 2 3 ] [ ] ( ) 0 4 0 4B y, x+ y = A x, y r x, y ,x = … , y = … . (3) 
 

The function Lota  is represented by the next expres-
sion (4): 

  [0,0] [0,0] xorA A RC .   (4) 

Where B  is a temporary array having the same struc-
ture as the state array; C and D are the temporary arrays 
each containing 5 64-bit words; r -array defining  the 
number of bits of spinage for each word of the state; in-
version of the value .]1[ ,yx+~B  

Step1: at the beginning of the algorithm data initializa-
tion is conducted. The size of the state is 1600 bits. Next 
to the variable i  the value 0 is assigned.  

Step2: after this the processing of the array with func-
tions  ][]32[][][][ x,y, Ayx+y,, Bx, y, Ax, DxС begins, and be-
sides these operations is conducted the summation of the 
xor-round constant RC  with the word ]0,0[A . 
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Step 3: after data processed with subfunctions goes the 
check for the rounds count. If the condition 24i is true 
then the output of the A  array is conducted. If not then 
we increment by 1 and make the operations until this con-
dition is true. 

 
3 MATERIALS AND METHODS 

In order to eliminate the drawbacks mentioned above a 
personal data depersonalization method, based on the 
method of identifiers implementation using hashing of 
critical data and a private key, was developed [20]. As raw 
data a personal data table ),...,,( 21 MN dddD  is reviewed, where 
M  is the total amount of attributes and N is table rows 
count, Md  is an attribute referring to key and non-key. 

In this, at the first step by expert way critical data and 
data clearly identifying the personal data subject is de-
fined. Corresponding attributes are defined as ley ones.  

At the second step the initial array D  according to 
chosen key attributes is split into two non-intersecting 
sub-arrays 1A  and 2A . It is worth noting that into each of 
sub-arrays an additional attribute 0d  is added, by which 
value later the comparison of depersonalized data with the 
personal data subject is conducted. As the result the num-
ber of key values is equal to K  patients  ).<<(0 MK . In 
this, in 2A  is stored depersonalized data that is not inter-
esting for the intruder, so it does not require protection 
and is stored in the clear.  

At the third step for the set of key values of each row 
1 2 1( , ,  …, )  ,i i ina a a A where Ni ,… 1,2,=  the value of the 

attribute  ) ,,…, ,(= i210 PKaaaFd iki is calculated, where 

F is a unique function unknown for the user, PK is the 
unique private key. As F  in this case the hash function is 
chosen [21].  

1 0 1 2( , , ,  …, )nA d a a a , 2 0 1 2 n( , , ,  …, )A d b b b  where 1 A  is 

the 1 2( , ,  …, )na a a  set of confidential data and the 0d  

hash, 2 A  is the 1 2( , ,  …, )nb b b  set of anonymous data and 

the 0d  hash. In addition to the above, knowing the initial 
1 2 1( , ,  …, )  i i ina a a A  data can contribute to finding the 

1 2 2( , ,  …, )  i i inb b b A  set. 
 

4 EXPERIMENTS 
For the experiments a computer program and a data-

base, implementing the proposed method, with the initial 
data of 100 subjects of personal data of a medical institu-
tion, were developed. The developed software has been 
studied at solving the problems of depersonalization. 

On the basis of the initial sample, key critical attrib-
utes were identified that uniquely identify the subject of 
personal data that is stored in a protected information sys-

tem. Using this data and a private key, for each record a 
hash identifier is generated, which is the primary key of 
the subject of the personal data in the depersonalized in-
formation system. 

To search for the necessary record in an impersonal 
information system, a developed subprogram for calculat-
ing the identifier hash is used, which based on the data 
from the primary documents of the personal data subject 
formed the primary key of the specific record. 

After the formation of data for a depersonalized in-
formation system, an analysis was performed for the pres-
ence of collisions [22–23]. 

 
5 RESULTS 

As an example let’s review a database of patients of 
some treatment institution (see table 1). 

 

Table 1– Patient database 
Last 
name 

First 
Name 

Patro-
nymic 

Se
x 

Date of 
birth 

Medical 
insurance 

Diagn
osis 

Ivanov Ivan Ivano-
vich 

M 12.12. 
1992 

12345678
910 

Pneu
monia 

Petrov Denis Yurie-
vich 

M 11.11. 
1990 

46548677
684 

Pye-
lone-
phritis 

 

For example, for the patient Ivanov the critical per-
sonal data is: first name, last name, patronymic, date of 
birth. For the hash identifier preparation we will use this 
data: 
{Ivanov,Ivan,Ivanovich,12.12.1995}+{bPeShVkYp3s6v9
y$B&E)H@McQfTjWnZq}, where the second addend is 
the private key of the treatment institution. After the cal-
culation we get the hash identifier: 
1628b3db5c13865aea5856a630a736653059fc7e2d7c49f8
97b636428c62a26b. 

In the depersonalized database the hash identifier and 
the depersonalized personal data are stored (see table 2). 

 

Table 2 – Depersonalized database 
Hash identifier Medical insurance Diagnosis 
1628b3db5c13865aea
5856a630a736653059f
c7e2d7c49f897b63642
8c62a26b 

12345678910 Pneumonia 

4d949d630cfaafe3dd1
51a2e06d7345a44a61
889a8c097622abfd6ca
0f515a7f 

46548677684 Pyelonephritis 

 

In the secure database the hash identifier and the criti-
cal personal data are stored (see table 3). 

 
Table 3 – Secure database 

Hash identifier Last name First name Patronymic Date of birth Hash identifier 

1628b3db5c13865aea5856a630a73665
3059fc7e2d7c49f897b636428c62a26b 

Ivanov Ivan Ivanovich 12.12.1992 1628b3db5c13865aea5856a630a73665
3059fc7e2d7c49f897b636428c62a26b 

4d949d630cfaafe3dd151a2e06d7345a4
4a61889a8c097622abfd6ca0f515a7f 

Petrov Denis Yurievich 11.11.1990 4d949d630cfaafe3dd151a2e06d7345a4
4a61889a8c097622abfd6ca0f515a7f 
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In this, the ability to restore the original data from the 
hash identifier is impossible. To obtain an identifier it is 
required to fill in the necessary fields of the subject of 
personal data from primary documents using the private 
key in the developed software. 

 

6 DISCUSSION  
Let’s consider the application of this method sing the 

famous characters Alice and Bob [24]. 
Alice came to see Doctor Bob. To identify Alice she 

shows Bob the critical PD from her initial documents 
(passport and medical insurance). Bob using the calcula-
tor for hash identifier inserts this data and the key of the 
hospital and forms the hash identifier that allows getting 
the access to Alice’s patient file. After diagnosing and 
prescribing treatment Bob inserts data into the informa-
tion system and sings it with his electronic signature. 

A curious staff member Eva wanted to know Alice’s 
diagnosis but can’t find her card in the information sys-
tem because she does not know the hash identifier as well 
as Alice’s critical data. 

Mallorie found out Alice’s critical PD and got the ac-
cess to the calculator for hash identifier, but she does not 
know the hospital’s key for calculating Alice’s identifier. 

This method has the next advantages: 
1) Data becomes depersonalized which reduces costs 

of ISPD protection. 
2) It is impossible to define the presence of a certain 

subject in ISPD by known unique attributes. 
3) Operator during subject’s application by his PD 

gets access only to one record of ISPD. 
4) The context analysis is impossible. 

 

CONCLUSIONS 
The actual problem of data depersonalization in the in-

formation system was solved by introducing identifiers 
using hashing of critical data and a private key. 

The scientific novelty of the obtained results is that a 
method was proposed for introducing identifiers using 
hashing of critical data and a private key for the first time. 
This allows to increase the level of data confidentiality, 
reduce the requirements for the level of information sys-
tem security, increase the speed of data processing by 
convolving critical data into a hash identifier. 

The practical significance of the obtained results is 
that software that implements the proposed method has 
been developed and experiments have been carried out to 
confirm the adequacy of the proposed mathematical mod-
el. The results of the experiment allow us to recommend 
the proposed method for introducing into automated in-
formation systems the processing of personal data at the 
design stage or optimizing of the existing systems, which 
will reduce the cost of protecting the information system. 

Prospects for further research are to explore the pos-
sibility of implementing this method in a software and 
hardware system that allows to increase the speed of the 
information system. 
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AНОТАЦІЯ 
Актуальність. Розглянуто завдання знеособлення даних в інформаційних системах. Проведено аналіз сучасних підходів до 

знеособлювання даних, виявлено та обґрунтовано необхідністю створення нового методу, що дозволяє підвищити захищеність 
оброблюваних даних і їх достовірність. Об’єктом дослідження є модель деперсоналізації даних, що дозволяє знизити витрати на 
захист інформаційних систем. Мета роботи – аналіз сучасних методів знеособлення і створення методу, що усуває виявлені 
недоліки, з підвищеним рівнем конфіденційності та використанням хешування критично важливих даних і приватного ключа.  

Мета: аналіз сучасних методів знеособлення і створення методу, що усуває виявлені недоліки, з підвищеним рівнем 
конфіденційності та використанням хешування критично важливих даних і приватного ключа. 

Метод. Запропоновано метод знеособлення персональних даних, заснований на методі введення ідентифікаторів з використан-
ням хешування критично важливих даних і приватного ключа, що дозволяє досягти підвищення конфіденційності інформації, 
оброблюваної в інформаційних системах. Запропоновано методи вибору ключових критично важливих атрибутів з первинних 
документів, що дозволяють однозначно ідентифікувати суб’єкта персональних даних, методу формування вихідних множин, 
розбиває вихідні дані на два непересічних підмножини, методу формування хеш ідентифікатора з унікальної послідовності і при-
ватного ключа, обезлічівающего інформацію і підвищує її конфіденційність. 

Результати. Розроблений метод реалізований програмно і досліджений при вирішенні завдань знеособлення. 
Висновки. Проведені експерименти підтвердили працездатність запропонованого методу та дозволяють рекомендувати його 

для впровадження в автоматизованих інформаційних системах обробки персональних даних для вирішення завдань знеособлення. 
Перспективи подальших досліджень можуть полягати у створенні апаратних засобів потокового знеособлення даних, що дозволя-
ють підвищити швидкість обробки і конфіденційність даних в інформаційних системах. 

КЛЮЧОВІ СЛОВА: знеособлення, персональні дані, хеш ідентифікатор, алгоритм хешування, приватний ключ, інформаційна 
система. 
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МЕТОД ОБЕЗЛИЧИВАНИЯ ДАННЫХ В ЗАЩИЩЕННЫХ АВТОМАТИЗИРОВАННЫХ ИНФОРМАЦИОННЫХ 
СИСТЕМАХ 

Спеваков А. Г. – канд. тeхн. наук, доцент кафедры информационный безопасности, Юго-Западный государственный универ-
ситет, г. Курск, Россия. 

Спевакова С. В. – аспирант кафедры вычислительной техники, Юго-Западный государственный университет, г. Курск, Россия. 
Применко Д. В. – аспирант кафедры вычислительной техники, Юго-Западный государственный университет, г. Курск, Россия. 

АННОТАЦИЯ 
Актуальность. Рассмотрена задача обезличивания данных в информационных системах. Проведен анализ современных подхо-

дов к обезличиванию данных, выявлена и обоснована необходимостью создания нового метода, позволяющего повысить защищен-
ность обрабатываемых данных и их достоверность. Объектом исследования являлась модель деперсонализации данных, позво-
ляющая снизить затраты на защиту информационных систем. Цель работы – анализ современных методов обезличивания и созда-
ния метода, устраняющего выявленные недостатки, с повышенным уровнем конфиденциальности и использованием хеширования 
критически важных данных и приватного ключа.  

Цель работы: анализ современных методов обезличивания и создания метода, устраняющего выявленные недостатки, с повы-
шенным уровнем конфиденциальности и  использованием хеширования критически важных данных и приватного ключа.  

Метод. Предложен метод обезличивания персональных данных, основанный на методе введения идентификаторов с использо-
ванием хеширования критически важных данных и приватного ключа, позволяющего добиться повышения конфиденциальности 
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информации, обрабатываемой в информационных системах. Предложены методы выбора ключевых критически важных атрибутов 
из первичных документов, позволяющих однозначно идентифицировать субъекта персональных данных, метода формирования 
исходных множеств, разбивающий исходные данные на два непересекающихся подмножества, метода формирования хэш иденти-
фикатора из уникальной последовательности и приватного ключа, обезличивающего информацию и повышающего её конфиденци-
альность. 

Результаты. Разработанный метод реализован программно и исследован при решении задач обезличивания. 
Выводы. Проведенные эксперименты подтвердили работоспособность предложенного метода и позволяют рекомендовать его 

для внедрения в автоматизированных информационных системах обработки персональных данных для решения задач обезличива-
ния. Перспективы дальнейших исследований могут заключаться в создании аппаратных средств поточного обезличивания данных, 
позволяющих повысить скорость обработки и конфиденциальность данных в информационных системах. 

КЛЮЧЕВЫЕ СЛОВА: обезличивание, персональные данные, хеш идентификатор, алгоритм хеширования, приватный ключ, 
информационная система. 
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ABSTRACT 
Context. In many engineering tasks where the monitoring of changes in the characteristics of an observation object, subject, or 

process is required, it is necessary to process multimodal data recorded with respect to time moments when these characteristics are 
registered. In this paper, the author presents a new approach to solving the problem of multimodal data structures timewise process-
ing, which allows to simplify the processing of such data by using the mathematical apparatus of an algebraic system of aggregates 
and thereby reduce the requirements to computing resources. The algebraic system of aggregates operates with such specific data 
structures as aggregates and multi-images. These complex data structures can be obtained as a result of data measuring, generating, 
recording, etc. The processing of such multimodal data can also require discrete intervals processing. 

Objective. The goal of the work is to formalise the relations between basic mathematical objects defined in the algebraic system 
of aggregates, such as elements, tuples and aggregates, as well as the data structures based on these mathematical objects, namely, 
discreet intervals and multi-images. 

Method. The research presented in this paper is based on both the algebraic system of aggregates and the concept of multi-image 
which enable multimodal data timewise processing. A carrier of the algebraic system of aggregates is an arbitrary set of specific 
structures – aggregates. An aggregate is a tuple of arbitrary tuples, elements of which belong to predefined sets. Aggregates can be 
processed by using logical, ordering, and arithmetical operations defined in the algebraic system of aggregates. A multi-image is a 
non-empty aggregate, the first tuple of which is a tuple of time values. Such tuple of time values represents a certain discrete interval. 
To process discrete intervals and multi-images, a set of relations is defined in the algebraic system of aggregates. This set includes 
relations between tuple elements, relations between tuples, and relations between aggregates. The relations between tuples enable 
arithmetical comparison, frequency comparison, and interval comparison. This mathematical apparatus can be used for both complex 
representation of object (process) multimodal characteristics and further timewise processing of data represented as multi-images. 

Results. The approach to discrete intervals and multi-images processing based on relations, which are defined in the algebraic 
system of aggregates, has been developed and presented in the paper. The author provides examples of the developed approach prac-
tical implementation. 

Conclusions. The results obtained in the research presented in this paper has shown that the relations defined in algebraic system 
of aggregates enable processing of complex data structures named multi-images in data modelling, prediction and other tasks. To 
allow data processing with respect to time scale, discrete intervals can be employed. A discrete interval is a tuple of time values. In 
the paper, the author shows how relations for discrete intervals comparison can be used for solving practical tasks. Besides, the au-
thor presents the software tools which can be used for practical implementation of the given theoretical approach by employing the 
domain-specific language ASAMPL. 

KEYWORDS: Multimodal Data Processing, Aggregate, Multi-Image, Discrete Interval. 
 

ABBREVIATIONS 
ASA is the algebraic system of aggregates; 
ASAMPL is the programming language for mulseme-

dia data processing based on algebraic system of aggre-
gates. 

 
NOMENCLATURE 

A is an aggregate; 
 is a non-empty set (carrier); 

 is a set of operations;  
 is a set of relations; 

i, i1, i2, j, k, q, p are indices; 

a , 1a , 2a , ja , ta , pa are tuples of arbitrary val-
ues; 

1t , 2t  are tuples of time values; 
1
td ,  2

td are tuples of temperature values; 
1
pd , 2

pd  are tuples of pulse values; 

1
spd is a tuple of systolic pressure values; 

1
dpd  is a tuple of diastolic pressure values; 

1 2 1 2

1 2 1 2 1 1 2 2 1 2 1 2, , , , , , , , , , , , ,j k
i i i p q p q e ei i i n na a a a a a a a a a a a a a

 are tuple elements; 
n1, n2, nj are tuple lengths; 
MN, MS, MW, MK, Mj are sets; 
N, Np, Nq, Ne are powers of sets; 
T is a set of time values; 
τ  is a time value; 
I, I1, I2 are multi-images; 

tM  is a set of temperature values;  

pM  is a set of pulse values; 

spM  is a set of systolic pressure values;  

dpM  is a set of diastolic pressure values. 
 

INTRODUCTION 
Nowadays, there is a wide range of tasks in engineer-

ing, health care, education, and other fields [1–3], where 
data are complex structures, values of which are defined, 
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measured, generated, recorded in terms of time. Since 
such data can be obtained in arbitrary time moments as 
well as they are a subject of digital processing in com-
puter systems, time readings defining moments when 
certain data values are obtained are digital values which 
belong to discrete intervals. 

Complex data in this context can be presented as a 
multi-image [4–6]. A multi-image is a complex represen-
tation of multiple data sets describing an object (subject, 
process) of observation which are obtained (measured, 
generated, recorded) in the course of time. In mathemati-
cal sense, the multi-image is an aggregate, the first data 
tuple of which is a non-empty tuple of time values. These 
values can be natural numbers or values of any other type 
which can be used for evident and monosemantic repre-
sentation of time. The advantage of multi-image use is 
that since we have a complex representation of multimo-
dal data sequences defined in terms of time, it gives new 
opportunities for data modelling, prediction and other 
similar tasks. To process multi-images, we need to oper-
ate with relations between them and their components. 
Since a multi-image is an aggregate, relations defined in 
the Algebraic System of Aggregates (ASA) are used. In 
this paper we present the relations of ASA and propose a 
general approach for their use.  

The object of study is the process of multimodal data 
processing with respect to time stamps of data values. 

The subject of study is relations between compo-
nents of complex data structures, namely, between dis-
crete intervals and between multi-images. 

The purpose of the work is to formalise logical ap-
paratus of the algebraic system of aggregates and elabo-
rate an approach to its practical implementation. 

 
1 PROBLEM STATEMENT 

Let tuples 11 1
1

n
i i

a a
=

=  and 22 2
1

n
i i

a a
=

= , elements of 

which are unique discrete values such as either 1
k k
i ia a +< , 

or 1
k k
i ia a +>  is true for all pairs 1( , )k k

i ia a + , 

[1 .. 1]i n∀ ∈ − , k
ia ∈\ , k = [1, 2] be discrete intervals. 

Then the problem is to establish relations between these 
discrete intervals which enable their arithmetical, fre-
quency, and interval comparison which can be used for 
multi-image logical processing. 

 
2 REVIEW OF THE LITERATURE 

The foundations of interval algebra and interval-based 
temporal logic were presented in [7] where Allen pro-
posed 13 relations between intervals. Allen and Hayes [8] 
extended Allen's interval-based theory by formally defin-
ing the beginnings and endings of intervals which have 
properties normally associated with points. 

Nebel and Bürckert, in [9], introduced a new subclass 
of Allen’s interval algebra called ORD-Horn subclass. 
The authors proved that reasoning in the ORD-Horn sub-
class is a polynomial-time problem and showed that the 

path-consistency method is sufficient for deciding satisfi-
ability. Allen and Ferguson, in [10], presented a represen-
tation of events and actions based on interval temporal 
logic. One of important features of the logic is that it can 
express complex temporal relations because of its under-
lying temporal logic. 

In [11], Schockaert, De Cock, and Kerre formulated a 
notion of a fuzzy time interval and proposed fuzzy Allen 
relations which are the generalization of Allen’s interval 
relations. The authors applied the relatedness measures to 
define fuzzy temporal relations between vague events. 

In [12], Bozzelli et al. studied the expressiveness of 
Halpern and Shoham’s interval temporal logic which is 
“interval-wise” interpreted and enables expressing prop-
erties of computation stretches, spanning a sequence of 
states, or properties involving temporal aggregations, 
which are inherently “interval-based”. Grüninger and Li, 
in [13], identified the first-order ontology that is logically 
synonymous with Allen’s interval algebra, so that there is 
a one-to-one correspondence between models of the on-
tology and solutions to temporal constraints that are 
specified using the temporal relations. 

