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AHOTANIA

AxTyanbHicTb. Texnomoris HoBoro nokoiinas 5G / IMT-2020, sik i Oy/ap-sika HOBa TEXHOJIOTIsI, TPUBHOCUTH CBOI crienudiuHi
0COOJIMBOCTI B YCi aCTIEeKTH, IO CTOCYIOThCS MPAKTUKH 11 BOpoBaKeHHA. OTHUM 3 TAKHX OCOOJIIMBO BAXKIIUBHUX ACTIEKTIB € ENEKTPO-
MarHiTHa cyMicHicTh. Ha eTami miAroTOBKH A0 BIPOBAKCHHS pafioMepex TeXHoJorii 5G, HeoOXiqHO 3aBUaCHO MOTYpOyBaTUCS TIPO
BXKHUTTS 3aXO/iB 00 epeKTUBHOI oiHKd yMoB EMC 115 X Mepexx Ha OCHOBI peTEeTBHOTO aHalli3y ocobnmuBocteil TexHomorii 5G,
a TaKOXX IPABUJILHO 1 TOYHO OLIHMBILY Ii YMOBH — YCIIIIITHO 3a0€3MEeYUTH eJISKTPOMATHITHY CyMICHICTb Pafio3aco0iB HOBHX MEpEeX.

Meta. MeToro naHoi poGOTH € IPOBEICHHS aHATI3y €IeKTPOMArHITHOI CyMiCHOCTI Mepes 3B 513Ky 5G.

MeTtoa. AHaii3 roJloBHHX ocoOnMBoCTel paniointepdeticy SG 103Boisie BKa3aTH HA OYiKyBaHi OCOOJIMBOCTI MPOLEAYP OLIHKH
ymoB EMC st mux mepex. L{i 0co6aMBOCTI TOJOBHUM YHHOM CTOCYIOTHCS YpaxyBaHHSI CyMapHOi 3aBajiy BiJ Mepexxi IpH i 0co0-
JIUBIH apXiTeKTypi i AuHAMILI 3MiH, BUOOPY HOBHX MoJejIeil BTpaT (Moeliell KaHaly) IpH IPOCTOPOBO-PO3IO/IIICHOMY BHUIIPOMiHIO-
BaHHI OaraToBuMipHux aHTeH MIMO i pi3HOpinHOMY CepelOBHMILI NOIIMPEHHS CUTHAIY, a TAKOXX ypaXyBaHHs CIEKTPAIbHUX Blac-
TUBOCTEH HOBHX (JOpM CHTHAITy 1 XapakTepy BHIIPOMIHIOBaHHS NPU HOBHX HEOPTOTOHAIBHHX METOAAX pamiomoctymy. Jns aHamizy
EMC BuxopucTana Mojenb ocialieHHS CUTHAIIIB B paJioKaHajax MiIIMETPOBOTO Aiala3oHy, IO BPaXxoBYe OCIabIeHHs paliOXBHIb
y BUIBHOMY HPOCTOpi; BTpaTH €Heprii pagioXBHiIb MPH MONIMPEHH] Yepe3 JOIi; ocIabIeHHs CUTHAIY MUTIMETPOBOTO Aialla3oHy IIpU
TIOMINPEHHI Yepe3 JIUCTS IepeB; OCIabJICHHS CUTHANIB TIPH IIPOXO/PKEHHI depe3 IUIbHI Iepeikou (OyAiBii, CHOpy/H, TOIIO).

PesyabTaTn. [IpoBeneHo aHaii3 ociabieHHs] CUTHATY MUTIMETPOBOTO Jiana3oHy Y BUIBHOMY IPOCTOPI BiJ iHTEHCUBHOCTI Oma-
IIB IPY Pi3HUX 3HAYEHHSAX ONTHYHOI BUuanMocTi. [IpoBeseHo aHaii3 ocnabieHHs CHTHAY MiTIMETPOBOTO Aialia30Hy IPH HOIIUPEHHI
CHTHAIly Yepe3 HEePeIIKOIH y BUTJISA/l CTiH Bij BIACTaHI NpU pi3HUX 3HAYCHHSX TOBLIMHH CTiHU. [IpoBeneHo aHasi3 ocaabaeHHs CHr-
HaJy MUTIMETPOBOro Jiamna3oHy BiA INTHOMHU LIApy JIMCTS, IO IEPEeKpPUBA€E MOIIUPEHHs CUTHATIY IPH Pi3HUX 3HAYCHHSIX YaCTOTH
HeciifHoi. [IpoBeneHo aHami3 3HAYEHHS MOTY>KHOCTI CHTHAJIy MUTIMETPOBOTO Jialla30Hy Ha BXOJI MpuiiMada BiJ iHTCHCUBHOCTI Oma-
IiB MpH pi3HUX 3HAYCHHSAX ONTHUYHOI BUAUMOCTI. [IpoBeneHo aHami3 3Ha4eHHs MOTY>KHOCTI CHTHAITy MLUTIMETPOBOTO Jiara3oHy Ha
BXOJI NpHiiMayda IpH MONIMPEHHI CHTHAIY Yepe3 MEepenIKoAd y BUIIIIAL CTiH BiJ BiICTaHI NIPH Pi3HUX 3HAYEHHSX TOBIIUHU CTIiHU.
IIpoBeneHo anHamiz 3HAUYCHHS MOTY)KHOCTI CHTHAIy MITIMETPOBOTO Jiala3oHy Ha BXOJi NpHiiMaya Bixg MIMOWHHU IMIapy JIUCTS, IO
HEepPEeKPHBAE MOMKMPEHHS CUTHAITY IIPH Pi3HUX 3HAYEHHSX YaCTOTH HECIHHOT.

Bucnosku. IIposeneni nocmimkenns nokasHukis EMC 103BOJISIFOTE JaTH PEKOMEHAIT 11010 3aCTOCYBaHHs TexHouoril 5G B
KOHKPETHHUX MPAKTHYHHX CUTYaLlifX.

KJIFOYOBI CJIOBA: mepexi 38°3ky 5G, el1eKTpOMartitHa CyMiCHICTb.

ABPEBIATYPU IKT — indopmaniiiHO-KOMyHIKaniiHi TEXHOJIOTIT;
FD — Full Duplex; MM/ — miniMeTpOBwiA Jiamna3oH;
MIMO — Multiple Input Multiple Output; MCE — MixXHapoTHHIA CO03 ETEKTPO3B’SI3KY;
NR — New Radio; UTII — 9acTOTHO-TEepHUTOpiaNbHE TUIAaHYBaHHS,
OFDM - Orthogonal Frequency Division Multiplex- IIC/I — mupoKoCcMyroBHH AOCTYIL.

ing;
EMC — enexrpoMarHiTHa CyMiCHICTB;
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HOMEHKJIATYPA

L, — ociabieHHs paJioXBWIb y BUIBHOMY IPOCTOPI;

R — BinmcTaHB MiX nepeaaBadeM i mpuiiMayem;

f —wuacrora;

L — ocnabneHHs curHalliB B pagiokaHanax MM/,

k — xoediwi€eHT, 110 BU3HAYAE HASIBHICTD YU BIJICYT-
HICTE OITAJIiB;

Y — iHTEHCHBHICTE OIaJiB;

K, — nmapamerp, 110 3aJIeXHTh Bill YaCTOTH, TEMIIE-
patypm, mospusanii 1bu/m’ ;

a — 6e3po3MipHHI TapaMeTp, 1110 3aJIeKHUTh Bij Jac-
TOTH, TEMIIEPaTypH, NOJIAPHU3ALi];

l; — muToMuil moroHHMi koe(ilieHT ociaabiIeHHA
curHairy MM/1 B Tymasi;

Vr — xoeodimieHT BMicTy Boam B atmocdepi, SKuit
BU3HAYAETHCS 10 ONTUYHIN BUIUMOCTI;

r — rIUOMHA Iapy JIUCTS, 0 ePeKPHBAc;

Lj); — ocnabneHHs curHally B Marepianax, nb;

fo — HeciliHa yacToTa;
U
U

C — MWBUAKICTH IOMIMPEHHS PaIiOXBHIIb;
L,; —ocnabieHHs CUTHALYy B I0IIaX;

np — WBHJKICTB PyXy NpHiMaYa;

nep — WBHJKICTB PyXy IepesaBaya;

P, — HOTYXHICTb CHTHAIl, IO IPUAMAETHCS;

Pep — NOTYXHICTb IIepezjaBaya;

Gnep — koe(illieHT TiJACHICHHS TepelaBalbHOI aH-
TEHH;

Gy, — KOCDILIEHT IJCHICHHS NPUAMAIBHOI aHTe-
HH, Mpep — KOoe(ilieHT KOPHCHOI mii IepeaaBaIbHOTO
dinepa;

Nyp — KoehilieHT KopucHOI Aii npuiimManbHOro ¢i-

aepa.

BCTYII

B ocraHHI AECATHIITTS Y BCBOMY CBiTi CTPIMKO pO3-
BuBatoThes IKT, mo Ge3nocepeaHbo BIUIMBAIOTH Ha PO3-
BUTOK CKOHOMIKH, OCBITH, HayKH, OXOPOHH 370POB’f,
KyJIbTypH 1 crocoOy >XuTTa moauHu. 3a gannmMu MCE
Bke B 2012 poui [HTEpHETOM KOpPHCTYBaBCS KOXKEH Tpe-
Till KHUTENb 3eMJIi, 1 YUCIIO KOPUCTYBAUiB HEYXHIBHO 3PO-
crae. IKT i nocinyru Ha 6a3i HIC]] pik Big poky craroTh
Bce OUIBII JOCTYITHUMHU JUIS HACEJIEHHS, B TOMY YHCII 1 32
BapTICTIO.

Mertoro Mepesx 3B’SI3Ky II’SITOTO ITOKOJIIHHS € 33JJ0BO-
JICHHS BCE 3pPOCTAIOYHX MOTPed y MOOITBHOMY 3B’SI3KY
[1-9]. Mepexi 5G rpafoTh KIIOUOBY POJIb y IIEPETBOPEH-
Hi MICT B PO3YMHI MicTa, IO JO3BOJIUTH TPOMAalsHAM i
CYCIIUIBCTBY B IIJIOMY, OTPUMATH COLIATbHO-EKOHOMIYHI
BHTOJIM, SIKi JJa€ TepenoBa IudpoBa eKOHOMIKa 3 iHTEH-
CHUBHHMM BUKOPUCTAaHHAM aaHux [10].

VY mucronani 2020 poky B YkpaiHi movaiau 3BUIbHITU
yacToTH U1 Mepexx SG. BiamoBimHuii miaH 3aTBEpauiio
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MinictepctBo nudposuii Tpanchopmanii Ykpainu. Oro-
JIOIICHHS TEHJEePY Ha YacTOTH Uil PO3BUTKY 5G muiaHy-
€Tbcs Ha k0BTeHb 2021 poky. [lodyaTox po3ropraHHs Me-
pexi 5G ouikyerbest 3 2022 poky B HalOULIBIINX Hacele-
HUX ITyHKTaXx.

Texnosoriss HoBoro mokomiaag 5G / IMT-2020, sk i
OyZIb-sKa HOBA TEXHOJIIOTis, MPUBHOCUTH CBOI crienn(ivHi
0COOJMBOCTI B yCi ACHEKTH, IO CTOCYIOTHCS MPAKTHKH il
BIpOBapKeHHA. OIHMM 3 TaKMX OCOOJIMBO BayKIIMBUX
aCTEKTIB € eIeKTpOMarHiTHa cymicHicTs. Ha erarmi migro-
TOBKHM JI0 BIPOBA/DKEHHS pagiomepex TexHodorii 5G,
Ha3Banoi NewRadio (NR), HeoOXiHO 3aBYacHO MOTYp-
OyBaTHCSI PO BXKUTTS 3aXOIB MO0 ¢(PEKTUBHOI OIIHKH
ymoB EMC 1t iux Mepex Ha OCHOBI PETEIbHOI0 aHali-
3y ocobnmBoctei TexHousorii 5G, a TakoX NpaBHIBHO i
TOYHO OILIIHUBILIY IIi YMOBH — YCIIIIIHO 3a0€3IEYNUTH elle-
KTPOMArHiTHy CyMICHICTb pajio3aco0iB HOBUX MEPEX.

O0’€KTOM HOCTIIKEHHS € MPOLEC MOLIUPEHHS CUT-
HAIIiB MUJTIMETPOBOTO Miala3oHy, sIKi BHKOPHCTOBYIOTHCS
B TEXHOJIOTi1 HOBOTO MOKOiHHSA 5G.

IpeaMer aocTigAKeHHS] CTAaHOBIATH MOJEINI MOIIH-
PEHHS CHUTHAIIB MIJIIMETPOBOTO Jiama3oHy, SKi BUKOPHC-
TOBYIOTHCS B TEXHOJIOTi1 HOBOTO MOKOMIHHA 5G.

MeTo10 podOTH € TIPOBEACHHS aHANI3y eJIeKTpoMar-
HITHOI CYMICHOCTI Mepex 3B°s13Ky 5G.

1 IOCTAHOBKA 3AJTAYI

[ BipoBapkenHst SG Kabiner MiHICTpiB 3aTBepAnB
IUTAH BUKOPHUCTAHHS PaiOYacTOTHOTO pecypcy YKpaiHu
1o 2025 poky. i 3MiHE JO3BOIATE KOPUCTYBadaM OTpHU-
MyBaTd OUTBIN CTAaOINBHI 1 BHCOKI IIBHIKOCTI Iepenadi
iH(opmarrii.

MCE 3 1995 poxy cTaB MDKHApOZHHM KOOpPIHHATO-
POM pOOIT 3 eNeKTPO3B’ 3Ky, CIIPSIMOBAHIX Ha CTBOPEHHS
rinobansHOro iH(pOpMaIiiiHOTO cycmiabcTBa. CTBOPUBIIH
Pernament panios3p’sizky [11] i po3OUIMBIIM NOBEPXHIO
3emui Ha Tpu perionu, MCE opranizyBaB neBHHI MOpsi-
JIOK B 4YaCTOTHOMY KOpHCTyBaHHI. OJJHaK 4aCTOTHHH pe-
CypC, IO HAJISKUTh BCHOMY JIFOJICTBY, BUKJIIFOUHO aKTHB-
HO BHKOPHCTOBYE 1 JIO TENEPINTHBOTO Yacy YacTOTHI Jiia-
nmazonn Hkde 5 [T, ski IMpakTUYHO TEepeBaHTAXKEHI.
[IpucBoeHHS pamioyacToT i PagioYacTOTHUX KAHANIB IS
pamioeNeKTPOHHNX 3ac00iB B IMX MAialla30HaX 3MiHCHIO-
eTbcsi 32 TexHojorismu YTII [12-14] 3 000B’SI3k0OBUM
pospaxyakoM EMC panio3aco6is. ToMy ofgHE 3 OCHOBHHX
HaIpPsIMKiB 10 CTBOPEHHIO HOBOT'O MOKOJIHHS MOO1IBHOTO
3B’s13ky 5G 1€ OCBOEHHSI YaCTOTHHX Jialla3oHiB BHIIE 5
I'T1 moku 1e HeIOCTaTHHO BUKOPUCTOBYBAaHUX. BimHoc-
HO BUIBHI IUISIHKYM CIIEKTpa € MOKU Ha HAJIBUCOKHX YacTO-
TaxX, HANpHKIaa, Ha Mexi nianasoHiB X i C He 3aifHsATa
cmyra gacror Oimspko 1,5 I'Tn. Ane HalimeHIIe OCBOE-
Huit MMJI XBWiIb, TOMY caMe B I[bOMY JIialla30HI MOYKITH-
BN PO3BHUTOK cTaHmapty 5G 3i MIBUAKOCTSIMH Iepenadi
maamx Big 1 mo 10 I'Git / c. [liama3oH MimiMeTpOBHX
XBUJIb BUKOPUCTOBYETHCS TTOKH HE OYyXKE aKTUBHO i BH-
BUCHHH IIle HE MOBHICTIO. TOMYy CTaHOBUTH 1HTEpeC MI0-
CITI/DKEHHSI MOJIJIMBOCTEH MOOUIBHOTO 3B’SI3Ky B IIHOMY
Iiarma3oHl XBHIIb.
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2 JITEPATYPHUM OTJISA]T

KirouoBuMH pIllIeHHSIMH 1 TEXHOJOTTYHUMH KOMIIO-
HeHTamu [ 1-4] mepexi pagiogoctyny 5G NR e:

1) BUKOpUCTaHHA HOBUX ()OPM CHTHANY, IO OJEpXKa-
mn Ha3zBy Non-Orthogonal Waveform i narots BUrpam B
CHeKTpalbHil edekTuBHOCTI 10 BigHOmEHHIO 10 OFDM;

2) 3actocyBaHHS MOBHOTO aymuiekcy FD — ogHOo9acHOi
repenadi i MPUHOMy B 3arajibHIi CMy3i 94acTOT, IepeBaXK-
HO B KOPOTKHX 3’€THAHHAX «To4ka-Toukay (D2D, V2V);

3) 3acrocyBanHA OararoBuMipaHx anteH MIMO, B
SAKAX €(DEeKTHUBHO peai3yeThCsl PeXUM AMHAMIYHOTO (o-
pPMyBaHHS CIPSIMOBAaHHX TIPOMEHIB MO Tepenadi
(3D/Beamforming), 1o A03BOJISI€ 30UIBIIATH CHEPreTHY-
HU{ BHUIpalll B OYIKYBaHMX BUCOKHMX Jlialla30HaxX 4acToT i
HOJIIIINTA TOKPUTTSL 1 CHEKTpalbHy e(EeKTUBHICTH B
yABTPA-LILTEHUX MaJHMX CTUIbHUKAX;

2) 3acrocyBaHHi Manux crinebHHKIB Small Cellco 3
Ha/IIIJIBHUM pO3MOJUIOM (OAMH NpHHMalbHO-TIepeiaBay
Ha KOXXHOT'O KOPHCTYBaya), IO PO3BAaHTaXKyIOTh MakKpo-
CTITPHUKAMH MeEpeXi 3 TOAUIOM CEepelOBHIN Iepenadi
KOMaHJ| YNpaBJIiHHSA 1 NPHU3HAYEHOTO I KOPHCTyBada
Tpadiky Mk Makpo- i Small-cTibHUKaMH B PI3HUX CMY-
rax gactoT (koHuermiis “PhantomCell”).

Pamiouacrots s Mepexx SG — 1e OHA 3 TOJOBHUX
KOMITIOHEHT, 1110 poOuTH ictoTHmi Biutue Ha EMC [6, 9, 12].

Ha BcecsitHiii koH(pepeHuii panio3s’sizsky BKP-15
Oysin BU3Ha4yeHI HOBI Jiama3oHM paniodactoT maist 5G, B
TOMY YHCIi JAiala3oHM CAaHTUMETPOBHX 1 MUTIMETPOBHUX
XBWIb [12]. 3aranom 1el panio4acTOTHHH CHEKTP Po3Mi-
mieHnii B Tpbox obmactax: Hwkde | [T, Big 1 I'To mo 6
I'T i Bume 6 I'T (ax mo 100 I'T').

B sKOCTi TOTOBHHX OCOOIMBOCTEH IBOTO CHEKTPa 3 TO-
gk 30py EMC MoXHa BUAIIMTH HACTYITHE: MOXKJIMBICTH
BUKOPHUCTaHHS IIMPOKOT Oe3rnepepBHOT CMyrH KaHaiy (Cy-
MapHO 10 1-2 I'T'm); mami 30HM OOCIyroBYBaHHS (HaTb-
HICTh BUIPOMiHIOBaHHs) B Mayux (Small) i ynpTpa-manux
(UltraSmall) cTimbHHUKAX; MOXKIMBICTH BUKOPHCTAHHS Ma-
norabaputHux OararoenemeHTHHX anteH MIMO 3 By3b-
KHMU TPOMEHSIMH SIK B 0a30BHUX CTaHIIISAX, TaK 1 B aDOHCHT-
CBHKHX MPUCTPOSIX; PI3HUH XapakTep BTpaT NpH MOLINPEHH]
CHTHAIy, 30KpeMa, 3HAUYHWI BIUIMB Ha PiBEHb BTpAT JOAAT-
KOBHX paHillle HEBIIOMHUX B CTUIFHUKOBOMY 3B’S3KY (hak-
TopiB (Ta3u — KUCEeHb, BOMSIHY mapy iiH.) [15, 17].

Omuc pamioiarepdeiicis [1, 6, 9, 12, 15, 17] mepex
5G npexacrasieHo B Taou. 1.

AHaui3 ronoBHUX ocobnuBocTeill paxiointepdeiicy SG
[1, 6,9, 12, 15, 17, 18] no3BoJsie BKa3aTH Ha OYiKyBaHI
0co0IMBOCTI Tporeayp oiiHkd ymoB EMC st mux me-
pex. Lli 0coOaMBOCTI TOJIOBHUM YMHOM CTOCYIOTHCS ypa-
XyBaHHSI CyMapHOI 3aBaJyl Bil Mepexi npH i ocoOauBin
apxXiTekTypi i AWHaMini 3MiH, BUOOpY HOBUX Mojeiel
BTpar  (Mogjenei KaHaly) Opu  MIPOCTOPOBO-
PpO3TOAiIEHOMY BHIIPOMiHIOBaHHI 0araTOBUMipHHUX aHTEH
MIMO i pi3HOPITHOMY CEpeAOBHIII MOITHPEHHAS CUTHAITY,
a TaKOX ypaxyBaHHs CHEKTPAIbHUX BIACTUBOCTEH HOBHX
(dbopM curHany i xapakrepy BHUIIPOMIHIOBaHHS NPH HOBHX
HEOPTOTrOHAJIBHUX METOJaX PafiooCTyILy.
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Tabmuns 1 — Onuc pagiointepdeticie MepexSG

IMapamerp NR Hmxge 6 I'Tg NR Bume 6
T
IupuHa kaHay 5 MI'n, 50 MIwu, 100
10 MI'n, MI', 200
15 MI'w, MI'y u 400
20 MI'm, MI'w.
25 MI'n,
30 MI'm,
40 MTI',
50 MI'n,
60 MI'n,
80 MI',
100 MI'n.
JiamazoHu Oxpemi cmyru | 26,5-29,5
450-3800 MIm, a | I'Tm, 24,25-
Takoxx 3800—4200 | 27,5 I'Tu 37—
MI i 4400-5000 | 40T
MI'q
3 . .| 4mc(Pazal) 1 mc | 4 mc (Paza 1)
aTpHMia (Hua PIBHI (Paza 2) 1 mc (®a3za 2)
paniointepdeiicy)
ITikoBi MBHAKOCTI 2 I'Git/c i Oinplue Ho 20 I'6it/c

TosoBHMMH HemoTikamu curaaiie MM/ e:

1) cunbHe ocnabnenns curaary MM/ nipu mommpenHi;

2) piBeHb CUTHAIIy iCTOTHO 3aJIS)KHTh BiJ] BIUIUBY Tijl-
pomereopiB (Kparuti oLy, CHIr, Ipaj, TyMaH) i BijJ HpH-
CYTHOCTI B arMocdepi TBepAnuX HEoaHOpigHOCTel (JIuCTs
JiepeB, 3rpai NTaxiB, IHI);

3) BHCOKMH CTYIiHb BIUIMBY Ha PiBEHb CUTHAJy IIe-
PEeLIKO, SIKi 3aKPUBAIOTh TPACY;

4) HasgBHICTH 30H CHJIBHOTO OCJAOJICHHS CHUTHAIY Ha
JIEeSIKUX 9acToTax depe3 ocnadieHHs curHamie MM/J] mo-
JIeKyJIaM¥ KUCHIO 1 TTapaMy BOJIH.

Crig 3a3Ha4uTH, IO y BiIOMUX poOOTax xoda i € B
HAsBHOCTI pE3y/lbTaTH aHaji3y OCIa0JIeHHS CHTHAIiB
MM/], ane He B mOBHOMY 00cs3i. Takox y BiioMHX poO-
0oTax BiJCyTHI# aHaii3 moryxHocreil curnainy MM/ Ha
BXOJIi MpUiiMaya.

3 MATEPIAJIM TA METOJHU
OcHoBHe ocnaOiieHHsT pallioXBHJIb Y BUIBHOMY IIPOC-
TOP1 BU3HAYAFOTHCS BUPA30OM:

L, =92,4+201g(f)+201g(R) [ab]. )

B [15] 3ampomoHoBaHa MOJIENb OCTA0JIEHHS CHTHATIB
B pamiokanaimax MMJ, mo BpaxoBye:

— ocnaOJIeHHs PaioXBUIIb Y BUIBHOMY ITPOCTOPI;

— BTpaTH €HepTii pagiOXBWIIb MPHU IMOIIUPEHHI depes
o1

— ocnabnenHs curHary MM/l npu nommperHi yepes
JIUCTS ACPEB,;

— ocla0JIeHHsT CUTHAJiB TPH TPOXODKEHHI Yepe3
IIiTeHI mepenrkoau (OyaiBii, CIIOpyAd, TOIIO).

Mopenb npeacTaBiIeHa BUPa3oM:

L=L, +kR(K Y +17Vp)+0,2 103,06 4
+LM'

[1B] (2)
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VY pagiokananax 5G MOXYTh CIIOCTEPIraTHCs 1 4acoBi
3aBmupanss [13]. IX ocHOBHOO npuUuMHO € JomIepiBCh-
Ka 3MiHa YacTOTH NpH pyci aOOHEHTIB BIIHOCHO OAMH
OJHOTO. SIKII0 MOOUTbHA CTaHIIs MEPEMIIAeThCs, TO Ye-
pe3 IOIUIEPIBCHKHUI 3CYB YaCTOTH CHUTHAJl 3a3HAE CIIOTBO-
pensst. [Ipu HaOmkeHHI aOOHEHTIB 3B’S3Ky, 3MiHA Yac-
TOTH BU3HAYUTHCS BAPA3OM:

c+U,
f=fo| =—"
C—=Upep

IIpu BigmamneHHi aOOHEHTIB OJWH Bifl OJHOTO JIOTLIE-
piBCBKa 3MiHa YaCTOTH BU3HAYAETHCS BUPA3OM:

C-U,,
1= 5T,

OcnabneHHs CUrHaly B JOIIaX BH3HAYAETHCS BUpPA-
30M:

Ly =K v°.
V Tabi. 2 HaBeaeHi 3HAYEHHS [TOTOHHOIO OCJIa0IeHHs
CHUTHAJTy B JIOIIAaX B 3aJIGKHOCTI BiJl IHTEHCUBHOCTI OMa/IiB
1 4aCTOTH.