These and other similar researches consider time as 
intervals and moments as well as such time values con-
sidered as single data, without structuring with data of 
other types. Thus, in our research we work on another 
approach which stipulates complex representation of mul-
timodal data as aggregates and multi-images. 

 
3 MATERIALS AND METHODS 

ASA is an algebraic system, a carrier of which is an 
arbitrary set of specific structures – aggregates  
[4, 5]. 

Definition 1. An aggregate A is a tuple of arbitrary tu-
ples, elements of which belong to predefined sets: 

 

 A = 
1

|
jnj

j i i
M a

=
a b 1

N
j= = { } |A Aa b , (1) 

 
where {A} is a tuple of sets Mj, A  is a tuple of ele-

ments tuples 
1

jnj
i i

a
=

 corresponding to the tuple of sets 

( j
jia M∈ ). 

Since ASA is an algebraic system [14], it consists of 
sets , where  is a non-empty set (carrier), 
elements of which are elements of the system;  is a set 
of operations;  is a set of relations. The carrier of ASA 
is an arbitrary set of specific structures called aggregates.  

Aggregates can be compatible, quasi-compatible or 
incompatible [4, 5]. 

Operations on aggregates include logical operations, 
ordering operations, and arithmetical operations. 

The logical operations on aggregates are: Union, In-
tersection, Difference, Symmetric Difference, and Exclu-
sive Intersection [4]. 

Ordering operations include: Sets Ordering, Sorting, 
Singling, Extraction, and Insertion [5].  

170



e-ISSN 1607-3274   Радіоелектроніка, інформатика, управління. 2020. № 1 
p-ISSN 2313-688X  Radio Electronics, Computer Science, Control. 2020. № 1 

 

© Sulema Yevgeniya, 2020 
DOI 10.15588/1607-3274-2020-1-17 

Arithmetical operations include: Elementwise Addi-
tion, Scalar Addition, Elementwise Subtraction, Scalar 
Subtraction, Elementwise Multiplication, Scalar Multipli-
cation, Elementwise Division, and Scalar Division. 

The basic relations in ASA [4, 5] includes Is Equal, Is 
Less, Is Greater, Is Equivalent, Includes, Is Included, 
Precedes, Succeeds. Let us present the whole set of the 
relations in detail. 

Relations in ASA include: 
– Relations between tuple elements; 
– Relations between tuples; 
– Relations between aggregates. 
Relations between tuple elements are Is Greater (>), Is 

Less (<), Is Equal (=), Proceeds ( ), Succeeds ( ). The 
first three relations (<, >, and =) are based on elements 
value and the last two relations (  and ) concern ele-
ments position in a tuple. Naturally, elements must be-
long to the same tuple. 

Let us consider elements of the following tuple: 
 

 1 2 3 4, , , 11,9,11,18a a a a a  . 
 

Then we can establish the fact of the following rela-
tions between the tuple elements: 

 
 a1 > a2 ; a3 < a4 ; a1 = a3 ; a1   a2 ; a3   a2. 
 

Relations between tuples enable the following types 
of tuples comparison: 

− Arithmetical comparison; 
− Frequency comparison; 
− Interval comparison. 
Arithmetical comparison can be applied to two tuples 

1a  and 2a , where 
1

1
1

1 1

1

n

i i
a a


  and 

2

2
2

2 2

1

n

i i
a a


 , if 

1

1
ia M  and 

2

2
ia M . Arithmetical comparison is ele-

mentwise and based on the following relations: 
– Is Strictly Greater (>); 
– Is Majority-Vote Greater ( ); 
– Is Strictly Less (<); 
– Is Majority-Vote Less ( ); 
– Is Strictly Equal (=); 
– Is Majority-Vote Equal (<>). 

The relation Is Strictly Greater between two tuples 1a  

and 2a  is defined as follows: 
 

 1 2a a if 1 2
i ia a , i = [1 .. n1], n1 = n2. (2) 

 
The relation Is Majority-Vote Greater between two 

tuples 1a  and 2a  can be defined as follows.  

Let 1,2, ,N n  , where 

 

 1 1 2

2 1 2

, if ;

, if ,

n n n
n

n n n


  
 

and let pN   , qN    such as p qN N N  , 

p qN N    and p qN N . Then pp N  , 

qq N  : 
 

 1a  2 1 2 1 2if ,p p q qa a a a a  . (3) 
 

The relation Is Strictly Less between two tuples 
1a  and 2a  is defined as follows: 

 

 1 2 1 2
1 1 2if , [1.. ],i ia a a a i n n n     . (4) 

 

The relation Is Majority-Vote Less between two tu-

ples 1a  and 2a  can be defined as follows. 

Let 1,2, ,N n  , where 

 

 1 1 2

2 1 2

, if

, if

n n n
n

n n n


  
, 

 
and let pN   , qN    such as p qN N N  , 

p qN N   and p qN N . Then pp N  , 

qq N  : 
 

 1a  2 1 2 1 2if ,p p q qa a a a a  . (5) 
 

The relation Is Strictly Equal between two tuples 
1a  and 2a  is defined as follows: 
 

 1 2 1 2
1 1 2if , [1.. ],i ia a a a i n n n     . (6) 

 

The relation Is Majority-Vote Equal between two tu-

ples 1a  and 2a  can be defined as follows. 

Let 1,2, ,N n  , where 
 

 1 1 2

2 1 2

, if ;

, if ,

n n n
n

n n n


  
 

 
and let eN   , pN   , qN    such as 

p q eN N N N  , p q eN N N     and 

e pN N , p qN N . Then pp N  , qq N  , 

ee N  : 
 

 1 2 1 2 1 2 1 2if , ,p p q q e ea a a a a a a a    . (7) 
 

Let us consider the following tuples: 
 

1 1 1 1 1
1 2 3 4, , , 11,9,11,18a a a a a  ; 

2 2 2 2 2
1 2 3 4, , , 2,7, 4,10a a a a a  ; 
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3 3 3 3 3 3
1 2 3 4 5, , , , 7,19, 4,10,8a a a a a a= = ; 

4 4 4 4 4
1 2 3 4, , , 11,9,11,18a a a a a= = ; 

5 5 5 5 5 5
1 2 3 4 5, , , , 14,9,11,10,8a a a a a a= = . 

 
Then we can establish the fact of the following arith-

metical relations between these tuples: 
 

 1 2a a> ;  1a � 3a ;  2 4a a< ; 

 3a � 4a ; 1 4a a= ; 1 5a a<> . 
 

Frequency comparison can be applied to two tuples 
1a∀  and 2a∀  where 

1

1 1

1 1
1

n

i i
a a

=
=  and 

2

2 2

2 2
1

n

i i
a a

=
= . 

Frequency comparison is based on the following rela-
tions: 

– Is Thicker ( ); 
– Is Rarer ( ); 
– Is Equally Frequent ( ). 

The relation Is Thicker between two tuples 1a  and 
2a  is defined as follows: 
 

 1 2 1 2ifa a a a>� . (8) 

The relation Is Rarer between two tuples 1a  and 2a  
is defined as follows: 

 

 1 2 1 2ifa a a a<� . (9) 

 
The relation Is Equally Frequent between two tuples 

1a  and 2a  is defined as follows: 
 

 1 2 1 2~ ifa a a a= . (10) 
 

Thus, if there are three tuples: 
 

1 1 1 1 1 1
1 2 3 4 5, , , , 14,9,15,18,6a a a a a a= = ; 

2 2 2 2 2
1 2 3 4, , , 2,7,4,10a a a a a= = ; 

3 3 3 3 3 3
1 2 3 4 5, , , , 7,19,4,10,8a a a a a a= = . 

 

Then 1 2 2 3 1 3; ; ~a a a a a a� � . 
 
To define how much thicker or how much rarer is a 

certain tuple in comparison with another tuple, we intro-
duce a frequency measure which can be calculated as 
follows: 

 

1

2

a

a
η = . (11) 

 

For example, for tuples 1a , 2a  and 3a  given above: 
12 23 131.25; 0.8; 1η = η = η = . 

Interval comparison can be applied to two tuples 1a  

and 2a , where 
1

1 1

1 1
1

n

i i
a a

=
=  and 

2

2 2

2 2
1

n

i i
a a

=
= , if 

1

1
ia M∈  and 

2

2
ia M∈ . Interval comparison [6] is based 

on relations of Allen’s Interval Algebra. However, it has 
a significant difference from Allen’s Interval Algebra in 
that it operates with discrete intervals. Let us define this 
notion and introduce the compact notation for relations 
between discrete intervals. 

Definition 2. A discrete interval is a tuple, elements of 
which are unique values ordered either in ascending or in 
descending order. 

The relation Is Before between two discrete intervals 
1a  and 2a  is defined as follows: 
 

 
1

1 2 1 2
1if na a a a← < . (12) 

 

The relation Is After between two discrete intervals 
1a  and 2a  is defined as follows: 

 

 
2

1 2 1 2
1if na a a a→ > . (13) 

 
The relation Coincides With between two discrete in-

tervals 1a  and 2a  is defined as follows: 
 

 
1 2

1 2 1 2 1 2
1 1 1 2if , andn na a a a a a n n↔ = = = . (14) 

 

Note that this relation does not fully correspond to re-
lation Equal of Allen’s Interval Algebra because in ASA 
we deal with discrete intervals, thus, two discrete inter-
vals can coincide in the first and last values, but other 
values can be unequal. For example, if we have two tu-
ples 2,3,8,10  and 2,5,6,10 , their discrete intervals 
coincide but are unequal. 

The relation Meets between two discrete intervals 1a  

and 2a  is defined as follows: 

 1a
1

2 1 2
1if na a a= . (15) 

The relation Is Met By between two discrete intervals 
1a  and 2a  is defined as follows: 
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 1a
2

2 2 1
1if na a a= . (16) 

The relation Overlaps between two discrete intervals 
1a  and 2a  is defined as follows: 

 1a
1 2 1

2 1 2 1 2 2 1
1 1 1if and andn n na a a a a a a< < < . (17) 

The relation Is Overlapped By between two discrete 

intervals 1a  and 2a  is defined as follows: 

 1a
2 1 2

2 2 1 2 1 1 2
1 1 1if and andn n na a a a a a a< < < . (18) 

The relation During between two discrete intervals 
1a  and 2a  is defined as follows: 

 1a
1 2

2 1 2 1 2
1 1if and n na a a a a> < . (19) 

The relation Contains between two discrete intervals 
1a  and 2a  is defined as follows: 

 1a
1 2

2 1 2 1 2
1 1if and n na a a a a< > . (20) 

The relation Starts between two discrete intervals 1a  

and 2a  is defined as follows: 

 1a
1 2

2 1 2 1 2
1 1if and n na a a a a= < . (21) 

The relation Is Started By between two discrete inter-

vals 1a  and 2a  is defined as follows: 

 1a
1 2

2 1 2 1 2
1 1if and n na a a a a= > . (22) 

The relation Finishes between two discrete intervals 
1a  and 2a  is defined as follows: 

 1a
1 2

2 1 2 1 2
1 1if and n na a a a a> = . (23) 

The relation Is Finished By between two discrete in-

tervals 1a  and 2a  is defined as follows: 

 1a
1 2

2 1 2 1 2
1 1if and n na a a a a< = . (24) 

Relations between aggregates consist of relations be-
tween sets of aggregates and relations between tuples of 
aggregates. 

Relations between sets of aggregates are 
Is Equivalent ( ), Includes ( ), Is Included ( ). 

The result of these relations depends of the aggregates 
compatibility [4, 5]. Let us consider aggregates A1, A2, 
A3, A4, A5, and A6 defined according to (1): 

A1 = 
11

1

1 1

1 1
1 2

1 1
, , , | , ,

N

N
N

nn
N i ii i

M M M a a
= =

… … , 

A2 = 
22

1

1 1

2 2
1 2

1 1
, , , | , ,

N

N
N

nn
N i ii i

M M M a a
= =

… … , 

A3 = 
33

1

1 1

3 3 3 3
1 2

1 1
, , , | , ,

S

S
S

nn
S i ii i

M M M a a
= =

… … , 

 A4 = 
44

1

1 1

4 4 4 4
1

1 1
, , | , ,

W

W
W

nn
W i ii i

M M a a
= =

… … , (25) 

A5 = 
55
21

1 21 2

5 5
1 2

1 1
, | ,

i

nn

i ii i
M M a a

= =
, 

A6 = 
66
12

2 12 1

6 6
2 1

1 1
, | ,

i

nn

i ii i
M M a a

= =
. 

Thus, compatibility of the aggregates in (25) is as fol-
lows: A1  A2; A1 �  A3; A1 �  A5; A2 �  A5; A1  A4; 
A1 ( ) A5. 

Then relations between sets of these aggregates are: 
1 2{ } { }A A≡ ; 1 5{ } { }A A⊃ ; 5 2{ } { }A A⊂ . 
The rest of aggregates do not have these relations be-

tween their sets. It can be indicated by using negation:  

{A1}  {A3}; {A4}  {A5}; {A3}  {A6}. 

Let us note that in spite of that {A1} ⊅ {A3} the sets 
of these aggregates have common set M1. To establish 
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this fact formally, we can employ logical operation Inter-
section [4]: 1 3 1{ } { }∩ =A A M  or more formally 

1 3{ } { }∩ ≠ ∅A A . 
Let us formulate relations between sets for any two 

aggregates. 
The relation Is Equivalent between two aggregates A1 

and A2 can be defined as: 

 {A1} ≡ {A2} if A1  A2. (26) 

The relation Includes between two aggregates A1 and 
A2 can be defined as: 

 1 2 1{ } { } ifA A A⊃ 2 1 2andA A A>  

 2 1 1 1and { } , , , , , { }K KA M M M M A= ∈… … . (27) 
The relation Is Included between two aggregates A1 

and A2 can be defined as: 

 1 2 1{ } { } ifA A A⊂ 2 1 2andA A A<  

 1 1 1 2and { } , , , , , { }K KA M M M M A= ∈… … . (28) 
Relations between tuples of aggregates are identical to 

relations between single tuples defined above relations of 
three types: 

– Arithmetical relations; 
– Frequency relations; 
– Interval relations. 
However, possibility of their application depends of 

the aggregates compatibility: relations between tuples can 
be established only for compatible and quasi-compatible 
aggregates.  

Hiddenly compatible aggregates must be first trans-
formed to compatible [5] and then a relation between 
tuples can be considered. 

Let us also note that if tuples to be a subject of inter-
val comparison are not discrete intervals (see Definition 
2), at first, they must be sorted by using operator Sorting 
[5] and next they can be compared. 

Relations between tuples of aggregates can be estab-
lished with evident indication of the tuples to be com-
pared: 

 1
1( )A a 1

2 ( )A a ;   2
1( )A a 2

2 ( )A a . 

If a certain relation is true for several tuples, it can be 
indicated in the following way: 

 1 2 1 2
1 2( , ) ( , )A a a A a a� . 

 

If a relation is established for all tuples, it can be de-
clared as follows: 
 1 2A A= . 

Let us give several examples. At first, we consider 
two aggregates A1, A2 such as A1 A2: 

 
A1 = 1 2 3, , | 3, 4,8,9 , 3,1,16,12 , 48,13a bM M M , 

A2 = 1 2 3, , | 1,5,7,8 , 8,10,11,12 , 12,15a bM M M . 
 

The following relations can be established between 
these aggregates: 

 
1

1 2 1 2 1{ } { }; ~ ; ( )A A A A A a≡ � 1
2 ( )A a . 

 
Next, let us consider two aggregates A3, A4 (A3 �  A4): 

A1 = 1 2, | 8,10,11,12 , 17,31a bM M , 

A2 = 1 2 4, , | 2, 4,8 , 5,7, 2,6,1a bM M M . 
These aggregates can be compared by using the fol-

lowing relations: 

1
3 4 3{ } { }; ( )A A A a⊂ 1

4 ( ) .A a  

In all examples given above we operate with integer 
elements, but any other data types can be handled in a 
similar way. 

Besides both relations between aggregates and rela-
tions between their components, we consider relations 
between multi-images. 

 
Definition 3. A multi-image is a non-empty aggregate 
such as: 
 
 I = 1 1, , , | , , ,τa … …NT M M t t   

 
1

1 1
1 1, , , , , ,… … … b

N

N N
n na a a a , (29) 

 
where T is a set of time values; , [1, , ]in i Nτ ≥ ∈ … . 

Since a multi-image, by definition, includes a tuple of 
time values as the first tuple, let us formulate the follow-
ing lemma. 

Lemma 1. If I1 and I2 are multi-images, then I1 �  I2. 
Since compatibility is a special case of quasi-

compatibility, let us state Lemma 2 which follows from 
Lemma 1. 

Lemma 2. 1I∃  and 2I∃  such as I1  I2. 
These lemmas allow us to conclude that all types of 

relations defined in ASA can be used for any set of multi-
images. 

Let us employ this theoretical background for solving 
practical tasks. 
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4 EXPERIMENTS 
Let us consider the following discrete intervals: 

1 1 1 1
1 2 3, , 1,3, 4a a a a= = ; 

2 2 2 2 2 2
1 2 3 4 5, , , , 8,9,12,13,16a a a a a a= = ; 

3 3 3 3 3
1 2 3 4, , , 1,3,5,6a a a a a= = ; 

4 4 4 4 4
1 2 3 4, , , 8,10,14,16a a a a a= = ; 

5 5 5 5 5 5 5
1 2 3 4 5 6, , , , , 2,4,5,6,7,8a a a a a a a= = ; 

6 6 6 6
1 2 3, , 6,8,10a a a a= = ; 

7 7 7 7 7 7
1 2 3 4 5, , , , 5,7,10,15,18a a a a a a= = ; 

8 8 8 8 8
1 2 3 4, , , 8,10,11,12a a a a a= = ; 

9 9 9 9 9 9
1 2 3 4 5, , , , 5,7,12,15,16a a a a a a= = ; 

10 10 10 10
1 2 3, , 4,7,8a a a a= = . 

Then, we can establish the fact of the following inter-
val relations between these tuples (Fig. 1): 

1a ← 2a ;  2a → 3a ;  2a ↔ 4a ;  5a ↤ 2a ; 

4a 5a ;  3a 5a ;  5a 6a ;  6a 7a ; 

 7a 2a ;  1a 3a ;  2a 8a ;  4a 9a ;  5a 10a . 

Now let us solve the task related to health care. There 
are two patients whose health status was being monitored 
during a month by using several digital sensors: ther-
mometer, pulsometer, and sphygmomanometer.  

Four parameters, namely, temperature, pulse rate, sys-
tolic pressure and diastolic pressure values were being 
measured in the first patient and only two parameters 
(temperature and pulse rate) were being measured for the 
second patient.As a result of the monitoring, several data 
sequences have been obtained and composed as two 
multi-images: by one multi-image for each patient. 

Our task is to compare these multi-images in order to 
let doctors conclude on comparative health status of two 
patients. 

The data obtained from sensors belong to the follow-
ing data sets:  

[35.0, ,39.9]tM = …  is a set of temperature values (°C);  
[50, ,110]pM = …  is a set of pulse values (bpm); 

[80, ,190]spM = …  is a set of systolic pressure values 
(mmHg);  

[55, ,100]dpM = …  is a set of diastolic pressure values 
(mmHg). 

There is also T = [1, …, 31] which is a set of time 
values (days of a month). 

Let the data collected from sensors during the moni-
toring process of the first patient’s health status be as 
follows: 

 

1

1

1

1

1

2,3,7,11,14,20 ;

36.4,36.1,36.3,36.2,36.5,36.3 ;

75,76,74,76,75,75 ;

185,166,175,166,171,152 ;

66,70,70,68,71,72 .

t

p

sp

dp

t

d

d

d

d

=

=

=

=

=

 

Then the obtained multi-image of the first patient’s 
health status is: 

I1 = 1 1 1 1 1, , , , | , , , ,a bt p sp dp t p sp dpT M M M M t d d d d = 

= , , , , | 2,3,7,11,14, 20 ,a t p sp dpT M M M M  

36.4,36.1,36.3,36.2,36.5,36.3 , 75,76,74,76,75,75 ,  

185,166,175,166,171,152 , 66,70,70,68,71,72 b . 
Also let the data collected from sensors during the 

monitoring process of the second patient’s health status 
be as follows: 

 

2

2

2

2,7,12,16, 20 ;

36.8,36.6,36.3,36.4,37.0 ;

72,81,76,93,97 .

t

p

t

d

d

=

=

=

 

Then the obtained multi-image of the second patient’s 
health status is as follows: 

I2 = 2 2 2, , | , ,a bt p t pT M M t d d = 

= , , | 2,7,12,16,20a bt pT M M = 

= 36.8,36.6,36.3,36.4,37.0 , 72,81,76,93,97a b . 
 