Ta6mnuis 2 — [Toroune ocaabieHHs B J0IIAX

KoediuienT BmicTy Boau B armocdepi HaBeleHO B
Tabi. 4.

Tabmus 4 — KoegimieHT BMicTy Boau B atMocgepi

OnruyHa 30 50 80 200

BUMMICTh, M

Vo ool 2 1 0,5 0,2
T

Curnarmn MMJ] moraHo IpOHMKAIOTH 4epe3 TBEpIi
MaTepiani. Y TaOl. 5 HaBeleHI eKCIIEPUMEHTANbHI JaHi
[15, 16, 19] mo ocnabnenuto curaany MM/ B OyxiBens-
HUX MaTepianax. OcoOIMBO criIbHE OCTIa0JICHHS CUTHAIIIB
MM/I B uermi i O€TOHI, IO YCKIaJHUTh BUKOPUCTAHHS
MMX 1iis CTUTBHEKOBOTO 3B’S3KY.

Ta6nuus 5 — KoedinienT ocnabnenns curnany MMJ]
B MaTepiaiax

Koeoinienr ocnabnenns curaanry MMJI B MaTepianax L v »Ab

Marepian TosiuHa, Yacrora, I'T1

cM 3 30 60
CKJ10 0,4 6,4 2,5 3,6
TincokapTon 2,5 5,4 - 6
JHepeso 0,7 5,4 3,5 —
JCIT 1,6 - 0,6 -
ITykarypka 1,5 - 2,9 -
Ilerna 10 18,5 178 -
Beron 10 17,7 175 —

PiBHsiHHS mepenayi BUu3HaYaeThes 3 Bupasy [13]:

Pnp :Pnep +Gnep +an T Nnep T Np —-L. 3)

[MuTomuit NOroHHUH KOe(iLiEHT OCTa0IeHHSI CUTHATY

. - Jns ananizsy EMC mepexi 5G BUKOPHUCTaHI XapakTe-
é g B S puctuku 6a30BuX 1 aboHEeHTChKUX cTaHmid [17,18] RAN
g = g2 g 28 5 | IMT-2020 (tabm. 6 —Tabm. 8).
g 2 g 2 2 RN :
2 N “;’ 5 E5EE5 Tabnuws 6 — Tunosi Ta EMC-xapakTepucTuku
B H 5 == oo A= 6a30Bux cTaHmiit Mepexi SG RAN IMT-2020
1 0,6 0,1 B miamazonax 24,25-86 I'T'iy
0,3 2,4 0,43 ITapameTpu Yacrora, [T
30 0,1 6 1,08 24,25 37,52 66,86
0,03 12 2,18 MaxcumanbHa >345 >325 >30,5
0,01 22 4,02 BHXiJJHA TIOTY-
1 0,6 0,63 JKHICTB, 1bM
0,3 2,4 1,84 Koedimient 10 12 14
60 0,1 6 3,73 urymy, 1b
0,03 12 6,35 YyTiuBicTb -119 -119 -119
0,01 22 10,12 npuiimaya, 1bm
1 0,6 0,7 M, 1B 5,57 5,57 5,57
0,3 2,4 1,99
90 0,1 6 3,98 MNpep » 4B - - -
0,03 12 6,7
0,01 22 106 Tabmuus 7 — Tunosi i EMC-xapakrepucTuku abOHEHTCHKUX

cranniit Mepexi 5G RAN IMT-2020 na nianasonax

MM/ B TymaHi HaBeneHO B Tabm. 3. 24,25-861Tn
ITapamerpu Yacrora, [T
. . .. 24,25 37,52 66,86
Tabmmns 3 — [Tutomuii TOroHHUI KoedilieHT 0CIabIeHHS -
. MakcumanpHa — BHXiTHA 22 22 22
curnainy MM/ B TymaHi [OTY>KHICTH, BM
fo , 30 43 60 150 Koedinient mrymy, 1b 10 12 14
ITx YyrnusicTs  npuiiMaya, -119 -119 -119
[T 0,438 0,876 1,65 7,14 AbM
5 Ny 1B 5,57 5,57 5,57
nbM -2 -2 -2
/TKM MNep » AB
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Tabmuus 8 — I[TocuiieHHs aHTEHH U1 OCHOBHOI IETIOCTKH

Penritka ITocunenns IMocwienns, n1b
64x1 57,51 17,59
32x1 28,76 14,58
16x1 14,38 11,57
8x1 7,20 8,57
4x1 3,61 5,57

4 EKCIIEPUMEHTHA

VY cepenosumi Matlab 3a 10omoMororn MaTeMaTHIHOTO
MOJICITIOBAHHS TPOBEACHO aHAaJi3 eJIEKTPOMATHITHOI Cy-
MicHocTi Mepexi 5G. B sikocTi mOKa3HHUKIB e(eKTUBHOCTI
Mepexxi o0paHo ocliabJeHHsT CUTHANy NpH IOIIMPEHHI
PamioXBHJIb Ta MOTY)XHICTh CHTHAly Ha BXOJI IpHiiMaya.
Ii mOKa3HUKH 3HAYHOIO MIpOI0 BIUIMBAIOTH HA KPHUTEPIiit
epexruBHOCTi EMC — BiZJHOLIEHHS MOTY>KHOCTI CHTHAJIY
JI0 TIOTY>KHOCTI 3aBaJiy Ta LIyMy.

[TpoBeneHo ananiz OCiabJCHHS CUTHANY Y BUIBHOMY
IIPOCTOPi Bi IHTEHCHBHOCTI ONAaJiB NPH PI3HUX 3HAYCH-
H1x ontryHOl BuauMocTi Ha yactoti 30 I'T 1 Ha yacToTi
60 ITu. Jdns mpoBeleHHS €KCIEPUMEHTY BHKOPHCTaHO
MaTeMaTH4Hy Monenb (1).

IIpoBeneHo aHami3 ociaOIIeHHS CHTHANY IPH TOIIH-
PEHHI CHTHAIy 4epe3 MepelIKOAr y BUTJISIL CTiH Bifl Bill-
CTaHI y BUIBHOMY NPOCTOpPi MpPH Pi3HUX 3HAYEHHSX TOB-
mmHA cTiHu. JlomaTkoBe ocnmabieHHs CHUTHAIy IIpH TI0-
IIMPEHHI Yepe3 nepemkoan ctanoBmwio 178 nb ms 10-tu
cM crinm i 676,4 b nns 30-tu cM crinn. B sxocti mare-
piany crinu Oyio BUKOpHCTaHO ueriy. Ilpu npomy, crina
B 10 cM BiAMOBiAae BUIAIKy MDKKIMHATHHX IIEPErOpO-
JIOK, a cTiHa B 38 cM BiJIIIOBiIa€ BUMAJKY HECYUOl CTiHH.

IIpoBeneHo aHai3 OCIAOJICHHS CUTHATY BiJl DIIHOWMHU
1apy JIMCTS, IO TEPEKPHBAE TMOMIMPEHHS CUTHAY NpHU
pI3HMX 3HAYCHHSAX YacTOTH HeciiHoi. [lpm mpoMy Binm-
CTaHb BiJ IepefaBada 0 npuitMada ckimagara 100 m Ge3
ypaxyBaHHS ITTMOMHU LIapy JIUCTS.

IIpoBeneHo aHami3 3Ha4EHHS MOTY)KHOCTI CHTHAIy Ha
BXO[Ii mpuitMada aboHEeHTChKOI cTaHmii. BuximHi qani mis
NPOBEJICHHS EKCIIEPUMEHTY: IIOTYXKHICTh IepeaaBaya
6a30Boi cranmii 32,5 nbm Ha gactoti 30 I'T'; ta 30,5 1bm
Ha vacroti 60 I'T'u, migcuieHHs TepenaBaibHOI aHTEHH
17,59 nb, migcuieHHs npuiManbHOI anTeHu 8,57 nb, Ko-
edilieHT KOopHCHOI mii mepemaBanbHOrO ¢inepa —2 nb,
KoedillieHT KOpHUCHOT 1iT mpuiimMainbHoro ¢inepa 5,57 ab.

[IpoBeneHo aHaii3 3HAYCHHS MOTYXXKHOCTI CHTHAIY Ha
BXOJ IpuiiMada BiJl IHTEHCHBHOCTI OMAMiB NPH PI3HUX
3Ha4YeHHAX onThuHol BuauMocTi Ha dactoti 30 I'T'r 1 Ha
gacroti 60 I'Tu. Bincrans Bix mepegaBauda 10 mpuiiMaya
ckimagana 500 m.

[IpoBeneHo aHaii3 3HaYECHHS MOTYXXHOCTI CHTHAIY Ha
BXO/I NMpHiiMaya MpH IMOUIMPEHHI CHTHAIY uepe3 mepe-
LIKOAM y BHIJISII CTIH BiJ BiJCTaHI NpPW Pi3HUX 3HAYEH-
HSX TOBIIMHM CTiHK Ha 9acToTi 30 I'Tm.

[IpoBeneHo aHaii3 3Ha4YEHHS MOTY)KHOCTI CHTHATY Ha
BXOJi IpHiiMaya BiJ| IIMOMHM 1apy JIKCTS, IO NepeKpH-
BAa€ MOIINPEHHS CUTHAY MPH Pi3HUX 3HAYEHHSAX YacTOTH
HeciitHol. Bincrans Bim mepenaBava 1o mpuiiMada CKIia-
nmama 100 M 6e3 ypaxyBaHHS TIHOUHH IIAPY JIACTS.
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5 PE3YJIbTATH
B pe3ynbraTi eKCIEpUMEHTY OTpUMaHi 3aJeXHOCTI
OCJIa0JIeHHs! CUTHAJTY y BUIBHOMY MPOCTOPI BiJl IHTEHCHB-
HOCTI OTaJ(iB IPH Pi3HUX 3HAUYCHHSIX ONTHUYHOI BUIMUMOCTI
Ha yactoTi 30 I'T' (puc. 1) 1 Ha wactori 60 ['T1x (puc. 2).
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IHTEHCUBHICTb onagis
Pucynok 1 — 3anexHicTb ocsiableHHs! CUTHAJY Bifl IHTEHCH-
BHOCTI ONaJ(iB IPH Pi3HUX 3HAUCHHSX ONTHYHOI BUIMUMOCTI IIPH
yacroTi 30 I'Tn
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IHTEHCUBHICTL onagis
Pucynok 2 — 3anexHicTb 0cnalieHHs] CUTHATY
Bijl IHTEHCHBHOCTI OMa/(iB MPHU Pi3HUX 3HAYEHHIX OINTHUYHOT
BuAUMOCTI mpu actoTi 60 I'T1x

o
(9]

OTpHUMaHO 3aJICKHOCTI OCNAOJICHHS CUTHATY Bif Bif-
CTaHi HOINMPEHHS CUTHAJY IPU Pi3HUX 3HAYCHHSX TOB-
mmHA cTiHu (puc. 3). B sxocti Mmatepiamy criHM OyJo
BHKOpHUCTaHO ermy. [Ipu npomy, crina B 10 cM Biamosi-
Jla€ BUIMAOKy MDKKIMHATHHX TIEPErOpOJOK, a CTiHa B
38 cM BignoBigae BUMAAKY HECYUOi CTiHH.
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BiacTaHb, km
Pucynox 3 — 3anexxHicTh 0cnabieHHsI CUTHAITY BiJ BiZICTaHi IpH
PI3HUX 3HAYCHHSX TOBIIMHE CTiHM Ha YacToTi 30 [Ty

OTprMaHO 3aJIeKHOCTI OCJIA0JICHHS CUTHAY BiJ TJIH-
OMHM 1Iapy JIUCTS, IO MEPEeKPUBAE NOIIMPEHHST CUTHATY
IIPY PI3HUX 3HA4YECHHSIX 4acToTh HeciitHoi (puc. 4). Ilpn
LIOMY BiJICTaHb BiJ| IepeaaBaya 70 NpHiiMada CKIiajana
100 M 6e3 ypaxyBaHHS ITIMOMHU IIapy JIUCTSI.

OTpHrMaHO 3aJI€KHOCTI HOTY)KHOCTI CHTHAITy Ha BXO1
mpuiiMayva BiJl IHTEHCHBHOCTI OTAMiB MIPH Pi3HUX 3HAYCH-
HAX onTHYHOI BuauMocTi Ha gactoTi 30 I'T'n (puc. 5) i Ha
yactoti 60 I'Tu (puc. 6). Bincrans Bix nepemaBauya 110
npuiiMada ckragana 500 m.