5 RESULTS 
We can establish the following relations between 

these multi-images: 
 

 {I1}  ⊃ {I2}, (30) 
 1 2( ) ( )I t I t↔ , (31) 

 1 2I I� , (32) 

 1( )tI a � 2 ( )tI a , (33) 

  1( )pI a↑ 2 ( )pI a↑ .               (34) 
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(a) Relation Is Before 

 
(b) Relation Is After 

 
(c) Relation Coincides With 

 
(d) Relation Meets 

 
(e) Relation Is Met By 

 
(f) Relation Overlaps 

 
(g) Relation Is Overlapped By 

 
(h) Relation During 

 
(i) Relation Contains 

 
(j) Relation Starts 

 
(k) Relation Is Started By 

 
(l) Relation Finishes 

 
(m) Relation Is Finished By 

Figure 1 – Relations between discrete intervals 
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The relations (30), (31), and (32) give general com-
paration of multi-images and allow us to conclude that 
some of measurements in both aggregates belong to the 
same data sets and, therefore, they can be compared 
({I1} ⊃  {I2}); data have been measured at the same pe-
riod of time ( 1 2( ) ( )I t I t↔ ); the first multi-image 

provides us with large amount of data ( 1 2I I� ).  
The relations (33) and (34) enable comparison of pa-

tients’ health status: in most cases the second patient had 
higher temperature ( 1( )tI a � 2 ( )tI a ); the heart rate 

of the first patient was more stable because spread of val-
ues is less in the corresponding tuple of the first multi-

image ( 1( )pI a↑ 2 ( )pI a↑ , where  means that 

each tuple has been sorted in ascending order [5] before 
interval comparison). 

These relations are supposed to be applied to logical 
rules used in data analysis software which can be devel-
oped by employing a domain-specific programming lan-
guage such as ASAMPL [6]. 

 

6 DISCUSSION 
The proposed theoretical approach has been realized 

for multimodal data processing by using programming 
language ASAMPL. The experiments showed that the 
proposed approach of timewise aggregated data process-
ing enables considerable decreasing of the code size 
(Fig. 2).  

 
Figure 2 – ASAMPL program code comparison 

To allow the work with program code in ASAMPL, 
the software tools for ASAMPL program code compila-
tion and execution have been developed. They include the 
complier [15] and the integrated development environ-
ment (IDE) [16]. The developed ASAMPL compiler en-
ables lexical analysis, parsing, and interpretation of the 
program code. The compiler is interconnected with the 
IDE. The developed ASAMPL IDE allows a programmer 
to develop code in programming language ASAMPL and 
debug it by analyzing the syntax errors. The developed 
IDE simplifies the work on a program code development 
by allowing the user to edit it in the full-fledged text edi-
tor with the functions of automatic code completion, color 
highlighting of key words, compiling and running devel-
oped programs. Fig. 3 shows the program code analysis 
and compilation process in ASAMPL IDE. 

 
CONCLUSIONS 

The Algebraic System of Aggregates provides the 
theoretical background for timewise multimodal data 
processing. In particular, it defines relations between tu-
ple elements, tuples, and aggregates. This set of relations 
enables wide range of algorithms of processing the com-
plex data structures such as multi-images.  

 
Figure 3 – ASAMPL program code in the IDE 
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A multi-image is a complex representation of multiple 
data sets describing an object (subject, process) of obser-
vation which are obtained (measured, generated, re-
corded) in the course of time. Thus, the relations defined 
in ASA enable processing of complex data structures pre-
sented as multi-images in data modelling, prediction and 
other tasks. 

To allow data processing with respect to time scale, 
discrete intervals can be employed. A discrete interval is a 
tuple of time values. In the paper, we show how relations 
for discrete intervals comparison can be used for solving 
practical tasks. Besides, we present the software tools 
which can be used for practical implementation of the 
given theoretical approach by employing the domain-
specific language ASAMPL. 

The scientific novelty of the obtained results consists 
in the development of a new mathematical approach to 
timewise multimodal data processing which differs from 
the theory of sets by both including the feature of ordering 
and introducing new relations between elements, tuples, 
and complex mathematical structures called aggregates. 

The practical significance of the proposed approach 
consists in simplification of timewise multimodal data 
processing and minimisation of requirements to comput-
ing resources. 

Prospects for further research are to develop meth-
ods and algorithms of multimodal data processing based 
on ASA, including methods and algorithms of dynamic 
synchronization and aggregation. 
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УДК 004.6 
 
ОБРОБЛЕННЯ МУЛЬТИМОДАЛЬНИХ ДАНИХ ЗА ДОПОМОГОЮ ВІДНОШЕНЬ АЛГЕБРАЇЧНОЇ СИСТЕМИ 

АГРЕГАТІВ 
Сулема  Є.С. – канд. техн. наук, доцент кафедри програмного забезпечення комп’ютерних систем Національного тех-

нічного університету України «Київський політехнічний інститут імені Ігоря Сікорського», Київ, Україна. 
 

AНОТАЦІЯ 
Актуальність. В багатьох інженерних задачах, пов’язаних з необхідністю моніторингу змін характеристик об’єкта, 

суб’єкта або процесу спостереження, є потреба у обробленні мультимодальних даних, що реєструються зі встановленням 
моменту часу їх вимірювання. У цій статті автор представляє новий підхід до вирішення задачі часового оброблення струк-
тур мультимодальних даних, який дозволяє спростити оброблення таких даних за рахунок використання математичного 
апарата алгебраїчної системи агрегатів й тим самим зменшити вимоги, що висуваються до обчислювальних ресурсів. Алге-
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браїчна система агрегатів оперує такими специфічними структурами даних як агрегати, мультиобрази та дискретні інтерва-
ли. Метою цієї роботи є формалізація відношень меж базовими математичними об’єктами, що визначені в алгебраїчній сис-
темі агрегатів, а саме, елементами, кортежами та агрегатами, а також структурами даних, які ґрунтуються на цих математи-
чних об’єктах, а саме, дискретними інтервалами та мультиобразами, що дозволить виконувати ефективне оброблення муль-
тимодальних даних, що визначені з урахуванням часу їх реєстрації. 

Метод. Дослідження, результати якого представлені у цій статті, ґрунтується на використанні основних положень алге-
браїчної системи агрегатів та концепції мультиобразу, які дозволяють спростити оброблення структур мультимодальних 
даних, що визначені у часі. Носієм алгебраїчної системи агрегатів є множина структур даних, що називають агрегатами. 
Агрегат являє собою кортеж кортежів, елементи яких належать наперед визначеним множинам. В алгебраїчній системі аг-
регатів визначені логічні операції, операції впорядкування та арифметичні операції над агрегатами. Мультиобразом назива-
ють непорожній агрегат, перший кортеж якого є кортежом значень часу. Такий кортеж часових міток являє собою дискрет-
ний інтервал. Для оброблення дискретних інтервалів та мультиобразів в алгебраїчній системі агрегатів визначено множину 
відношень. Ця множина включає відношення між елементами кортежів, відношення між кортежами та відношення між аг-
регатами. Зокрема, відношення між кортежами дозволяють виконувати арифметичне порівняння, частотне порівняння та 
інтервальне порівняння. Математичний апарат алгебраїчної системи агрегатів може використовуватись як для комплексного 
подання мультимодальних характеристик об’єкта (суб’єкта, процесу) дослідження, так і для подальшого оброблення цих 
даних, зв’язаних з часовими мітками і поданих у вигляді мультиобразу. 

Результати. У статті розроблено та представлено новий підхід до оброблення мультимодальних даних, зокрема, дискре-
тних інтервалів та мультиобразів, який ґрунтується на відношеннях, що визначені в алгебраїчній системі агрегатів. Наведе-
но приклади практичного застосування розробленого підходу. 

Висновки. Результати, що отримані у цьому досліджені, дозволяють зробити висновок про те, що відношення, які ви-
значені в алгебраїчній системі агрегатів, можуть бути застосовані для оброблення складних структур даних, що мають назву 
мультиобрази, в задачах аналізу даних, моделювання, прогнозування тощо. Для оброблення даних, що визначені у прив’язці 
до деякої шкали часу, можуть застосовуватись цифрові інтервали. У статте автор демонструє, як відношення для порівняння 
цифрових інтервалів можуть використовуватись для вирішення практичних задач. Крім того, автор представляє програмні 
інструменти, які можуть бути застосовані для практичної реалізації запропонованого теоретичного підходу з використанням 
спеціалізованої мови програмування ASAMPL.  

КЛЮЧОВІ СЛОВА: оброблення мультимодальних даних, агрегат, мультиобраз, дискретний інтервал. 
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ОБРАБОТКА МУЛЬТИМОДАЛЬНЫХ ДАННЫХ С ИСПОЛЬЗОВАНИЕМ ОТНОШЕНИЙ АЛГЕБРАИЧЕСКОЙ 

СИСТЕМЫ АГРЕГАТОВ 
Сулема Е. С. – канд. техн. наук, доцент кафедры программного обеспечения компьютерных систем Национального 

технического университета Украины «Киевский политехнический институт имени Игоря Сикорского», Киев, Украина. 
 

AННОТАЦИЯ 
Актуальность. Во многих инженерных задачах, связанных с необходимостью мониторинга изменений характеристик 

объекта, субъекта или процесса наблюдения, требуется осуществлять обработку мультимодальных данных, регистрируемых 
с установлением момента времени их измерения. В данной статье автор представляет новый подход к решению задачи вре-
менной обработки структур мультимодальных данных, который позволяет упростить обработку таких данных за счет 
использования математического аппарата алгебраической системы агрегатов и тем самым уменьшить требования, 
предъявляемые к вычислительным ресурсам. Алгебраическая система агрегатов оперирует такими специфическими 
структурами данных как агрегаты, мультиобразы и дискретные интервалы. Целью данной работы является формализация 
отношений между базовыми математическими объектами, определенными в алгебраической системе агрегатов, такими как 
элементы, кортежи и агрегаты, а также структурами данных, основанными на этих математических объектах, а именно 
дискретными интервалами и мультиобразами, что позволит осуществлять эффективную обработку мультимодальных 
данных, определенных с учетом времени их регистрации. 

Метод. Исследование, результаты которого представлены в данной статье, основано на использовании основных поло-
жений алгебраической системы агрегатов и концепции мультиобраза, которые упрощают обработку мультимодальных дан-
ных, представленных во времени. Носителем алгебраической системы агрегатов является множество структур данных, на-
зываемых агрегатами. Агрегат представляет собой кортеж кортежей, элементы которых принадлежат предопределенным 
множествам. В алгебраической системе агрегатов определены логические операции, операции упорядочения и арифметиче-
ские операции над агрегатами. Мультиобразом называется непустой агрегат, первый кортеж которого является кортежем 
значений времени. Такой кортеж временных меток представляет собой дискретный интервал. Для обработки дискретных 
интервалов и мультиобразов в алгебраической системе агрегатов определено множество отношений. Это множество вклю-
чает отношения между элементами кортежей, отношения между кортежами и отношения между агрегатами. В частности, 
отношения между кортежами позволяют осуществлять арифметическое сравнение, частотное сравнение и интервальное 
сравнение. Этот математический аппарат может использоваться как для комплексного представления мультимодальных 
характеристик объекта (субъекта, процесса) исследования, так и последующей обработки этих данных, связанных со вре-
менными метками и представленных в виде мультиобраза. 

Результаты. В статье разработан и представлен новый подход к обработке мультимодальных данных, в частности, дис-
кретных интервалов и мультиобразов, основанный на отношениях, которые определены в алгебраической системе агрега-
тов. Приведены примеры практического использования разработанного подхода.  
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Выводы. Результаты, полученные в данном исследовании, позволяют сделать вывод о том, что отношения, определен-
ные в алгебраической системе агрегатов, могут быть использованы для обработки сложных структур данных, называемыми 
мультиобразами, в задачах анализа данных, моделирования, прогнозирования и других. Для обработки данных, определен-
ных в привязке к некоторой шкале времени, могут использоваться цифровые интервалы. В статье автор показывает, как 
отношения для сравнения цифровых интервалов могут использоваться для решения практических задач. Кроме того, автор 
представляет программные инструменты, которые могут быть использованы для практической реализации данного теоре-
тического подхода с использованием специализированного языка программирования ASAMPL.  

КЛЮЧЕВЫЕ СЛОВА: обработка мультимодальных данных, агрегат, мультиобраз, дискретный интервал. 
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ABSTRACT 

Context. For the proper operation of the hardware and software systems, it is necessary that the hardware component receives da-
ta only from the corresponding software. Otherwise, the data received from extraneous programs that can be perceived and processed 
by the device, which can lead to errors in the operation of the device or even a complete loss of its functionality or data.  

Objective. In order to increase the reliability of legal software data and identify the challenges of the transfer of blocks, this arti-
cle focuses on a comprehensive study of the problems arising from the transmission of information in the form of separate data 
blocks.  

Method. The methods of integrity control in modes of transmission are described. The method based on hashes and block deliv-
ery time is analyzed in detail, analysis the methods of reducing the probability of errors occurring in the receiver and the possibility 
of reducing the reception of the extraneous blocks when receiving individual blocks of information. This is done by using a set of 
mathematical equations. And measure the extent of the effect of intensity of receiving extraneous blocks and hash field length. 

Results. In the process of analyzing systems in which information is transmitted by block, when using the method of formation 
of information chains based on the method the hashes and the delivery time of the block, where we note, when the value of the hash 
field is equal to 6 or more, the probability of occurrence of duplicate branches is acceptably low. Where, when hash field more then 
6, the parameter of length of a chain practically does not affect the final probability of constructing a chain from the extraneous 
blocks. The very same value of the probability of constructing a false chain, the length exceeding the chain of legal blocks at hash 
field more 6 is about1 10–3, which it’s acceptable for real information transmission systems. 

Conclusions. Based on the analysis, we can conclude that in systems in which information is transmitted block by block, when 
using the method of generating information chains based on the hash and block arrival time, with a hash field of 6 or more, the prob-
ability of occurrence of duplicate branches is acceptably low. 

KEYWORDS: probability calculation, messages limited in length, authentication control, hash field length, duplicating branches 
in a chain. 

 

ABBREVIATIONS 
FB is a foreign block; 
FC is a foreign chain. 

 
NOMENCLATURE 

hashF  is a hash-function; 

H is a length of the hash field; 
K is a parameter of simulated (intensity of receiving 

extraneous block); 
L is a length of a chain; 
N is a number of block; 
PB – probability of receiving blocks from of the cor-

rect chain; 
pC is a probability of adding the first incoming foreign 

block to the chain; 
p(i) is a binomial law of the received blocks are dis-

tributed; 
PFB – probability of receiving the foreign block; 
p(nFB,l) – probability of obtaining the receiver exactly  

nFB  blocks during the time of obtaining l legal blocks; 

falseS  is a block from another chain; 

recS  is an incoming data block; 

hash

recS  is a hash part of the incoming block; 

inf

rS is an information part of the incoming block 

number r. 
 

INTRODUCTION 
Technology block-chain, that integration into a struc-

tured sequence of information, which represented in the 
form of separate blocks due to the use of the crypto-
graphic hashing functions, it has recently gained wide 
popularity.  

The identification information of the received block is 
compared with the information processed according to 
rules of information from the information blocks that al-
ready received by the receiver to the present moment, 
and, in case of coincidence, the block is added to the se-
quence as shown in Figure (1).  

As practice shows, the approaches used in modern 
blockchain systems, where the large blocks of information 
are structured and unacceptable for chains consisting of 
small size blocks, accordingly, having hashes with a 
length that does not allow us to talk about a negligible 
probability of their coincidence, as in the case of stan-
dardized algorithms for cryptographic hashing. We are 
talking about blocks of information that size up to several 
tens of bits, which are used in radio identification sys-
tems, as instructions for the program the control of de-
vices, etc. [6]. 
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Figure 1 – Blocks that are combined into a sequence based on 

the identification information 
 

The object of study is а comprehensive study of the 
problems arising from the transmission of information in 
the form of separate data blocks.  

The subject of study is the methods of integrity 
control in modes of transmission are described. The 
method based on hashes and block delivery time is 
analyzed in detail, analysis the methods of reducing the 
probability of errors occurring in the receiver and the 
possibility of reducing the reception of the extraneous 
blocks when receiving individual blocks of information.  

The purpose of the work is to increase the reliability 
of legal software data and identify the challenges of the 
transfer of blocks. 

 
1 PROBLEM STATEMENT 

There are many options for formation of identification 
data of information blocks and their analysis. 

1. Only the hash of the previous blocks is used as 
identification data. The receiver analyzes the hashes of all 
received blocks and determines the location of the newly 
received blocks.  

2. Only the hash of the previous blocks is used as 
identification data, but the receiver when determining the 
location of the block in the chain, takes account the time 
of its receipt. That means, if the one block arrived at the 
receiver later than the other, then in the formed chain it 
should take place with a higher index.   

3. The hash of the previous blocks and the block index 
in the chain are used as identification data. The block in-
dex in the chain refers to uniquely positions of the block 
in the chain, while the hash is used exclusively to prevent 
extraneous blocks from entering to the chain. 

Each of the described approaches has advantages and 
disadvantages for determining the membership of the 
chain block. 

Based on the calculation of hashes, there is a little rep-
etition of the information if it is compared with a method 
based on the calculation of hashes and the block index in 

the chain. The disadvantage is the complexity of deter-
mining the location of the block in the chain, because this 
requires comparing with the all hashes blocks in the 
chain. And if the chain is longer, that mean, this process 
will take a long time. 

The disadvantage of the method based on the calcula-
tion of hashes and the delivery time of the block is the 
impossibility of responding this situation, when the in-
formation block issued earlier came as a result of delays 
later than the subsequent one. This situation is possible in 
telecommunication networks (wired and remote commu-
nication). In addition, the algorithm becomes more com-
plicated to separate the blocks from several chains, in the 
case, when the blocks formed by several sources are 
transmitted through one communication channel. The 
advantage of this method includes the fact that the deliv-
ery time of the block itself adds more information about 
the block and its place in the chain. At the same time, it 
does not create additional redundancy information, which 
allows achieving the same reliability transmission charac-
teristics as in the method based on hash functions, with a 
shorter length of the hash field itself. 

The method of identifying the block based on the hash 
and the block index in the chain is the most reliable, both 
in terms of the reliability of the receiver separation of 
information blocks of different chains, and in terms of the 
algorithmic complexity of the formation of the block 
chains themselves. In the latter case, the block index de-
termines a uniquely place in the chain [10]. But this is 
causing the main drawback of this method – the length of 
the chain is limited because the maximum size which is 
determined by the bit width of the index field. In addition, 
we obtain additional information redundancy, since in-
stead of a probabilistic approach to determining the place 
of a block in chains by its hash (which means losing some 
of the information, and hence a decrease in the length of 
additional fields) we have a strictly defined index value 
[11, 12]. 

Let’s consider in more detail one of the methods – 
based on hashes and block delivery time. The incoming 

data block recS consists of the information part inf
recS  and 

the hash result hash
recS , that obtained from the data of the 

previous block of the chain [13, 14]: 
 

                    { }inf hash
rec rec rec|S S S= .                              (1) 

 

If the hash, calculated from block number r, the last 
chain block at the current moment, coincides with the 

hash hash
recS , then the block recS will be added to the chain 

and becomes the last one: 
 
                   ( ).infhash

rec hash rSFS =                              (2) 
 
It is natural, with this approach raises the issue of col-

lisions. If a block from another chain falseS  (while we do 
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not consider how it was formed as a result of the actions 
of intruders or because availability of several sources of 
chain formation) arrives to the receiver, and its hash 
matches with the hash that obtained from the last block of 
the current chain: 

 
                   ( )infhash

hashfalse rSFS = ,                              (3) 
 
 this “extraneous” block will be added to the chain as 

block number r+1, and the “correct” block number r+1 
that comes after it will be ignored because of the mis-
match of its own hash with another hash, that obtained 
from the data of the “extraneous” block: 

 
                     ( ).infhash

falsehash1r SFS ≠+                            (4) 
 

To prevent this situation, it is necessary to compare 
the hash of the received block not only with the hash from 
the last block of the chain, but also with all hashes that 
obtained from all the blocks that make up the chain until 
the present moment. Let 1+ja  is a number of words, 

received in the receiver, the hash of which coincided with 
the hash formed from the j-th word in the chain: 

 

                
( )hash

rec

hash inf
rec

1

if 1

, ,

, , .

jj,a

j

S S a aj j

S F S j r

= = +

= =
                  (5) 

 
But as a result, the chain of blocks is processed by the 

receiver and transformed into a tree, as shown in Figure 
(2), where the numbers refer to the block numbers in the 
corresponding chain, and the number in bracket refer to 
the branch number of the block in the block tree. 