OTprMaHO 3aJIeKHOCTI MOTY)KHOCTI CUTHATY Ha BXOII
npuiiMada Bijl BIICTaHI MPH PI3HUX 3HAYCHHSIX TOBIIHMHU
ctian Ha yactoti 30 I'T'x (puc. 7).
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OcnabneHHs, ob
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rmmbuHa Wwapy nucTs, m
Pucynok 4 — 3anexHocTi ocaabiaeHHs: CUTHAITY Bl ITHOMHN
nrapy JIMCTS, [I0 NePEKPHUBAE TOMIMPEHHS CUTHAILY TIPH PI3HUX
3HAYEHHSIX YaCTOTH HECIHHOT
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PucyHnok 7 — 3anexHicTh MOTY>KHOCTI CUTHAITY Ha BXOJI
mpuiiMaya BiJl BiICTaHi IPH Pi3HUX 3HAYEHHAX TOBIIHHU CTIHI
Ha yactori 30 I'Tg
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OTpHMaHO 3aJI€)KHOCTI NOTY)KHOCTI CHI'HaTy Ha BXOJ1
npuiiMada BiJ TJMOMHU IIapy JIMCTS, IO IEPEKPHBAE
NOIIMPEHHS CUTHAJTYy TpH pPI3HUX 3HAYEHHSX YacTOTH
HeciliHOI (puc. 8). Bincrans Bij nepeaasaya 1o npuiiMava
cxmanana 100 M 6e3 ypaxyBaHHS MIMOWHHM IIAPY JIUCTSL.

-40 T T T T T
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——60 Iy

[MoTyxHICTb curHany Ha BxoAi npuinmava, sbm

54 I . . . . . . .
5 10 15 20 25 30 35 40 45 50

rnmbuHa Wwapy nucTs, M
Pucynox 8 — 3ae:HOCTI MOTY)KHOCTI CUTHAITy Ha
BXOJi IpHUiiMaya BiJ TTHOMHY IIapy JIUCTS, IO MIEPEKpH-
Ba€ NMOMIMPEHHA CUTHATY IpU pi3HI/lX 3HAYCHHAX 4aCTOTU
HECiiHOT

6 OBI'OBOPEHHS

[TpoBenenuii anaiz 3aJeKHOCTI OCJIA0JIEHHS CUTHAITY
y BUIBHOMY HPOCTOPI BiJ IHTEHCHBHOCTI ONaJiB MpH Pi3-
HUX 3HAYEHHAX ONTUYHOI BHAMMOCTI Ha yactoti 30 I'Trx
(puc. 1) 1 Ha wacroti 60 I'T mokasaB, Mo iHTEHCHUBHICTH
OMajiB i ONTHYHA BHUIUMICTh HE CYTTEBO BIUIMBAE Ha
ocnalJIeHHs! CUTHANY, i CTAHOBHUTH HE Oinbmie 4 nb BTpar
mpu gactoti 30 I'T'r i He Ginpmie 12 ab BTpaT npu 4acToTi
60 I'T'mt.

[TpoBenenmii aHaii3 3aueXHOCTI OCJIA0JICHHs CUTHAITY
BiJl BIICTaHI MOUIMPEHHSI CUT'HATY TPU Pi3HUX 3HAYCHHSIX
TOBIIMHYU CTiHM (pHUC. 3) MOKa3aB, 110, OCITA0JICHHS CUT-
HaJTy CYTT€BO 3aJIS)KUTh BijJl TOBIIMHU CTiHH.

[IpoBenenuit anani3 3a1eXHOCTI OCIA0JICHHS CUTHATY
BiJl IMOWHM MIapy JHCTS, IO TEPEKPHBAE ITOIIUPCHHS
CHUTHATy TpH pI3HUX 3HAYCHHSIX YacTOTH HECIHHOI
(puc. 4) mokasaB, IO HACA/UKEHHS HE QyXX€ BIUIUBAIOTh
Ha MOIIUPEHHS PagioXBIIb. Tak Ha KOXHI 5 METpiB TpH-
XOIHUTHCS OCIa0JIeHHs curHany He Oinbire 1 ab.

[IpoBeneHuit aHai3 3a1€KHOCTI MOTYKHOCTI CHTHAITY
Ha BXOJ IpuiimMaya BiJl iIHTEHCHMBHOCTI OMaJiB IIPU Pi3HUX
3HaYeHHAX onThyHOol BuaumocTi Ha uactori 30 ITn
(puc. 5) 1 Ha gactoTti 60 I'T'1y (puc. 6) mokasas, IO MOTY-
JKHICTh CHUTHAlly Ha BXOAI NpuiiMaya 3MEHIIYEThCS IPU
30UIBIICHH] IHTEHCUBHOCTI OTAJiB, 3MEHIIYETHCS IPU
3MEHILICHHI ONTHYHOI BUIMMOCTI, a TaKOX 3MEHIIYETHCS
mpu 301TBIICHHI YacTOTH BUIPOMIiHIOBaHHA. Ane Tpeba
3a3HAYUTH, 10 MOTYKHICTh CUTHAJTy Ha BXOAI IpHiiMaya
JEXWUTh B JIONyCTUMUX MEXaxX 1 HE BHXOAATH 33 MEXI
YyTJIMBOCTI pUiiMaya.

Cyzasun 3 TpOBENEHOTO aHaJi3y 3aJIe)KHOCTI MOTYX-
HOCTI CHTHaJIly Ha BXOJI IpuiiMava Bij BiACTaHI MpH pi3-
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HUX 3HAYEHHSAX TOBIMMHU cTiHM Ha 4actori 30 ITrg
(puc. 7), MOXHa 3pOOUTH BUCHOBOK, III0 Yepe3 MiKKIMHa-
THI TIEPETOPOJIKU, @ OCOOJIMBO Yepe3 HECYUy CTIHY CUTHA
MUTIMETPOBUX XBHJIb IIPOHUKAE AyXe ocnabneHuM. I s
3a0e3nedeH s 3B’513Ky B NPHUMILIEHHIX HEOOXimHO Oyxe
BCTAaHOBJIIOBATH JIOJATKOBE 00JIaIHAHHS.

Cynsau 3 TIPOBEICHOTO aHaJi3y 3aJIS)KHOCTI MOTYKHO-
CTi CHTHAITy Ha BXOJi NpuiiMava Bijl TIMOWHY IIapy JIFCTS,
IO TepeKpHBA€ MOIIMPEHHS CUTHATY NPH Pi3HUX 3HAYeH-
HSIX YaCTOTH HECIHHOI (puc. §), MOXkHA 3pOOHTH BICHOBOK,
0 TIOTYXKHICTh CHUTHANTy 3MEHIIYETHCS TpU 30UTBIICHH]
rONHN mrapy jmcta. KoxHi 5 MeTpiB mapy JIucTs 1aioTh
JofaTkoBe ocnabienHst curHany meHme 1 nbwm. ITotyx-
HICTh CHTHaJly 3MEHIIYETHCS 1 TpH 30UIBIICHHI YacTOTH
BUIIPOMIHIOBAHHSI, aJIe 3HAXOANUTHCS B JAOMYCTUMHX MEXaxX
HE 3MEHIIYIOYKCH JI0 YyTJIUBOCTI NMpuiiMada. Tak mpu vac-
toti 60 I'Tu B nopiBusuHI 3 30 T BUHKMKaE TOIATKOBE
ocnalieHHs CUrHary MeHie 6 1bm.

[IpoBeneHwii aHami3 Jae 3MOry 3pOOUTH BHCHOBOK
PO OOMEXEHHS A0 PaAiyCcy CTUTPHHKA B 3aJICKHOCTI Bix
moTy>kHOCTi Ta yactoT. Tak Ha wactoti 30 I'Tm mpu mo-
TY>XHOCTI curHamy 32,5 MBT MoimBe 3acTOCYyBaHHS IIi-
KOCTUTPHHKIB 3 pamiycoM mii, sKi IOCSATalOTh IECSITKH
MeTpiB. Ha wactori 60 I'TIy mpu MOTY)XHOCTI CHTHAY
30,5 MBT MoxmmBe 3acrocyBaHHsS (EMTOCTUIBHHKIB 3
pamiycoM Jii, sIKi TOCATar0Th JeKiIbKa METPIB.

BUCHOBKH

Texnosoriss HoBoro mokomiaag 5G / IMT-2020, sk i
OyIb-sKa HOBA TEXHOIIOTis, MPUBHOCUTH CBOI crienn(ivHi
0COOIMBOCTI B yCi ACHEKTH, IO CTOCYIOTHCS MPAKTHKH il
BIpOBaKeHHA. OIHMM 3 TaKMX OCOOJIMBO BayKIIMBUX
ACTIEKTIB € eIeKTpOMarHiTHa cymicHicTs. Ha erarmi migro-
TOBKHM JI0 BIPOBA/DKEHHS pagiomepex TexHodorii 5G,
HEOOXiJHO 3aBYaCHO MOTYpOyBaTHCS MPO BXXUTTS 3aXO0/iB
oo edexrrBHoi oninku ymoB EMC mist nux Mepex Ha
OCHOBI PETEJILHOTO aHaji3y OCOOJIMBOCTEH TEXHOJOTIT
5G, a TakoX MPaBWILHO 1 TOYHO OILIHUBIIU I1i YMOBH —
YCIIIIHO 320€3MeYNTH EeJIEKTPOMArHiTHy CyMICHICTh pa-
I1i03ac00iB HOBHX MEPEK.

HaykoBa HOBH3HA OTPHMAaHMX DPE3yJbTATIB IOJIATAE
B TOMY, IIIO BIIEpIIE MPOBEICHO aHANi3 OCIA0JICHHS CHT-
Hairy MM/I y BUTBHOMY TIpOCTOpI BiJf iHTEHCHBHOCTI OTa-
JIiB TIPY Pi3HUX 3HAYCHHSX ONTHYHOI BUAMMOCTI. Brieprire
MIPOBEICHO aHami3 ociabneanHs curHaaxy MMJI mpu mo-
IIMPEHHI CUTHATY 4Yepe3 MEepeIlKoAd Yy BHIJISAAL CTiH Bix
BiJICTaHi IIPpY Pi3HUX 3HAYEHHSX TOBIIMHU CTiHH. Briepiue
MPOBEACHO aHalli3 ocnabieHHs curHamy MM/ Bix riu-
OMHM Wapy JIUCTS, IO NMEPEKPUBAE MOMIMPEHHS CUTHATY
IIpU Pi3HUX 3HAYEHHSX YacTOTH HeciiiHoi. Bnepie mpo-
BEJICHO aHajli3 3HaueHHs MOTYXHOcTi curHaity MMJ] Ha
BXOJI TpuiiMaya BiJi IHTEHCHMBHOCTI OMAJiB IMPH Pi3HUX
3HAYCHHSAX ONTHYHOI BHOMUMOCTI. Brepmie mpoBeneHo
aHaJli3 3Ha4YeHHS MOTyXHOCTi curHary MMJI Ha BXomi
npuiiMava IpH MOIHMPEHHI CUTHAITYy Yepe3 MEepeIkoIu y
BUIJISIII CTiH BiJl BiJICTaHI MPHU PI3HUX 3HAUYECHHSIX TOBIIIH-
HU cTiHU. Briepme mpoBeneHO aHami3 3HaYEHHS MOTYX-
HocTi curHary MM/ Ha BXoai mpwiiMada Bif TIHMOHMHH
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miapy JIMCTS, LIO IEPEKPHUBAE MOUIMPEHHS CUTHAIY NpU
PI3HHMX 3HAYEHHSX YaCTOTH HECIHHOI.

IIpakTHyHa 3HAYMMICTH OTPUMAHUX pE3YJIbTATIB

T0JIsIra€e B TOMY, LI0 IIPOBEAEHI JOCIIKEHHS TOKa3HUKIB
EMC n03BosIsIIOTh 1aTH peKOMEHAALIT 1010 3aCTOCYBaH-
Hs TeXHOJIOT1i 5G B KOHKPETHUX NMPAKTUYHUX CUTYAIIisIX.

Taxk Ha wacroti 30 I'T1 mpu moTyx)HOCTI curHANTY 32,5

MBT MoOXIHBE 3aCTOCYBaHHS IMIKOCTUTHHHKIB 3 PasliycoM
Iii, sSKi gocsraloThk AecatkiB merpiB. Ha gacrori 60 [Ty
MpU MOTYKHOCTI curHany Big 10 go 100 mBt B npumi-
mieHHi a00 30BHI NPH MOTYXKHOCTI cUTHANY Bix 32,5 MBT
MOJKJIMBE 3aCTOCYBaHHA (PEMTOCTITBHUKIB 3 paAiycoM ii,
SIK1 TOCSATAIOTh JCKIIbKA METPIB.

HepCHeKTI/lBaMI/l nmoaaJdbIIMuXxX )Z[OCJ'Ii}I)KeHI) € yno-

ckoHaneHHs1 MeToauku aHaiizy EMC texnonorii 5G, ta
MOJAJIBIII JOCIIIIKEHH.
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AHHOTADNUSA

AxTyanbHOCcTh. TexHonorust HoBoro nokonenus: 5G / IMT-2020, kak u mo6ast HOBasi TEXHOJIOTHS, IPUBHOCUT CBOU CIeLH(U-
YecKre 0COOCHHOCTH BO BCE aCIeKTHI, KacalOIMecs MPAaKTHKY ee NpuMeHeHHss. OJJHAM M3 TaKHX 0cO00 BaXKHBIX aCHEKTOB SIBIISETCS
JNIEKTPOMArHUTHas COBMeCTUMOCTb. Ha 3Tame moAroToBKH K BHEAPEHHIO pamauocereil TexHomoruu 5G, HE0OXoauMo 3abiarospe-
MEHHO 103a00TUTHCSI O NPUHATHU Mep 1o 3¢ GeKTUBHOM oreHke ycnoBuit OMC ajis 3THX ceTeil Ha OCHOBE TIIATEIBHOIO aHaNIn3a
ocoOeHHOCTeH TexHomoruu 5G, a MPaBUIBHO U TOYHO OLEHUB 3TH YCIOBHUS — YCIEIIHO 00ECHEYNTh IMEKTPOMArHUTHYIO COBMECTH-
MOCTB PafIMOCPECTB HOBBIX CETEH.