In addition to the complexity of storing that similar to 
the tree structure, like this approach leads to a number of 
problems that we will be considered below. 

The problem of duplicating branches in a chain occurs 
when the hash of the received block coincides not only 
with the hash of the last block of the chain, but also with a 
hash that obtained from one of the earlier blocks. As a 
result of this situation, when receiving subsequent blocks, 
they will be attributed not only of the main chain as 
shown in the figure (2), but also to the secondary, since 
their hashes will completely satisfy the inclusion condi-
tion both one, and another branch of the chain.  

There are three methods to resolve this problem. The 
first method is to choose the longest chain from all the 
possible branches of the chain.  

The second method involves changing the format of 
the blocks, where there is one hash from several consecu-
tive blocks of a chain that controls on the sequence of 
these blocks. This would reduce, though not completely 
exclude, the possibility of the formation of such side 
branches in the chain [15, 16]. 

 

 
Figure 2 – Block tree, arising as a result of the coincidence 

of the hash of the received block with the hash of the last block 
in the chain 

 
The third method is to periodically check the length of 

all the chains and cutting those that do not correspond to 
the threshold conditions. For example, the length of the 
chain is less than the length of the maximum chain by a 
fixed value L. In this case, we allow the erroneous to the 
removal of the correct chain. The present work is devoted 
to the consideration of this method and the study of its 
characteristics. 

In system where the positioning of the block is carried 
out exclusively by matching the hash of the current block, 
the probability of duplicate chains is determined only by 
the hash field length H in bits. In turn, the probability of 
incorrect selection of chains depends on the value of L – 
the difference between the length of the longest chain in 
the tree and the shortest one that has not yet been cut off. 
Below we describe a method that allows you to determine 
the relationship between these two parameters and the 
probability of erroneous deletion of the correct chain. 

 
2 REVIEW OF THE LITERATURE 

At the same time, similar approaches have been used 
earlier to authentication of two subjects of exchange in-
formation [1–3]. The principle of interaction between the 
source (the generator of information blocks) and the re-
ceiver (recipient of information blocks) is based on the 
fact that identification information generated in some way 
is added to a block and usually add a hash of one or sev-
eral previous information blocks, which allows to accu-
rately determine, firstly, the identity of the specific se-
quence of the information block, secondly, the place of 
the block in sequence.  

Once recorded, the data in any given block cannot be 
altered retroactively without the alteration of all subse-
quent blocks, which requires collusion of the network 
majority. This iterative process confirms the integrity of 
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the previous block, all the way back to the original gene-
sis block. Because of the properties of hash functions, a 
slight change in data will change the hash drastically. This 
means that any slight changes made in any block, will 
change the hash which is stored before this block and so 
on and so forth [4, 5]. This will completely change the 
chain, which is impossible.  

With the rapid development of transfer blocks tech-
nology, different industries gradually realize technologi-
cal superiority. In the meantime, there are still some tech-
nical challenges and limitations in mass transfer tech-
nologies and data to the real source. A good example for 
this is the problems and security risks in blockchain ap-
plication are becoming more and more obvious, such as 
51% attack [7] and limited size of block [8]. Sometimes 
separate blocks can be produced concurrently, creating a 
temporary fork. In addition to a secure hash-based history, 
any transfer blocks technology has a specified algorithm 
for scoring different versions of the history so that one 
with a higher value can be selected over others. In order 
to identify the challenges of the transfer of blocks, this 
paper is a comprehensive study of the problems that arise 
from the use of the method the hashes and the delivery 
time of the block and the possibility of reducing the re-
ception of extraneous blocks [9]. 

The problem of embedding the extraneous block in a 
chain occurs when the one or several blocks of extraneous 
chains fall into the gap between two adjacent blocks of 
the chain, the hashes of which satisfy the condition of 
their inclusion in the chain. As a result, the chain extends 
over these several extraneous blocks. If, by analogy with 
the problem of duplicating chains, compare the hash of 
the incoming block not only with the hash from the last 
block of the chain, but also with all hashes that obtained 
from all the blocks included in the chain until the present 
moment, then we get a tree in which the longest chain is a 
chain with extraneous blocks. The correct chain is shorter 
than the maximum chain by one or more blocks. Accord-
ingly, of the methods described above to counter the for-
mation of erroneous chains, the only acceptable can only 
be the control of individual consecutive blocks by using 
an additional hash field [17, 18]. 

 
3 MATERIALS AND METHODS 

To find the dependence between values L and H and 
the probability of incorrect chain clipping, we apply the 
same mathematical model as in [19]. Let’s imagine the 
process of receiving information blocks by the receiver 
(both blocks of the correct chain, and the extraneous 
blocks – blocks of other chains and random blocks that 
received by the receiver) as a random Poisson process, 
this a process without a background in which the prob-
ability of obtaining the next block does not depend on 
how much the period that blocks were received before it. 
Let the intensity of obtaining extraneous blocks K times 
more than the intensity of the formation of blocks of the 
legal or correct chain: 

 

.BFB PKP ×=                               (6) 
Since we are using a method based on the elimination 

of those chains that are less than the maximum by any 
number L, it’s logical to check the hash of each newly 
obtained block for a match with the hashes of not all 
blocks and branches of the chain, but only with those that 
belong to the branches that depart from the last L blocks 
of the longest chain to the present moment. To do this we 
assume that the longest chain to the beginning of the sim-
ulation consists entirely of legal blocks and the number of 
these blocks is N.  

Let in this time, during the receiver receives l blocks, 
the number of extraneous blocks will be FBn . This num-
ber will be distributed according to the Poisson law with 
the expectation lK × : 

 

.
!

)(),(
)(

FB

lKn

FB n
elKlnp

FB ⋅−×⋅
=              (7) 

 
The probability of adding a block to any chain is de-

termined by the width of the hash field: pC = 2–H, where 
H – is the length of the hash field in bits.  

Next, we will implement the following reasoning. 
Each block comes independently of the other and can be 
simultaneously added to the several branches. If we con-
sider a specific block, the first incoming foreign block 
will be added to the chain after it with probability pC, and 
ignored with probability (1 – pC). For the second and third 
block that came, the probabilities are similar. The prob-
ability of forming a chain of three blocks will be (pC)3, the 
probability of forming a chain of two blocks will be the 
sum of three terms: 

– pC × pC × (1 – pC) – The probability that the first two 
blocks are added and the third is ignored. 

– pC × (1 – pC) × pC – The probability that the first and 
third blocks will be added and the second is ignored. 

– (1 – pC) × pC × pC – The probability that the second 
and third blocks will be added and the first is ignored.  

The probability of forming a chain from one block 
will also be equal to the sum of three terms: 

– pC × (1 – pC) × (1 – pC) – probability that the first 
block will be added, 

– (1 – pC) × pC × (1 – pC) – probability that the second 
block will be added, 

– (1 – pC) × (1 – pC) × pC – probability that the third 
block will be added. 

The probability of ignoring all the blocks (the con-
struction of length a chain is zero) will be (1 – pC)3. Simi-
lar reasoning can be carried out for an arbitrary number of 
extraneous blocks. It can be seen, the probability of add-
ing to an arbitrary block of a branched chain of length i of 
blocks from FBn  of the received blocks are distributed 
according to the binomial law:  

 

.)1()()( iFB

FB

n
C

i
C

i
n ppCip −−⋅⋅=           (8) 
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Let us define the probability FCp  of constructing a 
chain from the extraneous blocks, where length longer 
than the number of legal blocks. This will happen in the 
event that during the time during which the receiver re-
ceives and writes a new block to the chain, from the block 
under the number N will be built a branch not less than 2 
extraneous blocks, from the block under the number N –1 
will be built a branch not less than 3 extraneous blocks, 
etc., up to the block under the number (N–L + 1), from the 
length of a chain (L+ 2) and more should be constructed 
as shown in Figure (3).  

 

 
 

Figure 3 – Building a chai that length is longer than number of 
legal blocks 

 
Since all branches consisting of their extraneous 

blocks (in the figure shows hatching), are being built in-
dependent of each other and in the general case can con-
sist of the same blocks, the probabilities of their construc-
tion are independent of each other. Then probability of 
finding the number of extraneous blocks in nFB will be 
defined as: 
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In common case, combining the received expression 

with the formula for p( FBn , l) at l=1: 
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4 EXPERIMENTS 
In Figure (4) are presented graphs dependence on the 

probability of constructing a chain from extraneous 
blocks that length longer than the number of legal blocks, 
the intensity of receiving extraneous blocks K and the 

length of the hash field H in bits and the number of blocks 
L which extraneous blocks can be attached. 

 
Figure 4 – the graphs dependence on the probability of con-

structing a chain from extraneous blocks that length longer than 
the number of legal blocks, the intensity of receiving extraneous 

blocks K and the length of the hash field H in bits with L =4. 
a) H = 5; b) H = 6; c) H = 7; d) H = 8 
 

Calculations show the number of blocks L which 
blocks can be joined by extraneous blocks, does not effect 
on the probability of constructing a long chain from ex-
traneous blocks.  

 

 
Figure 5 – graphs dependence on the probability of con-

structing a chain from extraneous blocks that length longer than 
the number of legal blocks, from the parameter L and the inten-

sity of receiving extraneous blocks K for a fixed hash field 
length H = 4. 

а) K = 3; b) K = 4; c) K = 5, d) K=7 
 
This is easily explained by the fact that the probability 

of constructing long chains of extraneous blocks is negli-
gible, if compared with the probability of constructing 
branches with a length of one or two blocks. like this 
chains can be lead to the error of determining the longest 
chain that only starting from the last (the penultimate le-
gal block of a chain).This is clearly to seen in the figure 
(5), where the graphs dependence of pFC on L that repre-
sent a practically horizontal straight line starting with the 
values L = 3 ... 5.  

 
5 RESULTS 

Based on the graphs received, we can conclude what 
contribution to the final probability of the pFC that make 
certain of its components. It can be seen that depending 
on the value intensity of receiving extraneous blocks K, 
the sum of the probabilities of constructing side chains 
that are more than legal blocks length, from the last 2 is 
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from 80% to 95% of the total probability of constructing 
side chains from all L last blocks. For the sum of prob-
abilities for the last 4 blocks, this is increases to 98% – 
99.9%. These values will be useful to us in the future, 
when modeling of the receiver by the receiver of more 
than one legal of block or in the situations, when the time 
of obtaining the last legal block by the receiver is already 
available, in addition to the main a number of side chains. 

 

 
Figure 6 – graphs dependence on the probability of con-

structing a chain from extraneous blocks that length longer than 
the number of legal blocks, the length of the hash field H and 

the intensity of receiving extraneous blocks K with L = 5. 
а) K = 3; b) K = 6; c) K = 8 

 
Finally, we explore the impact length of the hash field 

on the probability of constructing a long chain of extrane-
ous blocks. In Figure (6) shows this dependence for great-
er clarity on a logarithmic scale. It can be seen this is 
practically an exponential dependence of the form  
pFC = k1×e–k2•H.  

As an intermediate result, we can say that there is no 
great need to increase the parameter L – the number of 
blocks to which incoming blocks can be attached. If there 
are no additional conditions, it can be selected in the 
range from 3 to 6, varying only the length of the hash 
field during transmission, that depending on the observed 
intensity of receiving extraneous blocks. This parameter 
can be calculated dynamically as a ratio of the number of 
information blocks that received during a certain period, 
to the maximum lengthening for the same period of the 
longest chain [19]. 

Next, we simulate the interval during the receiver re-
ceived more than one legal block. To do this, consider the 
chains that were formed at the time of obtaining N blocks 
(Figure (7)). In addition to the main chain, the chain VN –  
VN–L+2 to which the resulting blocks can be attached. This 
is due to the fact that the chain VN–L+1 it will be impossible 
to join the blocks because to the above limitations. Also, 
based on the results that obtained above, we can say that 
the probability the length of the chain VN–L+1 will exceed 
the number L is negligible if compared with the total 
probability pFC (Depending on the length of the field, 
were the values from 10–12to 10–8). 

Strictly speaking, each chain like this will be repre-
senting a bush the chains of arbitrary length.  

 
Figure 7 – The chains formed to the moment of obtaining N+1 

legal block 
 
Now we must take into account, that the chain VN is 

formed from the extraneous blocks that obtained by the 
receiver between obtaining N and N+1 blocks, the chain 
VN–1 is formed from extraneous blocks that obtained by 
the receiver between obtaining N–1 and N+1 blocks, the 
chain VN–2 is formed from extraneous blocks that obtained 
by the receiver between obtaining N–2 and N+1 blocks, 
etc. Accordingly, the final probability of constructing a 
complex chain exceeding the main length, that determined 
by the sum of the probabilities of constructing chains VN – 
VN–L+2 corresponding lengths. For a chain with the num-
ber VN– i it is equal to (i +2). 

For a chain VN–i, by analogies with formula (5), the 
expression takes the form: 
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In General, considering that the construction of each 

of the L chains – is an independent event, the probability 
that at least one of them will exceed to the length of the 
chain from legal blocks:  
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The dependence of the probability pFC on the parame-

ter L is shown in Figure (8). 
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Figure 8 – graphs dependence on the probability of constructing 
a chain from extraneous blocks that length longer than the num-

ber of legal blocks, from the parameter L and the intensity of 
receiving extraneous blocks K for a fixed hash field length H =3 

а) K = 3; b) K = 4; c) K =5 
 

6 DISCUSSION 
It can be seen that starting from L = 10, the increase of 

the probability of constructing a false chain is insignifi-
cant. The length of the hash field has the greatest impact 
on this probability. In the Figure (9) shows the depend-
ence of pFC on H and K. The region, that the most signifi-
cant of the absolute values fall for the probability of con-
structing a false chain, it occurs in the range from H = 3 
to H = 6. In the same range, the influence of the parame-
ter value of L on the required probability is significantly 
reduced.  

 

 
Figure 9 – graphs dependence on the probability of constructing 
a chain from extraneous blocks that length longer than the num-
ber of legal blocks, the length of the hash field H and the inten-

sity of receiving extraneous blocks K with L = 4 
 
Figure (10) shows the relative dependence of the value 

of pFC on H for different values of L. For 1 at each point, 
the probability of constructing a false chain at L = 18 is 
adopted. It can be seen, when H> 6, the parameter of L 
practically does not affect the final probability of pFC. The 
very same value of the probability of constructing a false 
chain, the length exceeding the chain of legal blocks at 
H> 6 is about1 10–3, which it’s acceptable for real infor-
mation transmission systems. 

 
 

Figure 10 – Graph of the ratio of the value pFC for different val-
ues of the parameter L to the value of pFC at L = 18 (intensity of 

receiving extraneous blocks K = 5). 
а) L = 6; b) L = 10; c) L =14 

 
CONCLUSIONS 

The above allows us to conclude that in the process of 
analyzing systems in which information is transmitted by 
block, when using the method of formation of information 
chains based on the method the hashes and the delivery 
time of the block, where we note, when the value of the 
hash field is equal to 6 or more, the probability of occur-
rence of duplicate branches is acceptably low. Where, 
when hash field more then 6, the parameter of length of a 
chain practically does not affect the final probability of 
constructing a chain from the extraneous blocks. The very 
same value of the probability of constructing a false 
chain, the length exceeding the chain of legal blocks at 
hash field more 6 is about1 10–3, which it’s acceptable for 
real information transmission systems. 
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AНОТАЦІЯ 
Актуальність. У статті приділено увагу всебічному вивченню проблем, що викликають передачу інформації у вигляді 

окремих блоків даних (кадрів, фреймів). 
Метод. Описані методи контролю цілості у таких способах передачі. Детально розглянуто метод на основі ґешів і часу 

доставки блоку, проаналізованих методами зниження ймовірності помилок, відновлюючих прийомів при приєднанні окре-
мих блоків інформації. 

Результати. У процесі аналізу систем, в яких інформація передається блоком, при використанні методу формування ін-
формаційних ланцюгів на основі методу хешів і часу доставки блоку, де ми зазначаємо, коли значення ґеш-поля дорівнює  6 
і більше, ймовірність появи повторюваних гілок є прийнятно низькою. Де, коли ґеш-поле більше 6, параметр довжини лан-
цюга практично не впливає на остаточну ймовірність побудови ланцюга із сторонніх блоків. Саме це значення ймовірності 
побудови помилкового ланцюга, довжина якого перевищує ланцюжок легальних блоків у ґеш-полі більше 6 становить при-
близно 10–3, що є прийнятним для реальних систем передачі інформації. 

Висновки. На основі проведеного аналізу можна зробити висновок, що в системах, в яких інформація передається по-
блоково, при використанні методу формування інформаційних ланцюжків на основі ґешу і часу надходження блоку, при 
величині поля ґешу від 6 і більше ймовірність виникнення дублюючих гілок є прийнятно низьклю. 

КЛЮЧОВІ СЛОВА: розрахунок ймовірності, повідомлення обмеженої довжини; контроль автентичності; довжина 
ґеш-поля; дублювання гілок у ланцюжку. 
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AННОТАЦИЯ 
Актуальность. В статье уделяется внимание всестороннему изучению проблем, возникающих при передаче информа-

ции в виде отдельных блоков данных (кадров, фреймов). 
Метод. Описаны методы контроля целостности в таких способах передачи. Детально рассмотрен метод на основе хешей 

и времени доставки блока, проанализированы методы снижения вероятности ошибок, возникающих в приёмнике при приё-
ме отдельных блоков информации. 

Результаты. В процессе анализа систем, в которых информация передается по блокам, при использовании метода фор-
мирования информационных цепочек на основе метода хэшей и время доставки блока, где мы отмечаем, когда значение 
хеш-поля равно до 6 или более, вероятность появления дублирующих ветвей является приемлемо низкой. Когда хеш-поле 
больше 6, параметр длины цепочки практически не влияет на конечную вероятность построения цепочки из посторонних 
блоков. Само же значение вероятности построения ложной цепочки, длина которой превышает цепочку допустимых блоков 
в хэш-поле больше 6, составляет примерно 10–3, что приемлемо для реальных систем передачи информации. 

Выводы. На основе проведенного анализа можно сделать вывод, что в системах, в которых информация передаётся по-
блоково, при использовании метода формирования информационных цепочек на основе хеша и времени поступления блока, 
при величине поля хеша от 6 и более вероятность возникновения дублирующих ветвей приемлемо низка. 

КЛЮЧЕВЫЕ СЛОВА: расчет вероятности, сообщения ограниченной длины, контроль подлинности, длина хеш-поля, 
дублирование ветвей в цепочке. 
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ABSTRACT 
Context. The important task was solved during the scientific research related to the development of the algorithm for tuning of 

the coordinating automatic control system. The reason why the development of those algorithms is important is because of the pro-
gress in field of certain classes of complex multilayered control systems, which provide coordination of the transient processes while 
the regulating technological parameters. 

Objective. The purpose of the scientific work is the minimizing of time and the automation of tuning process for the complex 
multilevel control systems. 

Method. We offer the step-by-step tuning of the double-level coordinating systems of automatic control for the refrigeration fa-
cilities in the particular for the refrigerating turbocompressor facilities and systems with the tunnel refrigerating chambers. We offer 
the block-scheme of algorithms which may be used during the realization of automatic search for the system tuning parameters pro-
viding coordination of the transient processes under automatic control. 

Results. The experiments were conducted in the Matlab 2012a environment. The result of the experiments is graphs of certain 
transient processes obtained on various steps of the tuning for multilevel coordinating automatic control system. Based on the simula-
tion results we have done the conclusion about efficiency of the different algorithms. The possibility for using of the presented algo-
rithms was also considered, particularly the specificity of the functioning of the automatic tuning of the automatic control multilevel 
system complex.           

Conclusion. These experiments have showed the applicability of certain algorithms of step-by-step tuning for the double-level 
coordinating automatic control system. It is estimated, that the automatic tuning of the automatic control coordinating systems with 
algorithm utilization will increase the scope of the modern intellectual technologies. 

KEYWORDS: Petri net, coordinating automatic control system, coordination of transient processes, ratio control, algorithms of 
tuning. 

 
ABBREVIATIONS 

CACS is a coordinating automatic control system; 
ACS is an automatic control system. 

NOMENCLATURE 
Gx.a  is a compressor capacity; 
k is a degree of pressure increase; 
(t) is a deviation from ratio of variables; 
Х1 is an actual value of the controlled variable; 
Pkip.z  is a set point of the boiling pressure; 
Pkip   is an actual value of the boiling pressure; 

e(t) is a deviation of the controlled variables within 
time; 

J0i  is an integral criterion of system; 
u1, %  is a control action on the flow of cooling water 

on the condenser; 
u2, % is a control action linked to the speed of rotation 

of the compressor shaft of the refrigeration plant;   
ua  is a control action to change the ratio; 
AT is a coefficient matrix; 
p  is a differential operators. 
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INTRODUCTION 
The coordination of transient is implemented in the 

range of multilevel automatic control systems. The lower 
level of such systems is linked to the liquidation of devia-
tions from the ratio of the values of regulated variables. 
The upper level is linked to the liquidation of errors in the 
system. In the 20th century the well-known scientists Ig-
natienv M. B., Boichuk L. M. explored actively the sys-
tems under consideration [1–3]. Nowadays the coordinat-
ing control systems for refrigeration plants are designed. 
The development of these systems is carried out in the 
field of technological tasks [4, 5]. On this subject there 
are plenty of the similar scientific papers [6, 7], for exam-
ple, in the field of control in the robotic systems [8–10] or 
in the field of air-fuel ratio control in the engines [11–13]. 

The design methods of coordinating automatic control 
systems were well represented in the scientific work by 
Boichuk L. M. [2]. In our days a lot of research centres 
explore the various automatic control systems and the 
corresponding methods of designing and analysis.  These 
methods in designing of the systems of coordinating con-
trol are presented for the certain field of linear systems 
[3]. Therefore the design of tuning algorithms of control 
systems presented in scientific papers [4, 5, 10] is rele-
vant. As these systems in the certain cases belong to the 
field of nonlinear systems. At the same time, these sys-
tems develop as the specific class of multilevel automatic 
control systems, thereby confirming the relevance of de-
veloping appropriate algorithms of tuning. 

The object of study is the processes of tuning up of 
the coordinating automatic control systems. 

The subject of study is the methods and algorithms 
of tunings for the coordinating automatic control systems. 

The purpose of the scientific work is to minimize 
the time and automate of process in tuning of the multi-
level coordinating automatic control systems. 
 

1 PROBLEM STATEMENT 
To achieve this purpose it is necessary to design the 

algorithms of tuning for the corresponding multilevel con-
trol systems. These algorithms of tuning are required to 
design for the complex non-linear control systems for 
which the known methods of synthesis are unacceptable. 

As a result of analysis of the developed algorithms for 
tuning of the multilevel systems it is important for us to 
determine their fundamental suitability. It is also neces-
sary to determine the scope of application for these algo-
rithms in the system of automatic tuning with the intelli-
gent technology. This intellectual system was shown in 
scientific work [14, 15] related to the automatic synthesis 
of Petri nets based on functioning of the neural networks. 

The developed algorithms for tuning of the multilevel 
control system are acceptable, if they allow to determine 
all the values of the parameters ijkK  of various levels 

for the control system. These parameters of tuning 

ijkK   must give the minimum value of the integral 

criterion J in the multilevel system. The integral criterion 
of system is: 

0

( ( ) β ( ) ) minJ e t t dt


     , (1)

 
where β is coefficient indicating the temporal coordina-
tion of the control processes; (t) is deviations from the 
ratio of the values of regulated variables; e(t) is the devia-
tion of some variable in time from the given value. 

 
2 REVIEW OF THE LITERATURE 

Ratio systems controls or coordinating control systems 
have researched in the different countries. The design of 
these systems has not lost its relevance in the 21st cen-
tury. Now there are a number of English scientific works 
related to the development the air-fuel ratio control sys-
tems for engines. In these works [11–13, 16] the control 
systems block diagrams are presented. They can also be 
classified as the multilevel coordinating automatic control 
systems. 

In Ukraine there are a lot of scientific works [8–10] 
relayed to the control of robotic manipulators. The special 
cases of the implementation of the trajectory tasks of the 
coordinating control are presented in these scientific 
works. The scientific papers of Ignatiev M. B, Mirosh-
nik I. V., Boychuk L. M., Tsybulkin G. A. [2, 3, 8, 17] are 
considered as the fundamental scientific works in the de-
sign of the corresponding systems. 

The scientific work by Boychuk L. M. [2] has become 
the basis for the design of some control systems for re-
frigeration plants. First of all this is the design of the co-
ordinating automatic control system model providing the 
energy-efficient functioning of the cooling turbo-
compressor plant [4]. Then the system was presented for 
evaluating of the energy efficiency of the functioning of a 
turbo-compressor plant for ammonia overload at the 
Odessa Port Plant [18]. The next stage was the develop-
ment of control system for the laboratory unit with the 
cooling tunnel chamber [5]. Considering these scientific 
papers [4, 5, 10] it is possible to present the general sim-
plified block diagram of the coordinating automatic con-
trol system. This block diagram is shown in figure 1. This 
control system represents the principles of operation and 
the main features of the architecture described in the sci-
entific papers by Boichuk L. M. and Miroshnika I. V. [2]. 
However, such control system differs from similar sys-
tems presented in various papers [2, 8, 11, 19, 20]. 

There are the following main differences of the coor-
dinating automatic control system under consideration 
from similar systems. 

1. The control signals are formed as the sum of control 
signals of the lower and upper levels of the system. 

2. There is an adjustment of the given ratio of parame-
ters based on the automatic optimizer. 

3. The control is implemented in the field of nonlinear 
systems. 

4. There are no internal control loops at the lower 
level of the CACS. 

Accordingly, we need methods for tuning of the coor-
dinating automatic control system and in order to these 
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methods would be acceptable not only in the class of 
well-known linear systems [2, 3]. In this regard, this paper 
shows presents experiments related to the tuning of sys-
tems in this class. 
 

3 MATERIALS AND METHODS 
The considered coordinating automatic control system 

is two-level. The lower (first) level of control in this sys-
tem is linked to the liquidation of deviation from the ratio 
of the values of regulated variables X1 and X2. And the 
upper (second) level of control is linked to the liquidation 
of the difference between the set and the actual value of 
the controlled variable. 

This coordinating control system adjusts to the devid-
ing of motions mode. It lets to eliminate the deviation 
from the ratio of variables X1 and X2 in the transition proc-
ess is linked to the liquidation of error in the system. This 
is shown graphically in Fig. 1. The movement of the sys-

tem from the initial point X0 to the final Xk in the space of 
variables X1 and X2 is shown. Movement along the trajec-
tory 1 corresponds to the traditional automatic control 
system and movement along the trajectory 2 corresponds 
to the coordinating automatic control system. The devid-
ing of motions mode provides the initial motion towards 
the multitude M of the ratios, and then by the multitude M 
to the end point Xk. 

In the MATLAB \ Simulink software environment we 
have implemented the model of coordinating automatic 
control system for the development of the tuning algo-
rithms (Fig. 2). The refrigeration turbocompressor is the 
control object in this system. The refrigeration turbocom-
pressor model is represented as the linear system. It gives 
some error in the simulation results. However this inaccu-
racy does not interfere with scientific research for the 
design of methods for the synthesis of CACS. 

 

 
Figure 1 – The simplified block diagram of the coordinating automatic control system  

 

 
Figure 2 – Block diagram of the model of the coordinating automatic control system presented by means of the MATLAB \ Simulink 

software environment 
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We have represented the system control law in the fol-
lowing way: 

 

 1 2
T

q pu u u u u   , (2)

 
where 

1 1 11

2 212

(1 )

(1 )

q
q

q

u k k p
u

k k pu

     
           

is the law of lower level 

control; 

1

2 . 3 31

0

( ) (1 )

p
p

p kip z kip

u
u

u P P k k р

  
    

        
is the law of 

upper level control;
 .x a kk G b       is the deviation from ratio of the pa-

rameters. This ratio ensures the functioning of the turbo-
charger with maximum efficiency; 0k kp p  is de-

gree of pressure increase; Pkip  is actual value of the con-
trolled variable; Pkip.z  is set point of the boiling pressure; 
Gx.a  is compressor capacity; p  is differential operators; 
u1, %   is control action on the flow of cooling water on 
the condenser; u2, % is control action linked to the speed 
of rotation of the compressor shaft of the refrigeration 
plant; k is coefficient for the ratio; b is constants. 

The tuning of this system must be implemented taking 
into account for ensuring the necessary peculiarities of its 
functioning, Such as the coordinating change of compres-
sor capacity Gx.a and the degree of pressure increase 

0k kp p 
 
during the regulation of the boiling pres-

sure Pkip≈P0. The coordinating change of compressor ca-
pacity Gx.a is possible within tuning оf the system for 
deviding of motions mode. 

The researches have shown that it is possible to define 
two main algorithms for the step-by-step tuning of the 
coordinating system to the deviding of motions mode. 

At the beginning of the tuning all parameters k1, k2 and 
k3 of the regulators №1, №2 and №3 are equal to zero. 

According to the first algorithm the main regulator 
№1 of the 1st lower coordinating control level is set up 
initially. The tuning is implemented according to such 
integral criterion: 

 

2
01

0

( ) minJ t dt


   . (3)

 
The transient characteristics for deviations from the 

ratio of variables at different values of the parameter k1 of 
the regulator №1 and at corresponding values of the crite-
rion J01 are presented in Fig. 3. 

At the second stage the regulator №3 of the upper lev-
el of control is set up according to the integral criterion: 

 

02
0

( ( ) 3 ( ) ) minJ e t t dt


     . (4)

 
Figure 3 – The transient responses showing by deviation (t) 
from the given ratio of variables within time. The transitional 

responses got at different values of the tunings parameters in the 
coordinating automatic control system 

 

At the final stage regulator №2 of the 1st lower coor-
dinating level of control is set up according to the crite-
rion: 

03
0

( ( ) ( ) ) minJ t e t dt


    . (5)

 

All transient processes obtained at various stages of 
the system tuning setup are shown in Fig. 3–5.

  The second algorithm of tuning consists of four stag-
es.

 
At the first stage the tuning of regulator of upper level 

according to the integral criterion is presented: 

00
0

( ) minJ e t dt


  . (6)

 

Then the regulator of coordinating level is set up ac-
cording to the corresponding criterion: 

 

01
0

( ) minJ t dt


   . (7)

 

At the third stage the tuning of upper level regulator 
№1 are adjusted again according to the criterion: 

 

02
0

(2 ( ) ( ) ) minJ t e t dt


     . (8)

 

At the last stage the regulator №2 of the coordinating 
level is adjusted according to the criterion: 

 

03
0

( ( ) ( ) ) minJ t e t dt


    . (9)

 

4 EXPERIMENTS 
All necessary experiments were performed in the 

MATLAB \ Simulink 2012 software environment. Ini-
tially it is necessary to implement a model of the coordi-
nating automatic control system to conduct experiments 
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in the software environment. The block diagram of this 
model is presented in Fig. 2. All parameters in the model 
of the control object and in the corresponding control sys-
tem are also presented in Fig. 2. Possessing the appropri-
ate software you can realize experiments using the neces-
sary data presented only in Fig. 2–4. To verify the princi-
ple suitability of the considered algorithms we have ob-
tained transients at various stages of the tuning in the con-
trol system. These transients and the corresponding pa-
rameters k1, k2, k3 of the coordinating control system are 
presented in Fig. 4 and 5. 

It is interesting to note the specific experiment shown 
in Fig. 6. If the control action of the upper level of the 
coordinating control system is connected with the control 
action u1, then we must change accordingly the tuning of 
algorithms. 

 

 

 
Figure 4 –The transient characteristics of the coordinating 

automatic control system at different values of the tunings. The 
transient characteristics showing the deviation e(t) from the set 

value are presented in Fig. 4a. The transient characteristics 
showing the deviation (t) from the given ratio of variables are 

presented in Fig. 4b. 
 
The block diagram of such system is also shown in 

Fig. 6. As a result of modeling of this system it is possible 
to obtain the necessary transients. These transients proc-

esses fairly accurately represent the coordination of the 
regulatory processes and the tuning of the system to the 
deviding of motions mode. 

We can see from the transient graphs that the devia-
tion (t) from the ratio of the variables was practically 
reduced to zero three times faster than the deviation e(t)  
of the controlled variable from the set value (Fig. 6). Ac-
cording to the deviding of motions mode in the time in-
terval from 200 seconds to 1200 seconds the movement 
was provided in the multitude of controlled ratio. 
 

5 RESULTS 
We can see from the graphs of transient processes pre-
sented in Fig. 3–5, the phased tuning of the coordinating 
automatic control system is carried out under the condi-
tion of its stable operation. The minimum value of the 
corresponding integral criterion and the corresponding 
values of the regulators tunings are determined at each 
stage of the control system tuning. 

We can conclude based on the analysis of the simula-
tion results obtained at various algorithms of the phased 
tuning of the coordinating control system. The four-step 
tuning algorithm provides slightly faster way for the sys-
tem to reach the target multitude of controllable ratios 
(figures 5d and 4c). Accordingly, the value of the integral 
criterion of the quality (J03=139.8) for the system is less 
with the four-stage algorithm than with the three-stage 
(J03 = 153.9). 

 
6 DISCUSSION 

The described tuning algorithms are phased due to the 
structural features of multi-level systems. This case is 
suitable not only for multi-level systems of the coordi-
nated regulation. The tuning of cascade control system 
also presumes the phased tuning. For example, at first it is 
necessary to set the inside control loop and then to set the 
outer loop. 

We should also note the scientific paper [2]. In this 
scientific paper there is some process of step-by-step sys-
tem synthesis in which initially the coordinating control 
system is considered as the one-level  control system and 
then as the multi-level one. 

The phased tuning algorithms are represented in the 
form of flowcharts shown in Fig. 7 and accordingly, in the 
form of Petri nets in Fig. 8. 
Petri net formation is the important component for repre-
sentation of the tuning process of the control system. If 
the automatic tuning of the coordinating control system is 
carried out, then the formed Petri net represents to the 
user the definite process of retraining the specific artificial 
neural network. In this case the neural network represents 
the intellectual feature of the automatic tuning systems, 
i.e. such network is able to learn at the operation of vari-
ous systems. 

The simplified block diagram of control system with 
the automatic tuning algorithm is shown in Fig. 9. Thus, it 
is possible to set up the system to deviding of motions 
mode. 
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Figure 5 – Transients in the CACS for the different values in the parameters of the regulators. These transients are obtained at the 

stage of tuning by the four-step algorithm. Figure 4a and 4c – transient characteristics of the deviation e(t) of the controlled variable 
from the specified value; figures 5b and 5d – transient characteristics of the deviation (t) from the ratio of variables 

 

 
Figure 6 – Block diagram of the model of the coordinating control system and the graphs of transient processes on the deviation (t) 

from the ratio of the values of the controlled variables and on the deviation e(t) of the regulable variable from the specified value 
 

The artificial neural network forms the algorithm for 
tuning the control system in the kind of Petri net, it is just 
shown in Fig. 9. If the algorithm of tuning for the control 

system is unsatisfactory, then the artificial neural network 
is rebuilt according to the formed Petri net. This algorithm 
for retraining of the artificial neural network was pre-
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sented in the scientific work [15] as the first experience to 
implement this system. 

 
CONCLUSIONS 

The scientific novelty of the results. The problem as-
sociated with the development of tuning algorithms for 
the highlighted class of automatic control systems was 
solved in the present work. Thus the design technique of 
corresponding coordinating systems has got the further 
development.  

The practical significance of the results. The com-
pleted scientific researchers have confirmed the suitability 
of the developed algorithms for tuning of the coordinating 
automatic control systems. Due to these algorithms we 
can solve the problem of automated tuning for models of 
the complicated control systems providing the coordina-
tion of various transients. 

 
The prospects for further research. The problem of 

automated tuning for the coordinating control systems 
may be related to the field of automatic generation of Pe-

tri nets and to the field the learning of neural nets, name-
ly, the self-learning of neural networks at the synthesis of 
Petri nets. 
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Figure 7 – Flowcharts representing the phased tuning of the coordinating automatic control system; ↓ k1, ↓ k2 and ↓ k3 are decrease 

in the values of the parameters k1, k2 and k3; ↑ k3 is increase in the value of the k3 parameter 
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a b 

Figure 8 – The Petri nets representing the algorithms of phased tuning for the CACS. The Petri net representing the three-step algo-
rithm for tuning of the coordinating automatic control system is shown at Fig. 8a. The Petri net representing the corresponding four-

step algorithm of tuning is shown at Fig. 8b. 

 
Figure 9 – The simplified block diagram of the control system with algorithm of the automatic tuning 
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AНОТАЦІЯ 
Актуальність. Вирішена актуальна задача, що пов’язана з розробкою алгоритмів настроювання координувальних систем авто-

матичного управління. Важливість розробки даних алгоритмів викликана розвитком, у цей час, певного класу складних багаторів-
невих систем управління, що забезпечують узгодження перехідних процесів при регулюванні технологічних параметрів. 

Мета роботи – мінімізація часу та автоматизація процесу настроювання багаторівневих координувальних систем автоматично-
го управління. 

Метод. Запропоновано поетапне настроювання дворівневих координувальних систем автоматичного управління для об’єктів 
холодильної техніки, в окремому випадку для холодильних турбокомпресорних установок і систем з тунельними холодильними 
камерами. Наводяться блок-схеми алгоритмів, які можуть бути використані на етапі автоматизованого пошуку параметрів настро-
ювання системи, що забезпечує узгодження перехідних процесів при автоматичному управлінні. 

Результати. Експерименти були проведені в середовищі Matlab 2012a, за результатами яких були отримані графіки певних пе-
рехідних процесів на різних етапах настроювання багаторівневої системи автоматичного управління. На підставі аналізу результа-
тів моделювання робиться висновок про доцільність використання різних алгоритмів настроювання. 

Також була визначена галузь застосування розроблених алгоритмів поетапного настроювання багаторівневих систем. 
В окремому випадку були представлені особливості функціонування комплексу автоматизованого настроювання багаторівневих 
систем автоматичного управління. 

Висновки. Проведені експерименти показали принципову придатність певних алгоритмів поетапного настроювання дворівне-
вих координувальних систем автоматичного управління. Встановлено, що реалізація автоматизованого настроювання координува-
льних систем автоматичного управління із застосуванням відповідних алгоритмів має місце в галузі сучасних інтелектуальних тех-
нологій. 

КЛЮЧОВІ СЛОВА: координація, узгодження процесів, регулювання співвідношення, алгоритми настроювання, мережі Петрі. 
 

УДК 681.513 
АЛГОРИТМЫ НАСТРОЙКИ КООРДИНИРУЮЩИХ СИСТЕМ АВТОМАТИЧЕСКОГО УПРАВЛЕНИЯ 

Гурский А. А. – канд. техн. наук, доцент кафедры автоматизации технологических процессов и робототехнических систем ин-
ститута компьютерных систем и технологий «Индустрия 4.0» им. П. Н. Платонова Одесской национальной академии пищевых 
технологий, Одесса, Украина. 

Гончаренко А. Е. – канд. техн. наук, доцент кафедры автоматизации технологических процессов и робототехнических систем 
института компьютерных систем и технологий «Индустрия 4.0» им. П. Н. Платонова Одесской национальной академии пищевых 
технологий, Одесса, Украина.  

Дубна С. М. – старший преподаватель кафедры автоматизации технологических процессов и робототехнических систем инсти-
тута компьютерных систем и технологий «Индустрия 4.0» им. П. Н. Платонова Одесской национальной академии пищевых техно-
логий, Одесса, Украина.  