Heas. Llensio nanHO# paGOTEHI SABISETCS IPOBEICHUE aHAIN3a IIEKTPOMAaTHUTHOH COBMECTUMOCTH CeTH cBsi3H 5G.

Meton. AHanu3 riaBHBIX ocoOeHHOCTEH pamuouHTepdeiica 5SG MO3BONIET yKa3aTh Ha OXKUAAEMble OCOOCHHOCTH MPOLEAYD
oueHku ycioBuit OMC [uist 3TuX ceTeil. OTH 0COOSHHOCTH IIaBHBIM 00pa3oM KacaloTcsl yyeTa CyMMapHOW ITOMEXH OT CETH IpHU ee
0co00i apXUTEKType W IMHAMHKE HM3MEHEHHMI, BHIOOpa HOBBIX MOJENCH TmoTeph (Mojenel KaHaja) IPU HPOCTPAHCTBEHHO-
pacnpeneneHHOM U3Ty4eHUH MHOroMepHBIX anTeHH MIMO u pa3sHOpOIHOH cpesie pacnpoCTpaHEHUs CHTHaja, a TAKKe yyeTa CIeK-
TpaNbHBIX CBOWCTB HOBBIX (DOPM CHTHAJIA U XapaKTepa U3IydeHHs IPU HOBBIX HEOPTOrOHAIBHBIX METOJAX PAANOIOCTYIIA.

Just anammsza OMC ucnonb30BaHa MOAENb OCNIa0IeHNsT CHTHAJIOB B paJHOKaHalaX MIJIIMMETPOBOTO ANANa30Ha, YIUTHIBAIOIIAs:
ocabieHne paguoBOIH B CBOOOJHOM IPOCTPAHCTBE; IIOTEPH SHEPTUH PAJHOBOIH IPH PACIPOCTPAHECHUH Yepe3 NOXKAN; 3aTyXaHHe
CUTHAJa MHJUIMMETPOBOTO JHAIa30HA IPH PACIPOCTPAHEHHH CKBO3b JIUCTBS JIEPEBHEB; OCIAOJICHUE CHUTHAJIOB IIPH HMPOXOXKACHUU
4epes3 INIOTHBIE MIPETSATCTBUS (3MaHNUs, COOPYKECHHS U T. 1.).

Pe3yasTatsl. [IpoBeneH aHanu3 3aTyXaHusl CHTHaJla MHJIIMMETPOBOTO JJHAIIa30HA B CBOOOJHOM IPOCTPAHCTBE OT MHTEHCHUBHO-
CTH OCAJIKOB IIPY PA3IMYHBIX 3HAYEHHSAX ONTHYECKOH BHIMMOCTHU. [IpoBesieH aHANN3 3aTyXaHUs CHTHAIAa MUJUIMMETPOBOTO JHara-
30HA OT PACCTOSHMS MPU PACTIPOCTPAHEHUH CHI'HAJIA Yepe3 MPENATCTBHSA B BUAE CTEH MPH PA3IUYHBIX 3HAYECHHUAX TOJIIMHBI CTCHBI.
IIpoBeneH aHamM3 3aTyXaHUS CUTHAJIA MIJUIMMETPOBOTO JHAIa30Ha OT TTyOHHBI CIIOS JHUCTHEB, YTO MEPEKPHIBAET PACIPOCTPAHEHUS
CHUTHAJIA IIPU Pa3INYHBIX 3HAUCHMSX 4acTOTHI Hecymiel. [IpoBeneH aHanm3 3HaUSHUS] MOIMHOCTH CHTHAJIA MIJUIMMETPOBOTO AMAma-
30HA Ha BXOJI€ MPUEMHHIKA OT HHTEHCUBHOCTH OCAIKOB TIPH PA3INYHBIX 3HAYECHUSIX ONTHYECKOH BUIUMOCTH. [IpoBeneH aHamus 3Ha-
YeHHsI MOIHOCTH CHTHAJIa MIJUIMMETPOBOTO MaIia30Ha Ha BXOJE IPHEMHHUKA OT PACCTOSHMS P PacIpOCTPaHEHHH CHT'HANIA depe3
MIPEMATCTBUS B BUJE CTEH IIPU Pa3JIMYHBIX 3HAUCHUSX TOJIIMHBI CTCHEL. [IpoBeieH aHanu3 3HaueHUs] MOIITHOCTH CUTHAJIA MHJUTIMET-
POBOro AMana3oHa Ha BXOJE NMPHUEMHUKA OT TIIyOHHBI CJIOS JIUCTBEB, YTO NEPEKPHIBACT PACIPOCTPAHEHHsI CUTHAJA TIPH Pa3IHIHBIX
3HAUCHUSIX YaCTOThI HECYIIIEH.

BeiBoabl. [IpoBenennble uccnenoBanus nokasareneir OMC MO3BONIAIOT AaTh PEKOMEHAIMU [0 IPUMEHEHHIO TexHojoruu 5G B
KOHKPETHBIX MIPAKTUUECKUX CHTYalUsX.

KJIFOYEBBIE CJIOBA: cetu cBs3u 5G, 3I€KTpOMarHUTHAs COBMECTUMOCTb.

UDC621.396.677.49
ANALYSIS OF INDICATORS OF ELECTROMAGNETIC COMPATIBILITY OF COMMUNICATION
NETWORKS 5 G
Kolyadenko Yu. Yu. — Doctor of science, Professor, Professor of the Department of Infocommunication Engineering named
after V. V. Popovsky, Kharkiv National University of Radio Electronics, Kharkiv, Ukraine.
Chursanov N. A. — Postgraduate student of the Department of Infocommunication Engineering named after V.V. Popovsky,
Kharkiv National University of Radio Electronics, Kharkiv, Ukraine.

ABSTRACT

Context. The next generation 5G / IMT-2020 technology, like any new technology, brings its own specific features to all aspects
of the practice of its application. One of these particularly important aspects is electromagnetic compatibility. At the stage of prepara-
tion for the introduction of 5G radio networks, it is necessary to take early measures to effectively assess the EMC conditions for
these networks based on a thorough analysis of the features of 5G technology, and by correctly and accurately assessing these condi-
tions, successfully ensure the electromagnetic compatibility of radio equipment of new networks.

Objective. The purpose of this work is to analyze the electromagnetic compatibility of the 5G communication network.

Method. An analysis of the main features of the 5G radio interface provides an indication of the expected features of the EMC
assessment procedures for these networks. These features mainly relate to taking into account the total interference from the network
with its special architecture and dynamics of changes, the choice of new loss models (channel models) for spatially distributed radia-
tion of multidimensional MIMO antennas and a heterogeneous signal propagation medium, as well as taking into account the spectral
properties of new signal shapes and character radiation with new non-orthogonal radio access methods.

For EMC analysis, a model of signal attenuation in millimeter-wave radio channels was used, taking into account attenuation of ra-
dio waves in free space; loss of energy of radio waves when propagating through rains; attenuation of a millimeter wave signal when
propagating through the leaves of trees; attenuation of signals when passing through dense obstacles (buildings, structures, etc.).

Results. The analysis of attenuation of the millimeter-wave signal in free space from the intensity of precipitation is carried out at
various values of optical visibility. The analysis of the attenuation of the millimeter-wave signal from the distance when the signal
propagates through obstacles in the form of walls at various values of the wall thickness is carried out. The analysis of the attenuation
of the millimeter-wave signal from the depth of the leaf layer is carried out; it covers the signal propagation at different values of the
carrier frequency. The analysis of the value of the power of the millimeter-wave signal at the input of the receiver on the intensity of
precipitation is carried out at various values of optical visibility. The analysis of the value of the power of the millimeter-wave signal
at the input of the receiver versus the distance when the signal propagates through obstacles in the form of walls at various values of
the wall thickness is carried out. The analysis of the power value of the millimeter-wave signal at the receiver input from the depth of
the leaf layer is carried out, overlaps the signal propagation at various values of the carrier frequency.

Conclusions. The conducted studies of EMC indicators allow us to give recommendations on the application of 5G technology in
specific practical situations.
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AHOTAIISL

AKTyaJIbHiCTB. 3p0o0IIeHO TPOMO3HULIT 111010 MOXKIUBOCTI BUKOPUCTAHHS aJaiTABHUX aHTCHHUX PELIiTOK sl 301IbIICHHS IPO-
IMyCKHOI 3aTHOCTI y Mepexax MoOitsHOro 3B’s13ky LTE-A Ta mpoanani3oBaHO BHTpall BiJ il BAKOPUCTaHHS y TIOPIBHSHHI 31 CTaH-
JApTHAM TUTIOM aHTCHU 0a30BHX CTAHIIIH.

MeTta. MeToro CTaTTi € aHaNi3 MPOITYyCKHOI 31aTHOCTI Mepexi MoOinbpHOro 38’s13Ky LTE-A Ha BuCXinHIN JiHIT TP BUKOPHCTAaHHI
QJIaNTHBHOI JTIHIHOT €KBITUCTAHTHOI AaHTCHHOT PEIIITKH.

Mertona. [{i1s focsATHEHHS pe3yiibTaTy OyJia po3pobiieHa KOMIT FoTepHa MOJIelTb aHajli3y 3aBaoBol 00CTaHOBKH Mepexki MOOLIBEHO-
0 3B’3Ky Y BUIVISLI TJIOCKOT PEryJIIpHOI T'eKCaroHalbHOI aHTEHHOT PELIiTKH, SKa CKIagaeThes 3 7 TPhOX CEKTOPHUX dapyHOK. Jlist
OLIIHKM BHTpAIly BiJi BAKOPHCTAHHS aJalTUBHUX aHTEHHUX PEUIiTOK OyJI0o IpoaHali30BaHO Ba BapiaHTH: IPH BUKOPHCTAHHI CTaH-
napTHoi aHTeHHOi peuritka Mepexxi LTE-A, Ta agantiBHOI JTiHIHHOT €KBiJUCTAHTHOI aHTEHHOI peuriTku. [Ipu mpoBeaeHHI MOJEI0-
BaHHs Oys0o BukoHaHo 100 BHUMaAKOBHX pO3MillleHb aOOHEHTIB KOPHCHOTO Ta 3aBaJ0BHUX CHTHANIB Ta PO3PaXxOBaHO MiHIMalbHHH,
MaKCHMaJIbHUH Ta cepeiHiil BUTPaIl Bil BUKOPHCTAHHS aIallTHBHUX aHTEHHHX PEIIiTOK. Y cepeIHhOMY 3HAUCHHs KOe(illieHTa mif-
CHJICHHS [UIS aJJalTHUBHOI AHTEHHOI PEIIITKY B HANPAMKY aOOHEHTCHKOI CTaHIIii, [0 CTBOPIOE KOPUCHHUHN CUTHAI Oinbine Ha 5,69 nb
MOPIBHSHO 3 CTAaHAPTHOIO aHTCHHO pemriTkoro mepexi LTE-A. V Toif ke 9ac € cyTTeBe 3MEHIIICHHS KoeillieHTa IMiICHICHHS aaa-
NITUBHOI aHTEHH y HANpsSMKY 3aBaJoBHX aOOHEHTCHKUX CTAHIIH, a came, AT THX, IO MalOTh HaHOLIBIINK piBEeHb 3aBajy, BUTpAII
cranoButh 32,84 nb ta 28,33 b BiamoigHo. J{is HAOYHOrO MOKA3y BUTPAIly y SKICHUX XapaKTEPUCTHKAX MEPExki OyJI0 MPOBEICHO
aHaJi3 MPOIyCKHOI 3JaTHOCTI /Ul Pi3HMX THIIB aHTeH. [IpesncTaBieHO PO3MOJINI MPOIYCKHOI 34aTHOCTI (PO3MIp TPaHCIOPTHOTO
6110Ky) st 50 pecypcHux GJIOKIB IpH BUKOPUCTAHHS alalTUBHOI €KBIIMCTAHTHOT JTiHIHOI aHTEHHOT PELIITKHU MOPIBHIHO 3 CTaHIap-
THOIO aHTEHHOIO PEIITKOIO.

Pe3yabTarn. [lokazano, mo 3aBISKH BUKOPHUCTAHHIO aJalTHBHUX aHTEHHUX CHCTEM, CEPEAHS NPOIyCKHA 3[4aTHICTH 301IbIIy-
etbest 3 11 M6it/c 1o 35 MOiT/c asist ycixX THITIB KaHATiB MOUIMPEHHS, 10 PO3TIIAAIHCS.