AННОТАЦИЯ 
Актуальность. Решена актуальная задача, связанная с разработкой алгоритмов настройки координирующих систем автомати-

ческого управления. Важность разработки данных алгоритмов вызвана развитием, в настоящее время, определенного класса слож-
ных многоуровневых систем управления, обеспечивающих согласование переходных процессов при регулировании технологиче-
ских параметров. 

Цель работы – минимизация времени и автоматизация процесса настройки многоуровневых координирующих систем автома-
тического управления. 

Метод. Предложена поэтапная настройка двухуровневых координирующих систем автоматического управления для объектов 
холодильной техники. В частном случае для холодильных турбокомпрессорных установок и систем с туннельными холодильными 
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камерами. Представляются блок-схемы алгоритмов, которые могут быть использованы на этапе автоматизированного поиска пара-
метров настройки системы, обеспечивающей согласование переходных процессов при автоматическом управлении. 

Результаты. Эксперименты были проведены в среде Matlab 2012a, в результате которых были получены графики определен-
ных переходных процессов на различных этапах настройки многоуровневой системы автоматического управления. На основе ана-
лиза результатов моделирования делается вывод о целесообразности использования различных алгоритмов настройки. 

Также была определена область применения разработанных алгоритмов поэтапной настройки многоуровневых систем. В част-
ном случае были представлены особенности функционирования комплекса автоматизированной настройки многоуровневых систем 
автоматического управления. 

Выводы. Проведенные эксперименты показали принципиальную пригодность определенных алгоритмов поэтапной настройки 
двухуровневых координирующих систем автоматического управления. Установлено, что реализация автоматизированной настрой-
ки координирующих систем автоматического управления с применением соответствующих алгоритмов имеет место в области со-
временных интеллектуальных технологий. 

КЛЮЧЕВЫЕ СЛОВА: координация, согласование процессов, регулирование соотношения, алгоритмы настройки, сети Петри. 
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ABSTRACT 
Context. The mechanism of decision-making during limited number of experiments with multiple criteria are considered. The 

investigation object is process decision-making for project or control in complex systems with multiple criteria. 
Objective. It is necessary to determine optimal (most preferred) parameters of the systems with multiple criteria. It is no the 

mathematical model of the system, there is limited number of experiments only. 
Method. A scheme is proposed for constructing a selection mechanism for decision-making in systems with several criteria for 

which there is a sample of experimental results. The scheme includes the following procedures: an experimental study of a process 
with several criteria (functions) depending on its parameters; the use of expert evaluation to build a matrix of preferences for individ-
ual implementations; building a function of choosing preferred solutions based on a preference matrix by constructing a mathemati-
cal model of preference recognition, formulation and solving the problem of generalized mathematical programming as the final step 
in building the selection mechanism. The decision-making mechanism depends on the expert assessment procedure when comparing 
a limited set of results with each other, as well as on the statement of conditions when solving the problem of generalized 
mathematical programming. Comparison of a finite number of experiments is convenient for expert evaluation. Presentation of the 
final choice as a result of solving the problem of generalized mathematical programming is convenient for using such a mechanism in 
automatic control systems already without human intervention. 

Results. The proposed scheme of decision-making during limited number of experiments has been applied to decision-making of 
project management for pellet burner. Experimental decision-making results are presented in the presence of several criteria for a 
pellet burner of a tubular heater, which confirm the acceptability of the developed decision-making mechanism. 

Conclusions. It was proposed the new scheme for constructing a selection mechanism for decision-making in systems with sev-
eral criteria where there is a sample of experimental results only. The scheme of decision-making is includes the solving the problem 
of generalized mathematical programming as the final step in building the selection mechanism. For the solving the problem of gen-
eralized mathematical programming may be applied the evolution search algorithm.  

KEYWORDS: decision-making, multiple criteria, function of choosing, generalized mathematical programming. 
 

NOMENCLATURE 
A is an ash transfer in time; 
a1, a2 ,…, a18 are choice function parameters; 
x is a set of inlet system parameters; 
xi  is a scalar parameters (continuous or discrete); 
Ω is the set of admissible parameters; 
x0  is SR  – optimal solution at the set ; 

xH  is a new solution; 
z is a set of outlet system functions (parameters); 
zf   is a one from output parameters 
RS is a binary choice relation; 
RG is a fuzzy generation relation; 
S(X) is a selection function; 
G(X) is a generation function; 
GH(X) is a set of new solutions;  
Bob is the table of experimental results; 
B is a matching matrix of experimental results; 
C is an incomplete choice function; 
Γ(x) is the choice function; 
π is the choice rule; 

 xRS
  is the upper section to the binary choice rela-

tion SR ; 

Nob is a number of experiments; 
Nb is a number of branches for evolutionary search; 
NE is a number of new solutions (hevristics); 

Nop is a number of preferred solutions; 
Sb is a burner area; 
Sfir is a useful area for primary air; 
L1 is a primary air flow; 
Ltot is a total air flow; 
X is a subset of parameters; 
Xk  is a set of preferred solutions according to the bi-

nary choice relation RS at the iterate step k; 
k is an iterate step; 
Xk–1 is a set of preferred solutions according to the bi-

nary choice relation RS at the iterate step k–1; 
Xjk  is a set of preferred solutions according to the bi-

nary choice relation RS at the iterate step k for the branch j 
of evolutionary search; 

W is a power of burner. 
 

INTRODUCTION 
The basis of the research is an experiment in which 

the permissible range of parameters determining the state 
of the system is comprehensively investigated. In each 
experiment, in addition to the input parameters of the sys-
tem, the output functions (criteria) of the system under 
study are measured or calculated. If we confine ourselves 
only to the experimental sampling of parameters, then it 
will not be possible to make decisions about the prefer-
ence of the system parameters over the entire allowable 
area. It is advisable to build a mathematical model of the 
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function of choice, which will allow to extend the rule of 
preferences of parameters to the entire admissible region. 
Having an expression for the function of choice, we can 
formulate and solve the problem of finding the most pref-
erable solutions. The search of the most preferable solu-
tions can be implemented as a result of solving a general-
ized mathematical programming problem 

The object of study is the process of decision-making 
while developing or managing systems with some pa-
rameters. The mathematical model of such a system is 
used to make decisions for the development or manage-
ment of systems. The mathematical model of the system 
can be built on the basis of deductive laws of functioning 
or on the basis of an experimental study of the system. 

The subject of study is the process of decision-
making for project or control in complex systems with 
multiple criteria when information about the system is 
presented in the form of a limited set of experiment re-
sults. 

The purpose of the work is to increase the speed the 
decision-making process for a system with several criteria 
when setting information about the properties of the sys-
tem is a set of experimental results. 

 
1 PROBLEM STATEMENT 

A system is characterized by a set of parameters x= 
{x1, x2,…, xn}, Ω∈x  and a set of output parameters 
(functions, criteria) z = {z1, z2, ..., zf}. There are training 
set of experimental results: Bob = <xq yq>, q = 1,2, ..., Nob 
and the result of the expert evaluation in the form of the 
matching matrix B = {bij}, i = 1,2, ..., Nob, j = 1,2, ..., Nob, 
which is obtained using expert choice relation R. 
It is required to find the choice function C for all set Ω 
with binary relation RS such that binary relation RS corre-
sponds with expert choice relation R. 

 
2 REVIEW OF THE LITERATURE 

In the study of certain processes and systems, the goal 
is often set – to find the “best” values of the parameters of 
the system under study. Here we will consider such prop-
erties of the system that are not formulated using the de-
ductive approach. Then the basis for the study can only be 
an experiment. As a result of the experiment, an experi-
mental sample of the values of the system parameters and 
the corresponding values of the functions (criteria) char-
acterizing these states will be obtained. 

The traditional approach is to build mathematical 
models for each function (criterion) separately based on a 
sample of experimental data. The search for the “best” 
parameters of the system can be carried out using a set of 
mathematical models for the criteria. But how to compare 
several criteria with each other with the traditional ap-
proach remains open. 

An alternative approach, which is described here, is as 
follows. The basis of the research is an experiment in 
which the permissible range of parameters determining 
the state of the system is comprehensively investigated. In 
each experiment, in addition to the input parameters of the 
system, the output functions (criteria) of the system under 

study are measured or calculated. If we confine ourselves 
only to the experimental sampling of parameters, then it 
will not be possible to make decisions about the prefer-
ence of the system parameters over the entire allowable 
area. 

It is advisable to build a mathematical model of the 
function of choice, which will allow “to extend” the rule 
of preferences of parameters to the entire admissible re-
gion. Having an expression for the function of choice, we 
can formulate and solve the problem of finding the most 
preferable solutions. 

To date, there is sufficient experience in using binary 
relations of choice in constructing a mechanism for 
choosing decisions, in particular, scientific results [1–4] 
and other. 

If there is a system that does not have a reliable 
mathematical model based on deductive laws of function-
ing, then the inductive principles of mathematical model-
ling of such systems are known [5, 6] that have received 
significant development.  In inductive modelling, various 
mathematical models were constructed from experimental 
data. In this case, it is possible to build functional depend-
encies for each of several output functions of the system. 
Having mathematical dependencies for several output 
functions, you can solve the decision problem as a multi-
objective optimization problem. There is a fairly large 
number of scientific results in the field of multi-optimized 
optimization [7–10]. 

Most of these results relate to the situation where there 
are mathematical models for each of the output functions 
– Pareto optimization. In this case, the adoption of the 
final decision from the set of Pareto-optimal is an addi-
tional procedure. 

An alternative approach is the formulation of an opti-
mization problem as an optimization task with respect to 
choice relation. Previously, generalized mathematical 
programming problems were formulated for which solu-
tion methods were proposed [11, 12] and other. Later 
works are also devoted to solving the problem of general-
ized mathematical programming, for example [13]. 

Effective methods for solving optimization problems 
are developed on the basis of evolutionary search algo-
rithms, for example, [14–16]. Including evolutionary al-
gorithms useful for solving problems of generalized 
mathematical programming [16, 17] without the convex-
ity condition of choice relation. 

Previously, it was not offered a general scheme for 
constructing a selection mechanism for decision-making 
in systems with several criteria where there is a sample of 
experimental results only. The scheme of decision-
making is includes the solving the problem of generalized 
mathematical programming as the final step in building 
the selection mechanism. For the solving the problem of 
generalized mathematical programming may be applied 
the evolution search algorithm. 

 
MATERIALS AND METHODS 

Let a system be considered whose state is character-
ized by a set of parameters x= {x1, x2,…, xn}. Each system 
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state is characterized by a set of output parameters (func-
tions, criteria) z = {z1, z2, ..., zf}. 

We assume that as a result of the experiments, a train-
ing set of experimental results was obtained:  
Bob = <xq yq>, q = 1,2, ..., Nob. In terminology of the the-
ory of decision making [2–4], a separate result of the 
sample will be called presentation. We assume that the set 
of presentations of the training sample Bob by expert 
evaluation taking into account the values of output func-
tions for any pair of presentations, a binary relation RS:  xi 
RS xj for i,j = 1,2, ..., Nob is established. The result of the 
expert evaluation for the comparison of the presentations 
with each other will be represented in the form of the 
matching matrix B = {bij}, i = 1,2, ..., Nob, j = 1,2, ..., Nob, 
where 

bij = 1,  if   xiRxj, 
bij = 0,  if   xjRxi. 

We will search for the selection rule π with the selec-
tion function 

( ) ( )[ ]{ }.,\ yxRXSXyXxXS S∈∀∈=  
and the binary relation RS, which is determined by the 
function Γ(x) = Γ(x1, x2,…, xn

 ), such that 
Γ(x1 )≥ Γ(x2 )≡x1 RS x2. 

where Ω∈1x , Ω∈2x  . 
The function Γ(x) is defined on the whole set of ad-

missible parameters Ω and the binary relation RS is de-
fined for all pairs of elements from Ω, and not just for 
pairs of elements from the set of experimental results. 

In this sense, we can talk about the problem of ap-
proximation [4]. The function Γ(x) and the binary relation 
RS should be determined from the condition of the best fit 
to the matrix B = {bij}, i = 1,2, ..., No, j = 1,2, ..., No for 
comparison of objects according to the results of experi-
ments. 

The binary relation RS with the choice function ob-
tained in this way can be used to search for the most pref-
erable solutions on the entire Ω set, taking into account 
possible limitations as well. 

Following the terminology of [2], the choice rule is a 
rule, according to which there can be an by element or 
integral definition of the choice function: 

π: Xy∈ | … 
π: X⊆Y | … 

In these formulas, instead of the ellipsis, one or an-
other record of the corresponding conditions, which char-
acterize the choice rule, is meant. 

The task of the synthesis [2] is to construct a mecha-
nism of choice that implements this function based on the 
function of the (incomplete) choice C, or to establish that 
it cannot be done. The function C, for which the synthesis 
problem is solved, can describe the experimentally ob-
served choice. 

The article aims to offer a rational scheme for making 
the most preferable solutions for researching a system 
with several criteria, ranging from experimental research 
of the system and obtaining a sample of experimental 
data, ending with the formulation and solution of the 

problem of finding the most preferred parameters as a 
generalized mathematical programming problem. 

To achieve this goal, it was necessary to develop a 
method for constructing a function of choice, based on a 
sample of experiments, and then to extend the function of 
choice to the whole admissible region. In addition, it was 
necessary to develop or choose from previously devel-
oped such a method for solving the problem of general-
ized mathematical programming, which will allow to pro-
vide a final search for the most preferable solution on the 
permissible parameter area in the presence of constraints. 

The methods for solving the problems are based on 
the approach to the evolutionary search for RS – optimal 
solutions. For subset X, Ω⊂X  we denote the function of 
choice in the form 

 

( ) ( )[ ]{ }.,\ yxRXSXyXxXS S∈∀∈=  (1)
 

We shall assume that set S(X) contains the concrete 
number of elements – Nop. 

We shall that for the set Ω it was determined relation 
RG  with attachment function ( )yx

GR ,μ : [ ]1,0→Ω×Ω . 
Relation RG will be termed generation relation. 

For subset X, Ω⊂X  we denote the function of gen-
eration in the form 

 

( ) ( ),XGXXG H∪=  

( ) ( ){ }.0,,, >μ∈∃Ω∈= yxxyRXxyXG
GRGH  (2)

 

We shall assume that set G(X) contains the concrete 
number of elements – NE. 

The algorithm to search RS –optimal solution can be 
represented as 

( )( )1−= kk XGSX , ,...2,1=k  (3)
The iterate algorithm (3) – is the general form of evo-

lutionary search. 
According to [15–17] we will consider the decomposi-

tion  

∪
bN

j
jkk XX

1=
= , ∅=jkik XX ∩ , ji ≠ . (4)

The algorithm (3) takes the form 
 

( )( )1−= jkjk XGSX , bNj ,1= , ,...2,1=k  (5)
These iterate algorithms (3), (5) – are the general form 

of evolutionary search. 
We denote by ( )xRS

+  the upper section to the binary 
choice relation SR at the set Ω : 

( ) { }.xyRyxR SS Ω∈=+  (6)
We will assume that upper sections have such proper-

ties: 

0xx ≠∀  ( ) .0>+ xmesRS  (7)
Relatively of generation function we will consider fol-

lowing. If Hx  is a new solution ( )XGx HH ∈ , then 

0xx ≠∀  ( ){ } .0>δ≥∈ + xRxP SH  (8)
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Convergence of the sequence Xk  to SR –optimal solu-
tion we understand the following. For every Ω∈x , 

0xx ≠  there is a number K that for each Kk ≥  with 
probability 1 that will be satisfied: 

( ).xRX SK
+⊂  

The following theorem [13] holds: 
If upper sections (6) have the property (7), generation 

function (2) has the property (8), and choice relation RS is 
a no strictly order relation, then algorithm (3) ensures 
convergence of the sequence Xk  to SR  – optimal solution 
with probability 1. 

Analogically [16] this theorem can be extended for all 
branches of evolutionary search (5). 

 
4 EXPERIMENTS 

There are considered tubular gas heater [18]. Tubular 
heaters design parameters (inlet system parameters) are 
below: 

– Burner area, Sb; 
– Useful area for primary air passage, Sfir; 
– Primary air flow, L1; 
– Total air flow, Ltot; 
– Burner power, W. 
There are criteria (outlet system functions) of the 

heater: 
– Ash transfer by the time, A; 
– Concentration CO at exhaust gases, CCO; 
– Concentration NOx at exhaust gases, CNOx. 
There are following requirements for parameters that 

characterize tubular heaters work: for CO it is less than 
130 mg/m3 and for NOx – less than 250 mg/m3. Therefore 
such tags as CO and NOx are shown at tubular heater 
schematically block diagram. Also such parameter as ash 

is typical because of strengthened primary air supply cre-
ates unintended carrying out ash from the burner. It leads 
to tube clogging, which degrades heat transfer and re-
duces tube efficiency time. 

 
Figure 1 – Tubular heater pellets burner principle diagram 

 

Experimental results are presented in two arrays: array 
1 (Table 1) and array 2 (Table 2).  

After expert evaluation of array 1 (Table 1) and array 
2 (Table 2), matching matrixes B were obtained – Table 3 
and Table 4. 

 
Table 1 – Experimental data array1 

       max=130 max=250 
№ S  S пер Lзаг L1 W З ССО СNOx 
1 0.5 0.572 0.7155 0.440252 0.335 0.175 0.012 0.964 
2 0.5 0.572 0.6795 0.430464 0.313 0.240 0.153 0.681 
3 0.5 0.572 0.6795 0.397 0.547 0.231 0.001 0.852 
4 1 0.643 0.792 0.738 0.18 0.018 0.102 0.845 
5 1 0.643 0.8145 0.828 0.32 0.039 0.016 0.674 
6 1 0.643 0.855 0.736 0.355 0.458 0.003 0.757 
7 1 0.643 0.7785 0.924 0.828 0.233 – – 
8 0.5 0.254 0.8865 0.38 0.26 0.024 – – 
9 0.5 0.245 0.7425 0.484 0.32 0.018 – – 
10 0.5 0.254 0.7515 0.509 0.36 0.010 – – 
11 1 0.287 0.819 0.769 0.3 0.083 – – 
12 1 0.287 0.774 0.872 0.6 0.278 – – 
13 1 0.287 0.742 0.787 0.94 0.202 – – 
14 0.5 0.572 0.723 0.218 0.18 – 0.051 0.431 
15 0.5 0.572 0.671 0.134 0.2 – 0.016 0.753 
16 0.25 0.084 0.25125 0.134 0.064 0.298 0.063 0.293 
17 0.25 0.084 0.21 0.244 0.09 0.583 0.066 0.441 
18 0.25 0.084 0.20625 0.26 0.18 0.833 0.164 0.359 
19 0.25 0.084 0.188 0.337 0.18 0.583 0.178 0.411 
20 0.25 0.084 0.268 0.102 0.047 0.133 0.032 0.48 
21 0.25 0.084 0.25125 0.139 0.113 0.408 0.03 0.635 
22 0.25 0.084 0.245 0.153 0.1 0.417 0.023 0.691 
23 0.25 0.084 0.2275 0.214 0.128 0.300 0.018 0.697 
24 0.25 0.084 0.2225 0.14 0.053 0.150 0.018 0.661 
25 0.25 0.084 0.208 0.167 0.045 0.058 0.049 0.526 
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Table 2 – Experimental data array 2 
       max=130 max=250 

№ (cont.) S  S пер Lзаг L1 W З ССО СNOx 
26 0.25 0.084 0.194 0.194 0.06 0.142 0.016 0.872 
27 0.25 0.084 0.187 0.233 0.112 0.233 0.014 0.852 
28 0.25 0.084 0.175 0.285 0.18 0.450 0.026 0.789 
29 0.25 0.084 0.17 0.33 0.225 0.875 0.019 0.845 
30 0.25 0.084 0.16 0.546 0.225 0.942 0.018 0.859 
31 0.25 0.084 0.158 0.197 0.082 0.158 0.025 0.441 
32 0.25 0.084 0.15375 0.2439 0.09 0.083 0.010 0.618 
33 0.25 0.084 0.13875 0.306 0.113 0.158 0.006 0.497 
34 0.25 0.084 0.131 0.362 0.15 0.250 0.01 0.625 
35 0.25 0.084 0.121 0.422 0.15 0.400 0.028 0.783 
36 0.25 0.084 0.106 0.588 0.225 0.858 0.019 0.668 
37 0.25 0.084 0.1 0.8125 0.18 0.900 0.021 0.714 
38 0.25 0.084 0.2625 0.13 0.039 0.108 0.067 0.53 
39 0.25 0.084 0.21875 0.234 0.09 0.283 0.151 0.184 
40 0.25 0.084 0.215 0.25 0.075 0.467 0.065 0.487 
41 0.25 0.084 0.21 0.303 0.18 0.292 0.045 0.431 
42 0.25 0.084 0.19 0.145 0.05 0.417 0.042 0.382 
43 0.25 0.084 0.186 0.188 0.075 0.333 1 1 
44 0.25 0.084 0.18875 0.198 0.113 0.317 0.09 0.26 

 

Table 3 – Matching matrix for experimental data array 1 
DATA 1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,0,0,0,1,1,1,1,1,1 
DATA 0,1,1,0,1,1,1,1,1,1,1,1,1,1,1,1,1,0,0,1,1,1,1,1,1 
DATA 0,0,1,0,0,1,1,1,1,1,1,0,1,0,0,0,0,0,0,0,0,0,0,0,0 
DATA 0,1,1,1,0,1,0,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 
DATA 0,0,1,1,1,1,0,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 
DATA 0,0,0,0,0,1,1,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0 
DATA 0,0,0,1,1,0,1,1,1,1,0,0,1,0,0,0,0,0,0,0,0,0,0,0,1 
DATA 0,0,0,0,0,0,0,1,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 
DATA 0,0,0,0,0,0,0,0,1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 
DATA 0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 
DATA 0,0,0,1,1,0,1,1,1,1,1,0,1,0,1,0,0,0,0,0,0,0,0,0,0 
DATA 0,0,1,1,1,0,1,1,1,1,1,1,1,0,1,0,0,0,0,0,0,0,0,0,0 
DATA 0,0,0,1,1,0,0,1,1,1,0,0,1,0,1,0,0,0,0,0,0,0,0,0,0 
DATA 0,0,1,0,1,1,1,1,1,1,1,1,1,1,1,0,0,0,0,1,1,1,1,1,1 
DATA 0,0,1,0,1,1,1,1,1,1,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0 
DATA 0,0,1,0,1,1,1,1,1,1,1,1,1,1,1,1,0,0,0,1,1,1,1,1,1 
DATA 1,0,1,0,1,1,1,1,1,1,1,1,1,1,1,1,1,0,0,1,1,1,1,1,1 
DATA 1,1,1,0,1,1,1,1,1,1,1,1,1,1,1,1,1,1,0,1,1,1,1,1,1 
DATA 1,1,1,0,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1 
DATA 0,0,1,0,1,1,1,1,1,1,1,1,1,0,1,0,0,0,0,1,0,1,1,1,0 
DATA 0,0,1,0,1,1,1,1,1,1,1,1,1,0,1,0,0,0,0,1,1,1,1,1,0 
DATA 0,0,1,0,1,1,1,1,1,1,1,1,1,0,1,0,0,0,0,0,0,1,1,1,0 
DATA 0,0,1,0,1,1,1,1,1,1,1,1,1,0,1,0,0,0,0,0,0,0,1,0,1 
DATA 0,0,1,0,1,1,1,1,1,1,1,1,1,0,1,0,0,0,0,0,0,0,1,1,0 
DATA 0,0,1,0,1,1,0,1,1,1,1,1,1,0,1,0,0,0,0,1,1,1,0,1,1 

 

Table 4 – Matching matrix for experimental data array 2 
DATA 1,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,1,1 
DATA 1,1,0,1,1,1,1,0,0,0,1,1,1,1,1,1,1,1,1,1 
DATA 1,1,1,1,1,1,1,0,0,0,1,1,1,0,1,1,1,0,1,1 
DATA 1,0,0,1,0,1,0,0,0,0,0,0,1,1,1,1,1,0,1,1 
DATA 1,0,0,1,1,0,0,0,0,0,0,0,0,0,1,0,0,0,1,1 
DATA 1,0,0,0,1,1,1,1,0,0,1,1,0,0,0,0,0,0,1,1 
DATA 1,0,0,1,1,0,1,0,0,0,0,1,1,1,1,1,1,1,1,1 
DATA 1,1,1,1,1,0,1,1,0,1,1,1,1,1,1,1,1,1,1,1 
DATA 1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1 
DATA 1,1,1,1,1,1,1,0,0,1,1,1,1,1,1,1,1,1,1,1 
DATA 1,0,0,1,1,0,1,0,0,0,1,0,0,0,0,0,0,0,1,1 
DATA 1,0,0,1,1,0,0,0,0,0,1,1,0,0,0,0,0,0,1,1 
DATA 1,0,0,0,1,1,0,0,0,0,1,1,1,0,1,0,0,0,1,1 
DATA 1,0,1,0,1,1,0,0,0,0,1,1,1,1,1,0,1,1,1,1 
DATA 0,0,0,0,0,1,0,0,0,0,1,1,0,0,1,0,0,0,1,1 
DATA 1,0,0,0,1,1,0,0,0,0,1,1,1,1,1,1,1,1,1,1 
DATA 1,0,0,0,1,1,0,0,0,0,1,1,1,0,1,0,1,0,1,0 
DATA 1,0,1,1,1,1,0,0,0,0,1,1,1,0,1,0,1,1,1,0 
DATA 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0 
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5 RESULTS 
There are presented results with choice function in the 

form (9). 
Γ(x) = d1+d2+d3,  

d1= (a1+a2x1 +a3x1 x1 ) (a4+a5x2 +a6x2 x2 ), 
d2=(a7+a8x3 +a9x3 x3 ) (a10+a11x4 +a12x4 x4 ), 
d3=(a13+a14x4 +a15x4 x4 ) (a16+a17x5 +a18x5 x5 ), 
Γ(x1 )≥ Γ(x2 )≡x1 RS x2. 

 

(9)

Parameters a1, a2 ,…, a18 were obtained after evolu-
tionary search the choice function for array 1 of experi-
mental data and for array 2 of experimental data. 

The choice function in the form (19) with specific val-
ues of parameters a1, a2 ,…, a18  was used to solve the 
problem of generalized mathematical programming: to 
find maximum choice function with restrictions: 
0.2<=xi=<0.5, i=1,…,5. Evolutionary search for solving 
the problem of generalized mathematical programming is 
illustrated at tabl. 6 and results of evolutionary search for 
three branches of evolution are presented in Table 7. 

 
6 DISCUSSION 

It is advisable to discuss the stated decision-making 
mechanism. The first stage of the decision-making 
mechanism is the experimental study of the system. When 
conducting experiments, it is desirable to examine as 
widely as possible the allowable input parameters x= {x1, 
x2,…, xn}. It does not require the use of experimental 
planning methods. The tables of experimental results are a 
typical example. A visual analysis of the experimental 

results shows the existence of interdependencies of the 
output parameters (functions) among themselves. 

The controversial nature of the mutual influence of 
output parameters is clearly seen. Matrix of conformity 
(Table 3 and Table 4) is the result of expert assessment 
and is subjective. For expert assessment, it is obviously 
possible to use the whole variety of available pair-wise 
comparison methods and use a different scale for such an 
assessment. The choice function given in the article in the 
form of an algebraic function is certainly not the only 
possible one, here you can use the whole variety of pat-
tern recognition methods, for example [19, 20]. 

An important property of such a function is the reli-
ability of the reflection of experimental results not only 
for the training sequence, but also for the checking se-
quence of experimental results. The use of an evolution-
ary search algorithm with several branches of evolution is 
convenient for controlling the found solution. For exam-
ple, from Table 6 it can be seen that as a result of the 
search, the value of the choice function reached a maxi-
mum (one) in all three branches of the evolution of solu-
tions. The values of the parameters are basically the same, 
although there is a slight discrepancy in some parameters. 

This suggests that the maximum of this choice func-
tion is poorly defined. If in the search process there was 
no convergence of results across different branches of 
evolution, this would indicate the absence of a single so-
lution. In this example, the solutions found for the three 
branches of evolution are almost identical, which indi-
cates the presence of a global maximum of the choice 
function. 

 

Table 5 – Evolutionary search the choice function  
Iteration step of evolutionary search Error at the training array 1 Error at the test array 2 

1 0.2912 0.3975 
2 0.2656 0.4425 
6 0.2464 0.2675 
10 0.2400 0.2675 
14 0.2336 0.2675 
18 0.2240 0.2675 
27 0.1856 0.2675 
38 0.1664 0.2525 
96 0.1536 0.2575 

214 0.1440 0.2575 
Table 6 – Evolutionary search for solving the problem of generalized mathematical programming 

Iteration step 
of evolution 

Maximum function 
Branch 1 of evolution 

Maximum function 
Branch 2 of evolution 

Maximum function 
Branch 3 of evolution 

1 –1.47E–7 –1.57E–7 –1.30E–7 
2 8.45E–7 –1.28E–7 7.65E–7 
5 1.53E–6 5.02E–6 4.78E–5 
11 0.202 0.185 0.111 
14 0.9950 0.9993 0.9953 
15 0.9996 1 0.9975 
16 1 1 0.9981 
17 1 1 0.9985 
18 1 1 0.9999 
19 1 1 0.9999 
20 1 1 1 

Table 7 – Result of evolutionary search for solving the problem of generalized mathematical programming 
Branches of evolution Parameter 1 

x1 
Parameter 2 

x2 
Parameter 3 

x3 
Parameter 4 

x4 
Parameter 5 

x5 
Branch 1 0.3800 0.5 0.2 0.4511911 0.2 
Branch 2 0.4080 0.5 0.2 0.4511911 0.2 
Branch 3 0.3949 0.5 0.2 0.4511911 0.2020 
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CONCLUSIONS 
The constructed selection function is determined al-

ready on the whole admissible space of input parameters, 
and not only on the set of experimental points. 

Thus, the selection mechanism extends to the entire 
allowable range of input parameters. 

The scheme includes the following procedures: an ex-
perimental study of a process with several criteria (func-
tions) depending on its parameters; the use of expert 
evaluation to build a matrix of preferences for individual 
implementations; building a function of choosing pre-
ferred solutions based on a preference matrix by con-
structing a mathematical model of preference recognition, 
formulation and solving the problem of generalized 
mathematical programming as the final step in building 
the selection mechanism. 

The scientific novelty is result presented as a holistic 
decision-making mechanism for a system based on induc-
tive modeling of complex systems, in which the following 
steps can be distinguished: an experimental study of a 
process with several criteria (functions) depending on its 
parameters; the use of expert evaluation to build a matrix 
of preferences for individual implementations; building a 
function of choosing preferred solutions based on a pref-
erence matrix by constructing a mathematical model of 
preference recognition, formulation and solving the prob-
lem of generalized mathematical programming as the fi-
nal step in building the selection mechanism. 

The practical significance of obtained results is that 
the stated decision-making mechanism can be used for a 
wide range of complex systems with several criteria. 

Prospects for further research are to the improve-
ment of methods and means for constructing a function of 
choice for a limited number of experimental results. 
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АНОТАЦІЯ 
Актуальність. Розглянуто задачу прийняття рішень для системи з декількома критеріями на основі обмеженої кількості 

експериментальних результатів. Об’єктом дослідження є процес прийняття рішень, починаючи з експериментального дослі-
дження системи до рішення задачі оптимізації системи з декількома критеріями.  

Мета. Мета роботи – викладення цільного механізму прийняття рішень для системи з декількома критеріями на основі 
обмеженої кількості експериментів.  

Метод. Запропоновано використовувати алгоритми еволюційного пошуку переважних рішень для двох основних проце-
дур: пошук оптимальної функції вибору на базі матриці пере важності експериментальних рішень; пошук оптимальних по 
бінарному відношенню вибору рішень на всій множині допустимих параметрів (рішення задачі узагальненого математично-
го програмування). Алгоритм еволюційного пошуку, який застосовується, вирішує задачу пошуку оптимальних по бінарно-
му відношенню вибору рішень без потреби випуклості відношення вибору. У роботі застосовані експериментальні резуль-
тати дослідження пальника на паливних гранулах (пелетах). Вхідні параметри системи налічують п’ять розмірних парамет-
рів, а вихідні параметри три розмірні критерії. Усього експерименти налічують 45 результатів, з яких 25 експериментів 
склали навчальну послідовність і 20 результатів – контрольну послідовність, які застосовувались для отримання функції 
вибору.  

Результати. Розроблена цільна система побудови механізму прийняття рішень для системи з декількома критеріями на 
основі обмеженої кількості експериментів. 

Висновки. Наведені експерименти та їх обробка показали достовірність основних наукових результатів – можливості 
побудови механізму вибору у системі з декількома критеріями на основі обмеженої кількості експериментів і поширення 
кінцевого вибору на всю допустиму область вхідних параметрів, а не тільки на множині експериментальних результатів.  

КЛЮЧОВІ СЛОВА: механізм прийняття рішень, декілька критеріїв, функція вибору, узагальнено математичне про-
грамування.  
 
УДК 519.816 

ПРИНЯТИЕ РЕШЕНИЙ ПРИ НАЛИЧИИ ОГРАНИЧЕННОГО КОЛИЧЕСТВА ЭКСПЕРИМЕНТОВ С 
НЕСКОЛЬКИМИ КРИТЕРИЯМИ  

 
Иродов В. Ф. – д-р техн. наук, профессор, заведующий кафедрой системного анализа и моделирования в теплогазо-

снабжении Приднепровской государственной академии строительства и архитектуры, Днепр, Украина. 
Барсук Р. В. – ассистент кафедры системного анализа и моделирования в теплогазоснабжении Приднепровской госу-

дарственной академии строительства и архитектуры, Днепр, Украина. 
 

АННОТАЦИЯ 
Актуальность. Рассмотрена задача принятия решений для системы с несколькими критериям на основе ограниченного 

количества экспериментальных результатов. Объектом исследования является процесс принятия решений, начиная с экспе-
риментального исследования системы к решению задачи оптимизации системы с несколькими критериями. 

Цель. Цель работы – изложение цельного механизма принятия решений для системы с несколькими критериям на осно-
ве ограниченного количества экспериментов 

Метод. Предложено использовать алгоритмы эволюционного поиска предпочтительных решений для двух основных 
процедур: поиск оптимальной функции выбора на базе матрицы предпочтительности экспериментальных решений; поиск 
оптимальных по бинарному отношению выбора решений на всем множестве допустимых параметров (решение задачи 
обобщенного математического программирования). Алгоритм эволюционного поиска, который применяется, решает задачу 
поиска оптимальных по бинарному отношению выбора решений без требования выпуклости отношение выбора. В работе 
применены экспериментальные результаты исследования горелки на топливных гранулах (пеллетах). Входные параметры 
системы насчитывают пять размерных параметров, а выходные параметры три размерные критерии. Всего эксперименты 
насчитывают 45 результатов, из которых 25 экспериментов составили учебную последовательность и 20 результатов – кон-
трольную последовательность, которые применялись для получения функции выбора. 

Результаты. Разработана цельная система построения механизма принятия решений для системы с несколькими крите-
риям на основе ограниченного количества экспериментов. 

Выводы. Приведенные эксперименты и их обработка показали достоверность основных научных результатов – воз-
можности построения механизма выбора в системе с несколькими критериям на основе ограниченного количества экспери-
ментов и распространения конечного выбора на всю допустимую область входных параметров, а не только на множестве 
экспериментальных результатов. 

КЛЮЧЕВЫЕ СЛОВА: механизм принятия решений, несколько критериев, функция выбора, обобщенное математиче-
ское программирование. 
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ABSTRACT 
Context. The equivalent transformation method is examined in the given article. Its essence lies in changing of a certain class of 

non-stationary systems with the stationary ones, for which optimization methods are well processed. Urgency of the method is 
determined by the fact that in most optimal control methods, developed for continuous systems, tasks are considered in the temporary 
space using the states space and the matrix theory. All real control objects are known to be non-linear and non-stationary in one way 
or another. Analysis and synthesis of control systems for such objects is a complex mathematical issue, and its solution is received 
for some separate occasions for now. 

As a result of using the suggested method, when the variable coefficients matrix is known, the task of the non-stationary system 
optimal control is reduced to the task of the equivalent stationary system optimal control for which solution methods are well-known 
and well processed. 

Objective.  Reducing energy intensity and improving the quality of products of various technological processes is an urgent task 
of the national economy of Ukraine. 

Methods. To achieve this goal, we propose a method of modal synthesis of optimal stabilization laws using the method of 
uncertain coefficients, developed by the authors  

Results.  Algorithm of synthesis of the optimal controller in the absence and presence of delay in the control loop is developed. 
The method of selection and correction of the desired spectrum of roots is proposed. To eliminate self-oscillations in the presence of 
a delay in the control circuit, the R. Bass method is used. 

Conclusions. The modal synthesis of optimal laws of stabilization of technological processes is proposed on the basis of the 
original method of uncertain coefficients. The complexity of the choice of the desired eigenvalues is overcome by the proposed 
procedure of construction and correction of the spectrum of roots in a closed system of optimal control.  To eliminate the occurrence 
of stable self-oscillations (in the presence of a delay) in the stabilization process near a given trajectory,  the Bass’s method is 
proposed to be used. The simulation results confirm the correctness and effectiveness of the results. 

KEYWORDS: technological process, linear-quadratic optimization task, AKOR method, modal synthesis, method of uncertain 
coefficients, choice and correction of roots spectrum, R. Bass’s method. 

 
ABBREVIATIONS 

ACOR – analytic construction of the optimal 
regulators; 

ACS – automatic control system. 
 

NOMENCLATURE 
I (x,u) is a functional; 
T is a the symbol of transposition; 
t is a current time; 
u  is a vector of control actions; 
pi are the feedback coefficients; 
λi is a roots of the characteristic equation; 
i,j is a  indexes; 
aij are the coefficients of the matrix A; 
bi are the coefficients of the matrix B; 
cij , fi , di is a    auxiliary variable; 
col is a column vector; 
k is a gain ratio; 
x~  is a extended state vector; 
D is a determinant; 

nD  is a determinant of dimension n x n; 

1nD  is a matrix with )1()1(  nn  coefficients and 

lp
~

 are column vectors with dimension (n+1); 

ε is a real part of the complex root; 
ξ is a degree of vibration damping; 
φ is a phase shift; 
ω is a circular frequency of oscillation; 
μ is a some ratio; 

)(tx  is a state vector;  

)(tu  is a scalar control; 

θ is a delay in the control loop; 
ω is a circular frequency; 

if  is a coefficient of the i-th open characteristic 

determinant. 
A* is a matrix of constant coefficients of dimensions 

(n+1)×(n+1);  
B is a the column vector of dimension (n x 1); 

 ijqQ   is a diagonal matrix  (n x n); 

H(λ) is a characteristic polynomial; 
q11=q22= q33=1; 

)det(   IBA T
p  is a the characteristic determinant 

of a closed optimal system. 
 

INTRODUCTION 
Systems synthesis task is one of the key tasks of both 

automatic control theory and practice. Its solution results 
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in definition of the structure of the automatic control 
system (ACS) and its parameters from the condition of 
the system sustainability and quality of transient 
processes (achieving the required performance, the 
inadmissibility of the considerable overshoot) improving 
control accuracy in steady-state conditions etc [1]. 

Linear controllers are an effective way to ensure 
dynamic performance of not only linear control objects of 
arbitrarily high order, but also of objects that contain non–
linear and discrete units, which have a significant, but not 
a determining influence on dynamic processes. 

One of the important classes of dynamic objects are 
various technological processes. Stabilization of 
technological processes is the basis for the development 
of optimal control systems. As the result of successful 
stabilization and remote manual control, it is possible to 
facilitate the withdrawal of equipment and machinery to 
open areas, which leads to a significant reduction in 
specific capital costs when creating new production 
capacities. The task of the regulators stabilizing the 
technological process is to counter the perturbation by the 
introduction of restorative effects. The problem of 
automation is especially acute for enterprises of chemical 
and petrochemical industry [2]. 

The majority of industrial controlled objects have 
delays. The presence of the delay is due to the final velocity 
of information flows propagation in the technological 
objects. The delay may also occur due to time spent on 
signal transmission or, as in happens more often, in can be 
caused by the phenomenon of simplifying assumptions, by 
virtue of which  it is considered that action of intermediate 
and reinforcing links in the controlled object is reduced to a 
signal transmission with delay. In these cases it is called 
transport delay systems [3]. 

Inertia of the operator himself has a significant impact 
on the management quality in addition to the delay in the 
signal transmission. Therefore, it’s imperative to have 
optimal (reference) dynamic implementation (control 
laws) in preparation of the operator taking into account 
the inertia and delay in the control loop. 