BucHoBKH. Y CTaTTi 3aIpONOHOBAaHO BHKOPHUCTAHHS AJAlTHBHUX aHTEHHHWX PEIITOK JUIsl 301IbLIEHHS MPOITYCKHOI 3JaTHOCTI
mepexi LTE-A. MonenroBaHHsI porycKkHOT 31aTHOCTI utst 50 pecypcHUX OJIOKIB IOKa3aJo, IO B yMOBaX HAasBHOCTI BHYTPIIIHOCH-
CTEMHHUX 3aBaJl [P BUKOPUCTAHHI CTAaHJAPTHUX aHTEH 0Aa30BMX CTaHIH cepelHs MpOINyCKHa 31aTHICTh CTaHOBUTH Bix 11,2 M6it/c
1o 12,3 MGit/c. ¥V Toii e 4ac 3aBJSIKM BUKOPHUCTAHHIO aJIaITHBHUX aHTEHHUX CHCTEM CEpEeIHs IPOITyCKHA 3/1aTHICTh 301IbIIY€EThCS
3 11 MGit/c o 35 Mb6it/c st ycix TUMiB KaHaiB 6araTonpoMeHEBOro MOMINPEHHS, 10 PO3TIISIAIUCS.

KJUIFOYOBI CJIOBA: amantuBHa MOAYJISLIs Ta KOAYBaHHsI, MPOMYCKHA 3AaTHICTD, aJallTUBHA aHTEHHA, TPAHCIIOPTHHU OJIOK,
3aBaja.

ABPEBIATYPHU OFDMA - Orthogonal Frequency Division Multiplex-

AAP — amanTHBHA aHTEHHA PEIIIITKA;

AT — ananoro-mudpoBe IepeTBOPECHHS;

AMC — Adaptive Modulation and Coding (amanTuBHa
MOJIyJIAIS Ta KOTyBaHH);

BLER — Block Error Rate (xoedinienT momuinox 6iro-
Ky);
CQI — Channel Quality Indicator (imaukaTop sIKOCTI
KaHaly);

EPA — Extended Pedestrian A (po3mupeHa mimoxiaHa
MOJIETIB);

ETU - Extended Typical Urban (po3mmpena tumnosa
MiChKa MOJICIIB);

EVA — Extended Vehicular A (po3mmpena mojens
JUISl TPAHCTIOPTHUX 3aC001B);

LTE — Long Term Evolution (zoBroctpokoBa eBoJio-
is);

MCS — modulation coding scheme (cxema MomyIsIIii
Ta KOJyBaHH);
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ing (MyJIBTHIUIEKCYBaHHS 3 OPTOTOHAIBHHM YacTOTHHM
MOJTLTOM);

PUSCH - Physical Uplink Shared Channel (¢iznunnii
BHCXIJHHWH CITITBHUHN KaHAI);

RB —resource block (pecypchuii 6110K);

TBS — Transport Block Size (po3mip TpaHcnopTHOro
0I10KY);

SNR - Signal-to-Noise Ratio (BigHOmEHHS cHr-
HaJI/TIIyM).

HOMEHKJIATYPA
f — poboua wacrtoTa;

Gy ((p,e) — Koe(illieHT MiJCHICHHS aHTeHH 0a30BOl

CTaHII{ B HAIPSIMKY 3aBa/I0BOI AO0OHEHTCHKOI CTAHIIIi;
Ly — BTpaTHm NHONmMpEHHS pPamiOXBUIb I TPacH

3aBajoBa AOOHEHTChbKA CTaHIist — Oa3oBa CTaHIL
LEHTPAJIbHOI YapYHKU;

N — KUTBKICTB €JIEMEHTIB aHTCHHOI PEIITiTKI;
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Ng — KUIBKICTh €JIEMEHTIB Y BeKTOpi Oy ;

Ny — KUIBKICTb €JIEMEHTIB y BeKTOpi 0, ;

P, — piBenp BracHMX myMiB mnpuiiMada 6a30Boi
CTaHIIiI;

Py — TMOTYXHICTH cHTHAy aOOHEHTCHKOI CTaHIi Ha

BXOJi ipuiiMada 0a30BOT CTAHIIIT;

MOTYXHICTh ~IepeaBadya abOHEHTCHKOT

IDtrmk
CTaHIIIT;
Osk — BEKTOp KOPHUCHUX CHTHAIIB;

Gnk — BEKTOp HeOakaHUX (3aBal0OBHX) CHUTHAIIIB;

W; — KOMILIEKCHI BaroBi koeiuieHtu B Oioni Gopmy-

BaHHS aHTEHHOI PELIiTKH.

BCTYII

[TixBUIIEHHSA MIBHAKOCTI MEpeaaBaHHs B Cy4aCHUX Me-
pexkax pyXOMOToO 3B’SI3Ky € aKTyaJbHUM 3aBJAHHAM T
Oymp-sIKOTO TIOKONIHHA Mepexi. TexHosorii uderBepToro
MOKOJTIHHA pyxomoro 3B’s3ky 4G LTE 3abesnedyrors mo-
JabIINA PO3BUTOK 33 PaxyHOK IiJBHIICHHS IIBUIKOCTI
riepe/iadi JaHUX Ta Kpauiol SKOCTi 00CIIyroByBaHHS.

LTE 3acHoBaHMI Ha MHOXHHHOMY JOCTYII OPTIOHA-
nmpHOTO yactotHoro moaity OFDMA 1 mocsrae BUCOKHX
LIBUIKOCTEH Iepenadi JaHuX, MOETHYFOYH BHCOKY IPOITY-
CKHY 3JIaTHICTb, MOYJISLIIO OUTBII BHCOKOTO MOPS/AKY Ta
MIPOCTOPOBE MYJIBTHILICKCYBAHHSI.

IIpu moOynoBi Mepeki pyXxoMoro 3B’SI3Ky B3a€MHI 3a-
BaJ B MEPEXKi € CyTTEBUM (PAKTOPOM, IO MOTIpIIye Bil-
HotreHHs: SNR Ta 3MEHIIYIOTh MMPOIYCKHY 3/[aTHICTh B pa-
TIOKaHaIl.

OpHUM i3 TiIXO/IB, IO 3MEHIITye BHYTPIITHEOCHCTEMHI
3aBaJil B MEPEXi PyXOMOT'0 3B’SI3KY € BUKOPUCTaHHS aJiar-
THUBHUX aHTEHHUX PEIIiTOK.

O0’€KTOM [JOCJTIIZKEHHSI € — TIPOLIEC MOJIETIOBaHHS
TIPOITYCKHOI 3/1aTHOCTI B MEpEXi PyXOMOTo 3B’S3Ky IpH
3aCTOCYBaHHI a/IallTUBHUX aHTEHHUX PELIITOK.

IIpeameroM AOCTITKEHHSI € — METOIU IIiIBUIICHHS
e(eKTHBHOCTI BUKOPHCTaHHS PagiouacTOTHOTO Pecypcy B
mepexi LTE-A.

MeTo10 JaHOI CTATTi € 3alpPONOHYBAaHHS aJalTHBHOI
AQHTEHHOI PeIIiTKH, MO 30UIBIIye MPOIYyCKHY 3IaTHICTH
Mepexi pyxomoro 3B’s3Ky LTE-A mHa BucXimHidl miHIil y
MOPIBHSAHHI 31 CTaHJAPTHUMHU aHTCHAMHU 0a30BHMX CTAHINMA
Mepex 4-ro TOKOIHHSI.

1 IOCTAHOBKA 3AJAYI

OdikyBaHUM Pe3yJIETATOM JAHOTO JOCTIDKEHHS € 30i-
JIBIIICHHS TIPOITYCKHOT 3aTHOCTI MEPEXki PyXOMOTO 3B’SI3KY
LTE-A Ha BUCXIiImHIN JiHIi 32 paXyHOK 3MCHIIICHHS BHYT-
PIIHEOCHCTEMHUX 3aBaJ], 10 CTBOPIOKOTHCS aOOHEHTCh-
KMMU CTaHI[ISIMA B CYCITHIX YapyHKaX.

3a paxyHOK BHKOPHCTaHHsI 3allpPOMIOHOBAHOT a/IalTHB-
HOI aHTEHHOI PEeIIITKH OYiKY€eThCS 3MEHIIEHHS CyMapHOTO
piBHsg 3aBagu P, Ha Bxomi 6a3oBoi cranmii. s omiHKK

inty
e(eKTHBHOCTI 3aCTOCYBaHHS aHTEHHOI PELIITKU MPOIOHY-
€TBCS MOJICIIIOBAaHHS PeajibHOI 3aBaJOBOi OOCTAHOBKU B
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Mepexi LTE-A Ta nocriiiHa omiHKa iHISKCY MOIYJISIiHHO-
KOJIOBOT cXeMH Uisl lycs BIAMOBIIHO JO OTPUMAHOTO 3HA-
gyendst SNR Ha Bxoai 6a30Boi craHiii. Y pe3ynbTari 3011b-
IICHHS MPOITYCKHOI 3IATHOCTI ITPH BUOOPI 3aIIPOIIOHOBAHOT
AHTCHHOI PEIITKU OIIHIOETHECS PO3MIPOM TPAHCIIOPTHOTO
6noky maxeriB B Mepexi LTE-A.

min (G ((p,@)),eeenk,<p=const )

TBS™™ = max
i TBS; €lpes; max(Gk ((p,e)),e € ens ,® = const

2014 JITEPATYPU

LTE Pemiz 12 (3Banmii LTA-Advanced abo LTE-A)
BBIB CXEMY MOJIYJIAL] BUIOTO MOPSIKY JUTS TOJIMIICHHS
CHEKTPaTbHOI e(EeKTHBHOCTI Ta TIPOIMYCKHOI 30aTHOCTI
cucremu [1]. Lle 6ymo mocsarayTo BBeneHHAM 256-QAM i,
OT)Ke, 3MIHOIO 1HIIMX CUCTEMHHMX BUMOT, TaKUX SK PO3MIp
TparcnoptHoro 0Joky [2]. B LTE peanizoBaHo ¢yHKIif0
aJIaNTHBHOI MOMYJIALIT Ta KOJyBaHHS, [0 BPAXOBY€E 3MiHHI
YMOBH CTaHy pajiokaHaiy, o0 3a0e3MneunT KOpUucTyBa-
YeBl ONTUMAIBHY LIBUAKICTD Nepeaadi AaHuX. TakuM 4du-
HOM, TIPY XOPOILIMX YMOBax paJiOKaHaly 3a0e3NedyeThes
BHCOKA IIBHAKICTH Tepenadi AaHWX; NMpH LbOMY HHM3bKa
MIBHIKICTH TTepeaadi JaHuX 3a0e3MeUyeThCs, KO B KaHaTi
YMOBH TOTIpIIyloThesi. OTXKe, TMOKpalieHHS yMOB MOIIH-
PeHHS pagioXBUIIb 3a paxyHOK TexHonorii AMC Oyze 30i-
JBITYBATH IIBUAKICTH TIepeiadi B MEPexi.

TepMiH «aJanTHBHA aHTEHHA PEIIiTKa» BIepIie Oyio
BUKOpUCTaHo B 1959 poui, ast omnucy camogazoBaHoi aH-
TEHHOI pewnTku [3]. Ajie MOXIJIUBICTh 1X BHKOPHCTAaHHS
CTal0 MOXITUBUAM BIiJHOCHO HEIAaBHO, IO ITOB’SA3aHO 3i
CTPIMKHM PO3BUTKOM MIKpPOENEMEHTHOI 0a3d Ta pocTy
00YHCITIOBATBHUX MOKITHBOCTEH.

AAP marots Oarato mepeBar mepes 3BUYaiHUMH aH-
TEHHUMH PEIIiTKaMH CHCTEM MOOUIBHOTO 3B’s13Ky. OCHOB-
HUMH 3 HUX € MOXXJIMBICTh IIBU/IKOTO HAJIAIITYBaHHS CXe-
MH (HOPMYBaHHS MIPOMEHIO Ta MOXJIMBICTH HOTO KOHTPO-
mo. KomOiHyt0uM BHKOpPHCTAaHHS aaNTUBHUX AHTEHHUX
PELIITOK Ta CXEMHU aJaNTHUBHOI MOIYJIALii Ta KOXyBaHHS,
MO)KHa 3HAYHO MIIBHUIIMTH TPOIYCKHY 3/aTHICTH Mepe-
xi [4].

B po6otax [5—6] Bim3HauaeThCs, M0 3a PaxXyHOK ajarl-
THUBHOTO ()OPMYBaHHSI IPOMEHIB Ta IPOCTOPOBOTO PO3IIO-
Jliy aOOHEHTIB, 1110 CTa€ MOYIIMBUM 33 PaXyHOK BUKOPHC-
TaHHsS aJaNTHBHUX AHTCHHHX pEIIITOK, MOXXHAa 3HA4YHO
MIBUIIATH TPOITYCKHY 3[aTHICTh MEpeX 4-To IOKOTiHHS.
Arne Ha JTaHWM Yac YMCIIOBI ITOKAa3HWKH, IO HA0YHO Oy-
JIyTb JIEMOHCTPYBAaTH 30UIBIICHHS TPOIYCKHOI 3/1aTHOCTI
TIOKY HE TIPUBEICHI.

3 MATEPIAJIX 1 METOHA

Mepexa LTE nos3Boise aganTyBatucst aDOHEHTCHKO-
My TEpPMiHAy HUISIXOM 3aCTOCYBaHHS DI3HUX PEXHMIB
Moyl 1 kogyBanHs. KokHa 3 nanux MCS moxke 3a-
CTOCOBYBaTHCSl IIPH pPErJaMEHTOBAHOMY IOPOTOBOMY
3HadeHHI SNR, 110 B CBOIO 4epry 3alie)kKUTh Bill YMOB
MOIIMPEHHsT B KaHaMi pamio3B’s3ky. OcCTaHHI MOXYTb
OyTH MOJIENIbOBaHI 3 YMOB PO3NOBCIOJUKEHHS 1 THITY Ka-
Hanmy. PakTHYHO TpPW PO3paxyHKY BTpaT IS KOXKHOI
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MCS Mo’KHa BU3HAYUTH pajiiyc 30HH MOKPHUTTs oaHiel bC
(puc. 1).

SNR, < SNR; — MCS 1

Pucynok 1 — 3anexHicts BimHomeHnHs SNR Big 30HH TOKPHTTS
okpemoi MCS

ApjanTvBHa 3MiHA MOAYJSIIHHO-KOJOBOI CXEMH, SIK
OCHOBHa yacTHHa nporeaypu AMC, Bkiodae B cebe Mo-
JKIIUBICTh BU3HA4YCHHs moporoBoro 3HadeHHs SNR 1 3a
JIOTIOMOT'010 3BOPOTHOTO 3B’SI3KY, Yepe3 1HIUKATOPH KO-
cti xkanany CQI [2], 3MiHIOBaTH mapameTpu Iepenadi i
tun MCS. 3anexxHo Bij THITY 1 SIKOCTI KaHaly 3B 53Ky E-
UTRA mosxe 3MmiHIOBaTH cueHapiit mpouexypu AMC mpu
BiJOMHX 3HAYCHHSX KoedillieHTa MOMMIKOBHAX OJIOKiB
BLER, mo 3HaxomsAThCs B IHOUKATOPaX SKOCTI KaHAITy
CQL. Ilpu mpomy 3mina MCS MoximBa JHIIE 32 YMOBH
110 3nauenns BLER e mosxe 6y menme 107

Jus 6impmn 3pyuHOi omiHKH sKocTi kKaHary BLER
npuB’s3anuid 10 SNR s koxHoi 3 icHytounx CQI /
MCS [7]. Texuiuni xapakrepuctuku 3GPP [8] onucyrots
KaHAIM HU3XIAHOT JiHIl 3B A3Ky Ta BHCXimHOI JiHIi
3B’SI3KY, SIKI MOXYTh OyTH BUKOPHCTaHI JUISI MOJIEIIOBaH-
Hs Oynp-sikux MCS i BuAUIeHHX OJIOKIB pecypciB Ta
BIJIMOBiTHOTO pO3Mipy TpaHcmopTHOro Onoky. Ilapamer-
pu s Oyae-sikoro iHgexcy MCS anst ismgHOTO 3araib-
HOro KaHaimy BucXigHOi JiHiI 3B’s3ky PUSCH wmoxHa
OTPHMATH 3a JOTIOMOTOI0 CIMCKy iHmekcy MCS mis iH-
nexcy TBS mmst PUSCH. s LTE-A PUSCH BuznaueHo
29 BapiantiB MCS. {1 0 < Iycs < 28 UE cmouaTtky Bu-
snayvae ingexc TBS (Ips) 3a nonomororo lycs.

Jns LTE-A PUSCH Busnaueno 29 Bapiantie MCS.
Jns 0 < Iycs < 28 UE cnouatky Bu3Hauae ingekc TBS
(Itgs) 3a momomoroto IMCS. ¥V Tabn. 1 mokasaHo 3ayiex-
HICTH criekTpasibHOI edexTuBHOCTI Big MCS B Mepexi
LTE-A nns 50 RB xanany PUSCH.

BararonpoMeneBuii kaHaja MOMIMPEHHS BH3HAYAETHCS
KOMOiIHAIli€r0 Mpodiaro 3aTPUMKH 3 0arato3aTpPUMKOIO i
MaKCHMaJIbHOT YacTOTH JOIUICPIBCHKOTO PEXHMY, SKa
Moxke Oytu 5, 70 abo 300 I'm. Cnemmdikamis 3GPP [8]
ONMHCy€ KOMIIOHEHTH O0araTOIpOMEHEBHX KaHATIB (I
posmupenoi mimoxigaoi momeni A EPA, posmmpenoi
Mozem aBromo6inst A EVA Ta po3mmpenoi Mozeni Micta
ETU. B [9] BuzHauae BimHomeHHs SNR s KoxHOTO
MCS a5 BUCXITHOTO KaHAIy.

Ha pucynkax 2-3 nokazaHo MCS sk ¢yHKIis CriB-
BigHomeHHss SNR st mBuakocTi momMmiok 6ioky BLER
107", sixi OTpHUMaHi BiIMOBIIHO 110 [9].

4 EKCLIEPUMEHTHU
Juns ominku 3aBamoBoi o0cTaHOBKH B Mepexi LTE-A
PO3IIIANAETHCS NEPiOANYHA CTPYKTYpPA Y BUIIISAAI IUIOCKOT
perynspHOl TeKCaroHAJNBHOI PEIIiTKH, IO MICTHUTH CiM
YapyHOK Ta TPU CEKTOPHI AHTEHH Y KOXHIA dYapyHII
(puc. 4). B nenTpanpHiii HapyHIi npamioe abOHEHTChKa
CTaHIIisA, 3 MOTYXHICTIO mepemaBada Py, . B gapynkax

MEepIIOro KPYry 3aBajii MpPAaLol0Th aDOHEHTChKI CTaHIIIi,
L0 CTBOPIOKOTE 3aBady Py, Ha BXOAi npuiivada 6a30Boi

cTaHii.
CymapHuil piBeHb 3aBaid Ha BXOA1 MpHuiiMada 6a30BOi
CTaHIii Bif] yciX aDOHEHTCHKUX CTAHIII TOPIBHIOE:

N
Pintz = z Ptrmk - L -Gy ((P’e)' (2)
k=1

Tabmuus 1 — [Mapamerpu MCS 50 RB mist kanany PUSCH

. LIBuakicTs Criexp a1bHa . LIBuakicTs Criexp a1bHa

Tvcs Monynsuist xony e(l)‘eKTI/IBHICTb Tvcs Monynsuist xony e(l)‘eKTI/IBHICTb

(bit/CumBoin) (bit/CumBoun)
0 QPSK 0,08 0,1575 15 QAM-16 0,40 1,6056
1 QPSK 0,10 0,2048 16 QAM-16 0,43 1,7367
2 QPSK 0,13 0,2521 17 QAM-16 0,47 1,8678
3 QPSK 0,16 0,3249 18 QAM-16 0,52 2,0862
4 QPSK 0,21 0,4123 19 QAM-16 0,56 2,2583
5 QPSK 0,25 0,4997 20 QAM-16 0,61 2,4330
6 QPSK 0,29 0,5871 21 QAM-64 0,41 2,4330
7 QPSK 0,35 0,7054 22 QAM-64 0,43 2,6078
8 QPSK 0,40 0,7928 23 QAM-64 0,48 2,8963
9 QPSK 0,45 0,9093 24 QAM-64 0,52 3,1148
10 QPSK 0,50 0,9967 25 QAM-64 0,54 3,2240
11 QAM-16 0,25 0,9967 26 QAM-64 0,58 3,4789
12 QAM-16 0,28 1,1278 27 QAM-64 0,60 3,6072
13 QAM-16 0,33 1,3025 28 QAM-64 0,70 4,1752

14 QAM-16 0,37 1,4746
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IML'S
Pucynok 2 — MCS sk ¢ynkuis BigromenHs SNR i Bumaaxy
BLER=10" (0< lycs < 14)

i+ A Base station

o | * Outdoor MS
oi| # Indoor MS
25 2 15 1 05 0 05 1 15 2 25
km
Pucynok 4 — Mepexa E-UTRA 3 po3nozigeHuMu
KOPHCTYBadaMu

3acToCyBaHHs aJanTUBHOI AHTCHHOI CHUCTEMH MOXKE
3MCHIINTH PIBCHb 3aBaJ 32 PaXyHOK aJIalITHBHOI 3MiHU
JiarpaMH CHPsIMOBAHOCTI aHTEHW 1 3MEHIUEHHS piBHA
3aBaJy Bl BIAITOBIAHOI a0OHEHTCHKOI CTAHIIII.

OmiHka 3ampoONOHOBaHO{  aganTHBHOI  aHTEHHOI
CHCTEMH 3I1HCHIOETHCS IIUITXOM MOJIEIFOBAHHSA 3aBag0BOT
00CTaHOBKHM MepeXi pyXOMOTO 3B’SA3Ky, HIIIXOM BHOOPY
PO3MIpy YapyHKH, IIUILHOCTI PO3TallyBaHHS a0OHEHTCh-
KHX CTaHIi, BUCOT BCTAHOBJCHHS aHTEeH 0a30BOi Ta
A0OHEHTChKUX CTaHMid. [ 3alaHMX BUXITHUX JTaHUX
BH3HAYAETHCS CYMapHHUHA pIiBEHb 3aBald Ha BXOi
npuiiMaya 0a30BOi craHmii, BimmoBimHO 10 (3), Ta
pe3yNbTyloue 3HAYCHHS BiTHOIICHHS CUTHAN/(3aBamga ~+
IIyM) 3a JONIOMOTOI0 BHPa3y:
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=EPAS
Pucynok 3 — MCS sk ¢ynkuis BigHomenss SNR s Bunanky
BLER=10" (15< Iyycs < 28)

=ETU70  =EVATD

P
SINR = hﬁx 3)
Pn + Z r')intk
k=1
JIJ'ISI nepmoro MOACJIFOBAHHS BI/IKOpI/ICTOByCTLCH

CTaHAapTHa Jliarpama clipAMOBaHOCTi aHTE€HH, ITapaMeTpu
sikoi HaBeneHo B Pekomenmamii ITU-R F.1336-4 [10]. Ha
JOpYroMy eTali BUKOPHCTOBYETHCS 3allpOIIOHOBAHA ajall-
THBHA aHTEHHA PEILiTKa, OMUC SIKOT HABEACHO HIDKYE.

[Ipu owmiHIi 3ampoNOHOBAaHOI AHTCHW BU3HAYAETHCS
IHIEKC MOIYJIsIHiHHO-K0m0BOT cxeMu (Iycs) BiAMOBIIHO
JI0 OTPUMAHOTO 3HA4YeHHsI curHal/(Iym+3aBajga) Ta po3-
Mip TPAaHCHOPTHOT'O OJIOKY..

OpHi€r0 3 MOXKIIMBHX TEXHOJIOTIH, 110 aKTUBHO BIIPOBa-
JUKYETBCSl Y CUCTEMH MOOUIBHOTO 3B’S3KY, € BUKOPHCTaHHS
aJIaTUBHUX aHTEHHHX pelritok. AAP maroTe psn nepesar
HaJl aHTCHHMMH DELITKAMH, 5IKi BUKOPUCTOBYIOTBCS Y CY-
YaCHHUX CHCTEMaX MOOLIFHOTO 3B s13Ky. Bukopucranus AAP
JIO3BOJISIE IIBMJIKO 3MiHIOBaTH Ta (hOpMyBaTH HEOOXintHi
XapaKTePUCTUKHU CIIPSIMOBAHOCTI aHTEHHU (Taki sIK JiarpaMa
CIIPSIMOBAHOCTI, KOC(IIIIEHT MiZICHIICHHS).

V¥ pexkomenpanii ITU Bing3HaueHo, 10 BUKOPUCTAHHSA
aaNTHBHUX aHTCHHHUX TEXHOJOTIH € OXHMM 3 METOIIB
3MEHILICHHSI PIBHIB 3aBaj Ta Mi/IBUIIEHHS e(QEeKTUBHOCTI
BHKOPHCTAHHSA pagiogacToTHOTrO pecypey [11].

B aganTuBHHX aHTEHHHUX CHCTEMax 3B’S30K MK KO-
puCTyBadeM 1 0a30BOIO CTaHIIEIO 3a0e3NedyeThes 3a pa-
XYHOK JI0JJaBaHHS IIPOCTOPOBOTO BUMIpy. 3 METOIO OITH-
Mizanii po6o4oi XapaKTEepUCTUKH OE31pOTOBOI CHCTEMHU
aJlaliTHBHAa aHTEHAa MOXKE JMHAMIYHO 3MiHIOBAaTH (hopmy
JiarpamMy CIpPSMOBAHOCTI B 3aJIGKHOCTI BiJ 30BHIMIHIX
(haxTOpIB.