In this article authors propose a procedure for the 
synthesis of the optimal modal law stabilization of linear 
stationary systems with delay based on the method of 
undetermined coefficients, which is proposed by the 
authors below. 

 

1 PROBLEM STATEMENT 
Let the dynamics of the process have the form: 
 

),()()(  tButxAtx  (1)
 

Boundary conditions:  
The most common for the stabilization of 

technological processes is a quadratic criterion of shape 
quality: 

 



0

2 )()()(),( dttutxQtxuxI T . (2)

The choice of the quality criterion (2) is due to the fact 
that it reflects the accuracy of tracking the normative 

indicators of technological processes and energy 
consumption for the stabilization process. 

The General statement of the problem of stabilization 
of technological processes is as follows: 

– it is necessary to find a control that translates the 
system (1) from an arbitrary initial state to a zero finite 
state and minimizes the quality criterion (2). 

 
2 REVIEW OF THE LITERATURE 

There are two main deterministic approaches to create 
the control system for the object’s state vector – analytical 
design of optimal controllers and modal control. 

Professor A. M. Letov [4] published his work in 1960, 
in which the analytical solution of the problem of  linear 
stationary object’s optimal stabilization with a quadratic 
quality functional was obtained, it was later called 
“analytic construction of the optimal regulators” (ACOR).  

Problem of linear non-stationary objects optimization 
is also solved in Kalman’s work [5] published in 1960. 

ACOR has the ultimate goal of obtaining control law 
purely analytically, based on the requirements for 
management quality.  

Synthesis of the desired optimal closed loop control 
system using ACOR depends on the designer choice of 
suitable coefficient values of quality criterion is not quite 
convenient because of absence of obvious relationship 
between selected coefficients and transients in a closed–
loop system. 

In addition, the application of the ACOR method leads 
to the necessity of solving nonlinear matrix Riccati 
equation, which is a non-trivial task and requires the use 
of special numerical procedures [6]. 

The essence of the modal synthesis of optimal control 
is to determine the numerical values of the delayless 
feedback transmission coefficients in all the variables of 
the technological processes state in order to ensure a 
predetermined distribution of the characteristic equation 
roots (eigenvalues) in the closed-loop control system [7]. 

For optimal stabilization of the technological 
processes proposed modal synthesis using the method of 
uncertain coefficients.  Let us first consider the case when 
there is no delay in the control loop. 

 
3 MATERIALS AND METHODS 

It is known [6] that for systems (1)in the case of a 
quadratic quality criterion (2), extreme control is a linear 
function of state variables: 

 

.xpu T  (3)

 
Moreover, if the vector of feedback coefficients is 

chosen in such a way that the poles of the closed system 
(1) are located at preassigned arbitrary points, then the 
required dynamic properties will be provided in the closed 
system [4]. Thus, this problem is reduced to the choice of 
the optimal location of the poles and determination of the 
feedback coefficients. 

We prove the following statement. 
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Statement. We show that the unknown coefficients   of 
the characteristic determinant of a closed optimal system 
[7]: 

.

)det(

11

11

1111111









 
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njjnjjjjjj

nnjj

T

pbapbapba

pbapbapba

pbapapba

IBpA





  

  
linearly enter into the expression for the coefficients 

of the characteristic polynomial of a closed system.  
Proof. Indeed, let’s suppose that.  Then, subtracting 

the k-th line from the j th line, multiplied by we get a 
determinant equal to the original, in which the feedback 
coefficients enter the k th line. Expanding it along this 
line and grouping the terms with the corresponding    
powers, we finally arrive at the following expression of 
the characteristic polynomial of the closed system (4a) or 
(4b): 

 

1
1, 1 0, 0

1 1

( ) ;
n n

n n
n i i n i i

i i
H c p d c p d

 
 

   
             

   
   (4a)

 

.)( 00
1

11 





 






  

 dpcdpcH
Tn

n
T
n

n   (4b)

 
We define the unknown parameters jic  and 

),,1;1,0( ninjdi   in n+1 n+1 step using the 

undetermined coefficients method. To do this, we put 

),1(0 nipi   in the characteristic determinant at the 

first step and reveal it by one of the known numerical 
methods and find that the coefficients found for different 
powers of λ determine the unknown coefficients 

)1,0(  nid j  in the expressions for the characteristic 

polynomial of the closed system for the corresponding 
powers of  λ. In the next n steps, setting sequentially one 

of the coefficients ),1( nipi   equal to one while others 

remain zero and revealing the characteristic determinant, 
we obtain expressions for the unknown parameter jic  , 

)1,0(  njj  or the corresponding power 

)1,0(  njj  in the characteristic polynomial of the 

closed system. 
 

.iiji dfc   (5)

 
On the other hand, the characteristic polynomial of a 

closed system with the desired roots n ,...,, 21  has the 

form [7] 







1

01

.1)()(
n

j

nj
ji

n

i
F  (6)

As a result, to determine the feedback coefficients pi 
in expression (2), we equate the expressions for the 
coefficients for the same powers in (4) and (6) and obtain 
a system of linear algebraic equations: 

 

,1,...,, dpccccol
TTT







  (7)

 

where   

),...,,(),1,...,1,1(1 021011 dddd nnnn   y. 

 
Now consider the procedure for modal synthesis based 

on the undefined coefficients method proposed for linear 
dynamical systems with transport delay [5, 6]. 

Let the dynamics model (1) of the technological 
process is described as 

 

ByxAx  , (8)
 

where T
nxxxx ),...,,( 21  is fully measured vector of 

system states deviation from a predetermined trajectory of 
movement; A,B is a coefficient matrix with dimension 
n×n, n×l; y is a scalar, characterized by deviation of 
controls, taking into account the reaction of the operator, 
the dynamic model has the form 

 

),(  tudyy uy  (9)
 

where  ,, uy d  are constants determined by 

psychophysical features of operators (and besides 

T
kd

T uy  ;
1

 )(tu  is a scalar control action, which 

will be sought in the form (2). The objective is to 

determine the coefficients ,),...,( 21
T

npppp   providing 

some predetermined dynamic characteristics of the 
stabilization process and achieving sustainable 
programmed movement of the system (8). 

As the operator delay θ is sufficiently small value, 
we’ll write the equation (9) as a 

 

)()()()( tudtudtyty uuy   . (10)
 

In that case if in some way estimate or measure the 
condition of the operator y(t),  the system (8), (10) is fully 
observed and the problem is solved as follows. 

We take into consideration the advanced phase vector. 
Then the closing equation has the form  

 

.),,...,,(~
121

T
nn yxxxxx    

 

xpu T ~ , (11)

and the characteristic polynomial of the closed-loop 
system (8), (10) takes the form: 
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where *A  is a matrix  
 

1 2( 1) ( 1), ( , ,... ) ,T
nn n p p p p   

22211211  . 

 
The multiplication of all the elements of a row or 

column by the factor μ is equivalent to multiplying the 
determinant on μ [7]. Hence, the determinant (12) can be  
written and therefore assuming that the, we’ll put  

 

1 1

0.
(1 )

T T T
y u n u u n

A I B

p p A d p d p B d p 

 


       
(13)

 

It is easy to show that the determinant (13) is a 
polynomial of degree (n+1) on λ, and its coefficients are 
linearly dependent on   , i.e. 

 

.0)(...)(),()det( 001*  
n

T
n

n
n

T
n

n dpddpdpHIA (14)

 
Indeed, when uncovering the determinant (13) in the 

last line, in which each element is a linear combination of 
the coefficients p, we’re getting the expression (14). 

Determination of unknown coefficients 

),0(, 0 nidd ii   is made similarly to the procedure cited in 

this paper above. When equating between the coefficients 
of the polynomial powers (14) and the polynomial with 

spectrum   1,1  nii  selected to provide specified 

quality parameters of transient processes 
 

 









1

1

1

0

,1)()(
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n
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k
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where 11 nl , we get the joint system of linear algebraic 

equations 
 

.
~

1 lpDn   (16)

 
The solution of system (16) provides the defined 

spectrum   )1,1(  nii  to a closed-loop system. 

Frequently it is not possible to evaluate or measure the 
state of the operator y(t) in real conditions. Then it is 
necessary to put 01np  in the closing equation (11). 

As a result, the characteristic determinant of a closed-loop 
system has the form. 

 

.
)(

)det( *






Bpd

B

Appd

IAIA T
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(17)

Desired characteristic polynomial is determined, as in 
the previous case, by the expression (15). When equating 
the coefficients of the polynomials (17) and (15) with the 
same powers λ we obtain incompatible systems of linear 
algebraic equations in contrast to (16) 

 

.
~
lpDn   (18)

 
It is possible to use the least squares method [8] for 

solving such a system, according to which the vector of 
unknown coefficients p  is approximately defined as  

 

.
~

)( 1 lDDDp nn
T
n

  (19)

 
The optimal stabilization law (11) of the system (1), 

synthesized, proposed by the method of indefinite 
coefficients, provides the given dynamic properties of the 
process of stabilization of the system in the event of 
deviations from the given (software) trajectory of motion. 
However, this law does not eliminate the occurrence due 
to the presence of a lag of stable self-oscillations at the 
end point of the stabilization process near the given 
trajectory of motion. To compensate for the delay, a 
modified Bass’s method [8] proposed, the essence of 
which is as follows. The delay compensation method [8] 
to eliminate this effect, according to which it is necessary 
to find a surface spaced in delay time from the zero error 
point lying on the trajectory of the motion program (1) by 
integrating system (1) in reverse time. In fact, this surface 
is a tube inside which the programmed trajectory is 
located. 

To ensure the specified dynamic parameters of 
transient processes in the stabilization of the technological 
processes below the proposed methodology for the 
selection and correction of the spectrum of the roots. 

Usually in stabilization mode technological processes 
management quality is defined by transition process time 
tn.n. and a range of this process simplification  
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1, 1, .

( )
j n n

j
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x t
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If 000  i  is a dominant root then solution of 

system (1) can be approximately written in the form 
 

0
0 0( ) cos( ) , 1, .i

j j ix x t e t j j n     (21)

From equation (21) based on expression (20) we 
obtain 
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where             
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We choose such value of the imaginary part that is 

equal l/tn.n. Variable xj(t) will make one oscillation 
around the equilibrium position  at the same time during 
the transition process  and will strive for it from the 
opposite side relative to the initial disturbance, which is 
highly desirable for physical reasons. 

In order to avoid overshooting the remaining roots of 
the characteristic polynomial should be placed as close as 
possible to the dominant with implementation of such 
conditions 

 

...,

...,

210

210


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, (23)

 
so that components with the large fluctuations will dump 
more rapidly 

 
 ,1,01 kkk    (24)

 
and that the roots are not merged into multiples. It is 
desirable to have roots on the complex plane as much as 
possible to the left in order to reduce transition time. 
However, constraints on state variables impose certain 
restrictions on the roots modules too. 

Given the notation (21) we write 
 

   j
t

j tetxx   cos0
22 . (25)

 
Each j-th equation of system (22) generates two upper 

limits of the roots modules in the characteristic 
polynomial, due to by the same restriction on the left and 
right sides of the j-th equation of system (22). 

Taking into account the expression (25) we define that 
for the left side of the j-th equation of system (7)  

 

).(maxmaxmax 0
22 txx jj

t



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And for the right side  

.)(maxmax
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i
ijijji

t
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Comparing the expressions (26) and (27), in the 

absence of an explicit dependence of inequality (27) from 
the roots module the following inequality can be written 
as: 
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The most severe restriction of (28) will give us the left 

edge of the characteristic polynomial root distribution. 
Thus, the increasing ε in order to accelerate the decay 
process results in minimization ω considering expressions 
(23) and (24). Roots location corrected after the transient 
modeling, based on the superimposed state variables 
limits by changing the characteristic polynomial 
coefficients.  

Let’s suppose that the j-th state variable is constrained 

by max pres
jj xx  . In this case, we homothetically shift 

all roots relative to the origin (according to Vieta’s 
theorem) with the homothetic coefficient by multiplying 
coefficients of the characteristic polynomial of degree 1 

by the value 














j

pres
j

x

x
 [9].  

Also, the value of jxmax  will change according to 

the expression (21). 
 

4 EXPERIMENTS 
We will carry out modeling for two types of 

technological processes, dynamic models of which are 
most common in practice. The aim of the simulation is a 
comparative analysis of the transients obtained by the 
standard AСOR method and modal synthesis based on the 
method of uncertain coefficients. 

Technological process 1. Let the dynamics of the 
technological process described by a system of equations 
of the form: 

;2
1 x

dt
dx

  :.2222
2 ubxa

dt
dx

   .1;1 222  ba  

  
Thus, the control object is a serial connection of the 

integrating and aperiodic links. It is necessary to define a 
control law that provides a minimum of the functional (2). 

Boundary conditions:     
 

.0)()(;)0(,)0( 21202101  xxxxxx  

 
We consider two cases: a) x10=1; x20=0;  b) x10=5; 

x20=0; 
On the Fig. 1  graphics of transients of stabilizing for 

cases a), b) obtained by ACOR and modal synthesis, , is 
shown. 

 
Technological process 2. Now let’s suppose that the 

dynamics of the technological process is described by a 
system of equations of the form: 

 

),(),()()( txtButxAtx   

where ( )x t = (x1(t), x2(t), x3(t))T-state vector; u(t) – a 

scalar control. 
We assume that the delay in the control loop is 

missing.      
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Let’s also assume that 
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 For the stabilization of technological process a 
quadratic criterion of shape quality (2) is used,  

We consider two cases: a) x10=1; x20=0; x30=0; 
 

b) x10=5; x20=0; x30=0, 
 

 
5 RESULTS 

On the Fig. 1 shows graphics of transients of 
stabilizing for cases a and b obtained by ACOR and 
modal synthesis for the technological process 1. 

On the Fig. 2 graphics of transients of stabilizing for 
cases a and b obtained by ACOR and modal synthesis for 
the technological process 2.  

6 DISCUSSION 
From these graphics (Fig. 1 and Fig. 2) we can see that 

from the point of view of modal synthesis, providing the 
given dynamic parameters of the transient stabilization 
processes is more effective. On the Fig. 1 it concerns the 
energy saving component. On the Fig. 3 it concerns to the 
accuracy of tracking the required stabilization parameter 
values. With the help of the proposed modal synthesis 
based on the method of uncertain coefficients, it is 
possible to ensure the performance of such dynamic 
indicators of the quality of transients as: stabilization 
time, overshoot, simplification, degree of oscillation, etc. 
This is the main advantage of this method over the ACOR 
method, since the latter does not have a direct relationship 
between the coefficients of the quality criterion and the 
feedback coefficients. In addition, as shown above, the 
method works in the presence of a small delay in the 
control loop. 

 
 

  
а 

 
 

 

b 

Figure 1 – Transient graphics obtained by ACOR (left) and modal synthesis (right) 
 

214



e-ISSN 1607-3274   Радіоелектроніка, інформатика, управління. 2020. № 1 
p-ISSN 2313-688X  Radio Electronics, Computer Science, Control. 2020. № 1 

 
 

© Stenin A. A., Drozdovich I. G., Soldatova M. A.,  2020 
DOI 10.15588/1607-3274-2020-1-21 

  
а 

  

b 

Figure 2 – Transient graphics obtained by ACOR (left) and modal synthesis (right) 
 

CONCLUSIONS 
The modal synthesis of linear closed stationary 

systems with the optimal control law (3) proposed in the 
article can provide the required dynamic properties in 
technological processes according to the given 
parameters. The procedure of modal synthesis of the 
optimal control law carries out on the method of 
uncertain coefficients proposed in the article. The 
difficulty of choosing the required eigenvalues overcomes 
the suggested procedure, construction and correction of 
the spectrum of roots of the closed-loop optimal control 
system of technological processes. Synthesis of closed-
loop optimal control systems is generalized to 
incompletely observed processes and processes with 
delay in the control loop. In addition, the proposed 
procedure of modal synthesis can be used for one class of 
non-stationary systems, for which the method of 
equivalent transformation proposed in [10] is valid. The 
simulation results confirm the correctness and 
effectiveness of the received results. 
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AНОТАЦІЯ 
Актуальність В даній статті розглядається метод еквівалентного перетворення, зміст якого полягає в заміні деякого 

класу нестаціонарних систем стаціонарними, для яких методи оптимізації добре опрацьовані. Актуальність методу 
обумовлена тим, що у більшості методів оптимального управління, які розроблені для неперервних систем, задачі 
розглядаються у часовому просторі з використанням простору станів та теорії матриць. Відомо, що всі реальні об’єкти 
управління в той чи іншій мірі є нелінійними та нестаціонарними. Аналіз та синтез систем управління для таких об’єктів 
представляє собою складну математичну проблему, рішення якої до теперішнього часу отримано для деяких окремих 
випадків. 

В результаті використання запропонованого методу, коли відома матриця змінних коефіцієнтів, задача оптимального 
управління нестаціонарною системою зводиться до рішення задачі оптимального управління еквівалентною стаціонарною 
системою, методи рішення якої достатньо відомі та добре опрацьовані. 

Метод. Для досягнення поставленої мети запропоновано метод модального синтезу оптимальних законів стабілізації з 
використанням розробленого авторами методу невизначених коефіцієнтів  

Результат.  Розроблено алгоритм синтезу оптимального регулятора у випадках відсутності і наявності запізнювання в 
контурі управління. Запропонована методика вибору і корекції бажаного спектру коренів. Для усунення автоколивань при 
наявності запізнювання в контурі управління використовується метод Р. Бесса. 

Висновок Запропоновано модальний синтез оптимальних законів стабілізації технологічних процесів на основі 
оригінального методу невизначених коефіцієнтів. Складність вибору шуканих власних значень долається запропонованою 
процедурою побудови і корекції спектру коренів в замкнутій системі оптимального управління.  Для виключення 
виникнення стійких автоколивань (при наявності затримки) в процесі стабілізації поблизу заданої траєкторії пропонується 
використовувати метод Бесса. Результати моделювання підтверджують коректність і ефективність отриманих результатів.  

КЛЮЧОВІ СЛОВА технологічний процес, лінійно-квадратична задача оптимізації, метод АКОР, модальний синтез, 
метод невизначених коефіцієнтів, вибір і корекція спектру коренів, метод Р. Бесса.  
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AННОТАЦИЯ 

Актуальность. В данной статье рассматривается метод эквивалентного преобразования, смысл которого заключается в 
замене некоторого класса нестационарных систем стационарными, для которых методы оптимизации хорошо проработаны. 
Актуальность метода обусловлена тем, что в большинстве методов оптимального управления, разработанные для 
непрерывных систем, задачи рассматриваются во временном пространстве с использованием пространства состояний и 
теории матриц. Известно, что все реальные объекты управления в той или иной степени являются нелинейными и 
нестационарными. Анализ и синтез систем управления для таких объектов представляет собой сложную математическую 
проблему, решение которой до настоящего времени получено для некоторых частных случаев. 

В результате использования предложенного метода, когда известна матрица переменных коэффициентов, задача 
оптимального управления нестационарной системой сводится к решению задачи оптимального управления эквивалентной 
стационарной системою, методы решения которой достаточно известные и хорошо проработанные. 

Метод. Для достижения поставленной цели предложен метод модального синтеза оптимальных законов стабилизации с 
использованием разработанного авторами метода неопределенных коэффициентов. 

Результаты.  Разработан алгоритм синтеза оптимального регулятора в случаях отсутствия и наличия запаздывания в 
контуре управления. Предложена методика выбора и коррекции желаемого спектра корней. Для устранения автоколебаний 
при наличии запаздывания в контуре управления используется метод Р. Бэсса. 

Выводы. Предложен модальный синтез оптимальных законов стабилизации технологических процессов на основе 
оригинального метода неопределенных коэффициентов. Сложность выбора искомых собственных значений преодолевается 
предложенной процедурой построения и коррекции спектра корней в замкнутой системе оптимального управления.  Для 
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исключения возникновения устойчивых автоколебаний (при наличии задержки) в процессе стабилизации вблизи заданной 
траектории предлагается использовать метод Бэсса. Результаты моделирования подтверждают корректность и 
эффективность полученных результатов.  

КЛЮЧЕВЫЕ СЛОВА: технологический процесс, линейно-квадратичная задача оптимизации, метод АКОР, 
модальный синтез, метод неопределенных коэффициентов, выбор и коррекция спектра корней, метод Р. Бэсса. 
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