OyHKIIOHATBHA OJIOK-cXeMa IH(pPOBOTO CUTHAIBEHOTO
npolecopa aJaNTUBHOI aHTEHHOI PElITKH MOoKa3aHa Ha
puc. 5 [12].
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PucyHnok 5 — ®yHKiioHabHA OJIOK-CXEMa aIaITUBHOI aHTEHHOT PELIITKH

OcHoBHuMH nepeBaramu AAP e:

— 30UIBIIEHHS MPOIYCKHOT 37aTHOCTI. Y poboti [13]
I0Ka3aHo, 110 P BUKopHucTaHHi AAP, 110 cki1ajgaeTses 3
M eneMeHTIB, MOXJIMBE 301IBIICHHS ITPOITYCKHOI 3/1aTHO-
cTi 10 M pasis;

— 30UIBIIICHHST MAKCUMAIBHOT TANBHOCTI 3B’ s13Ky. AAP
JI03BOJISIE 301TBIINTH MAaKCUMAJIBbHY JABHICTh 3B’ SI3KY IO
M-1 pa3ziB, y HOpiBHIHHI 31 3BUUAIHOI0 aHTCHHOIO PEIlli-
TKOIO, IIPU OJJHAKOBIH KIJIBKOCTI KOPUCTYBadJiB Ta IIi/Be-
JICHO1 TIOTYKHOCTI 70 aHTeHH [ 14];

— 3HayHe 3MEHIIEHHs piBHA 3aBai. JliHiiiHa aHTeHHA
peuriTka 3 M eleMeHTIB JI03BoJIsie CTBOpUTH M—1 HyIiB
JiarpaMy  CIIPSIMOBAHOCTI, Ta BIAMOBIAHO 3MCHIIUTH
BIIMB M—1 He KOppenbOBaHUX 3aBaj.

B po6orti BuKOpuCTaHNH HACTYIHUI anroput™ [15]:

R=[0,1,2,...,N -1], 4

sin(0,) RJ]T :

1 &
Sl=n—Z

(exp(ian
S k=1 A

"o NE)
Sy = 1 > [exp(lznd sin(6p) RD ;
M k=1 A
Wes — sl (6)
1 N 292 91>
]| = ———. (7
\/sum(abs(w)z)
Po3paxyHok BekTOpa
s= exp[ |2;:d sin(0) RT j (8)

Po3paxyHOK Ta HOpMYBaHHsI KOe(illi€HTa MiICHUICHHS
AHTCHH

G = (abs( ]’ ~s))2; 9)
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G
Gnorm = G ;

max

(10)

Ghorm»dB =101log G o - (11)

VY naHoMy BWIIAAKY, Y SKOCTi €IeMeHTa aHTEHHOI pe-
IITKA BUKOPHCTOBYETHCA 130TPOIHHUN (BCECTIPSIMOBAHUIN)
BUIIPOMIHIOBaY Ta HE BPAaxXOBYEThCS B3a€EMHUI BIUIMB
€JIEMEHTIB OJMH Ha OJIHOTO.

s anamizy mnpomyckHoi 3matHocTi Mmepexi LTE-
Advanced B cepemoBumii Matlab Oyna po3pobiieHa
KOMII'FOTEPHA MOJICIIb MEPEKI PYyXOMOT0 3B’ 513Ky (puc. 4),
y SKili BUMAJKOBUM YHHOM PO3MIIYIOTHCS KOPUCHHH Ta
3aBaJIOBl CUTHaIU. Y SIKOCTI aHTeHM 0a30BOI cTaHIil BU-
KOPHUCTOBYBAJIUCS SK CTaHIApTHA aHTeHa Mepex 4G Ta
aJarTUBHA JIiHIMHA CKBIANCTAHTHA aHTCHHA PEIIiTKA.

BuxinHi mani mepexi, Ha 0a3i SIKUX MPOBOAMIOCT MO-
JICITIOBAHHS TPE/ICTABIICH] ¥ Ta0I. 2.

Tabmnuus 2 — Buxiani gani moneni

IMMapamerp

3HaveHHst

YacToTHHI iana3oH

1710-1785 MTI'n, 1805-1880
MT' (FDD, Band 3)

Paniyc xomipku 1 xm
Bucora niagicy autenu b5C 40 m
Bucora mingicy antenn AC 2m

CMmyra yacToT

10 MI' (50 pecypcHHX GIIOKIB)

IotyxHicTe mepenaaua AC

—40 nbwm...23 nbm

MakcumansHuit
i ICUJIEHHST aHTEHH

koedirieHT

16 nbi

Monens kanamy

Extended Hata
(Xara po3mmpena)

Cepenosuiie

Miceka 3a0ynoBa
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5 PE3YJIBTATH

3a pe3ysbTaTaMl MOJICNIIOBAHHS OTPHUMAHO 3HAUCHHS
JliarpaMH CHpSIMOBAHOCTI aHTEHHM, IO 3a0e3redye MiHi-
MaJIbHUH piBeHb Koe(illieHTa MiJICHICHHS y HaNpsIMKY
3aBaI0BUX a0OHEHTCHKHX CTAHIIH, 110 MAOTh HAHOILIBITY
MOTY>KHICTh, IIUISIXOM JWHAMIYHOI aJanTaIlii mapaMeTpiB
aHTEHW [0 pO3TANIyBaHHSI AOOHEHTCHKMX CTaHLINA Ta
YMOB MOIIMPEHHS CUTHAIY.

[Ipu mpoBeneHHi MonmenroBaHHsA Oyino BukoHaHO 100
BUITQAKOBHX PO3MillieHb (iTepamiif) abOHeHTIB KOPHUCHOTO
Ta 3aBaJIOBUX CUTHANIB [15].

B Tabn. 3 mpuBeneHi ycepenHeHi 3HaUCHHST MiHIMab-
HOTO0, MaKCUMaJIbHOTO Ta CEPEJAHbOI0 BHUIpAIly MPHU BH-
KOPHCTaHHI aJanTUBHOI CKBIAMCTAHTHOI JIHIHHOT aHTEH-
HOI PEUNTKHA y MOpPIBHAHHI 3 CTAaHIAPTHOI AHTEHHOIO
PELIITKOI0 MEpeXi PyXOMOTro 3B’SI3KY, IapaMeTpH SIKOi
HaBeneHi B Pexomenmanii ITU-R F.1336—4 [10].

Tabauus 3 — Cepenniii BUrpar

0 AG,,, , nb AG,,, ,1b AG , nb
0, 2,95 8,56 5,69
0 12,23 ~49,99 ~13.48
0, 22,52 -29.72 2,06
03 25,40 2521 1,69
04 0,57 ~62,01 22,42
9n5 0,30 —64,76 -32,84
en(, 3,52 -54,33 -28,33

Amnani3z Tabmuni 3 mokasye, 110 Y CepeJHbOMY 3Ha-
4yeHHA Koe(illieHTa ICHICHHS aJaNTHBHOI aHTCHHOI
PEIIITKH B HANIPSIMKY aOOHEHTCHKOI CTaHIIii, III0 CTBOPIOE
KOPUCHHIA CHTHaJ, OibIine Ha 5,69 nb MopiBHAHO 3 CTaH-
JIAPTHOI0 aHTCHHOMO perriTkoro Mepeki LTE-A. YV Toii xe
4yac € CyTTEBE 3MEHIICHHsI Koe(illieHTa MiJICHICHHS aH-
TEHH y HaIlpSMKY 3aBa/IOBUX aOOHEHTCHKNX CTaHIIIH.

3nauenns AG 3HauHO 3aI€KUTHL Bifl KyTOBOi pi3HHULI
MDK HanpsMKaMH KOPHCHOTO Ta 3aBaJIOBOTO CHTHAITY.
VY HampsMKax 3aBaJOBHX CHIHAJIIB 3HAYCHHS BUTpPAILy

AG 3nauno 3MiHIO€ThCS. JlaHmii GpakT 0OYMOBIEHO Bijl-
HOCHO OJIM3BKHM PO3TAIlyBaHHSIM KOPHCHOTO CHUTHAIY Ta
3aBagyl 1 HEMOXIIMBICTIO iX IPOCTOPOBOTO PO3AUICHHS
3aMpOIIOHOBAHO] aTaITHBHOI aHTEHHO{ PEIIiTKH.

Jis KiMBKiCHOI OITIHKM BUTPAIIy y SIKICHUX XapakTe-
PHUCTHKAaX MEpeki OyJI0 MPOBEACHO aHali3 MPOIYCKHOT
3natHocTi LTE-A At pisHUX TUIIB aHTEH VIS TPhOX TH-
miB  kaHaniB OaratonpomeHeBoro momupeHHs (EPA,
ETU, EVA).

Ha puc. 6 300paxeH0 po3MOIiT IPOITYCKHOI 3JaTHOCTI
(TBS, x6it/c) s 50 RB nmpu BukopucTaHHi cTaHIapTHOT
AHTEHHOI PENIiTKY NP MOPIBHIHHI 3 aJaNTUBHOI €KBiIH-
CTaHTHOO JIHIHHOIO aHTCHHOIO PENIiTKOO (pHc. 7).
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Pucynok 6 — Po3mip TpaHcrOpTHOro OJI0KY NpH BUKOPHUCTaHHI
AQHTEHHOIO PELIiTKOIO, TapaMeTpH sIKo1 HaBeneHo B PexomeHna-
uii ITU-R F. 1336-4

EPAS ETUT0  =mEVATO

Kinskiers itepaniii

TBS, xbit/c
Pucynok 7 — Po3mip TpaHCHIOPTHOTO OJIOKY U BUKOPUCTaHHI
aJanTUBHOI JIIHIMHOI eKBIJUCTAHTHOI aHTEHU

Sk BuHO 3 puc. 6—7, IPOIYCKHA 31aTHICTh B MEPEXi
LTE-A cyrtTeBo 30UIbIIy€eThCS IPH BUKOPUCTAHHI 3a1po-
IIOHOBAHO]I aJIallTUBHOI AHTEHHOI CUCTEMHU.

6 OBI'OBOPEHHSI

B ymoBax HasgBHOCTI BHYTpPIIITHHOCHCTEMHHX 3aBaj
MIpU BUKOPHCTAHHI CTAHJAPTHUX aHTEH 0a30BHUX CTaHINH
cepeIHs MPOIyCKHA 3AaTHICTh CTAaHOBUTH Bix 11,2 MGiT/c
o 12,3 Moir/c. [Ipu BUKOpHCTaHHI aIaNTUBHUX aHTEH-
HUX CHCTEM 3a0e3IeUy€eThCsl BUTPAI IMTiACUICHHS aHTCHH
B HAaNpsSIMKy KOPHCHOTO CHUTHAIy Ta OJHOYACHE 3MCH-
IICHHS ITiJICHJICHHS B HANPSIMKY 3aBajiOBUX CUrHAIiB. Lle
3a0e3MeUy€eThCs 32 PaXYHOK aJalTUBHOI 3MIHH MapaMeT-
piB @aHTEHM ILIIXOM MOUIYKY aOOHEHTCHKHMX CTaHIIH, 10
CTBOPIOIOTh HAHOUTBININI piBEHB 3aBaad. Tak I CHTHA-
JB 3aBajy, IO MalOTh HAHOLIBIINIA piBeHBb (HATIPIMKH
05, Ong) cepenHiii Burpam koegimieHTa IIiICHUIICHHS
aHTeHH cTaHOBUTH 32,84 Ta 28,33 nb BimmosigHo. OmHak
B JICAKUX BUITAJKAX CIIOCTEPIraiocs IiIBUIICHHS PiBHS
3aBaJIOBUX CHTHAJIB Yepe3 MOSABY MUPPaKIifHIX MaKCH-
MyMiB KapTHHH BHIIPOMIHIOBAHHS 3allpONOHOBAHOI JIi-
HilHOT aHTEHHOI PEeIIiTKH.

KoedirienT miacuneHss TiHIHHOI €KBiIUCTaHTHOI aH-
TEHHOI PEUIITKHU 3aJIe)KUTh BiJl KUTBKOCTI i €IEMEHTIB Ta
BifgcTaHi MK HUMH. 31 301IBIIEHHSAM KIJIBKOCTI €JIEMEHTIB
30LIBIIY€ETHCS PO3/iIbHA 3JATHICTh PEUIITKH, TOOTO 37aT-
HICTh BIJIOKpEMJIFOBATH CUTHAJI 1 MEPEIIKOH, 1110 HaIX0-
JIITh BiJl MiHIMAJIBHO pi3HMX HampsMkiB. [Tomanemia orm-
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TUMi3alil XapaKTEPUCTUKU CIPSIMOBAHOCTI AHTEHH I10-
TpeOye 30UIbILEHHS! KUIBKOCTI €JIEMEHTIB PEIIiTKH, IO
NPU3BOANUTh 10 3HAYHOTO 30UIBIICHHS MacO-ra0apUTHUX
po3MmipiB Bciei cuctemu. ToMy OfHE i3 MOJANBIINAN 3a-
BJaHb — BHM3HAYUTH ONTHUMAJbHE 3HAYCHHS KIIBKOCTI
€JIEMEHTIB 13 OTPIOHNUM 3HAUYEHHSIM ITiJICHIICHHS.

[IpoBeneHe MoIeNrOBaHHS NPOITYCKHOI 3IaTHOCTI Ha
ninii Bropy mis 50 pecypcHux 6mokiB B Mepexi LTE-A.
BuxigHi mani 11 MoaeroBaHHs HaBeneHl B Ta0i. 2. Taki
napaMeTpu Mepexi MO)KHa BBaXKaTH TUIIOBHMH JUIS I10-
O0ynoBu mepexi LTE-A B yMOBax MiCEKOTO CEpeIOBHIIIA.
IMToka3zaHo, 1m0 3aBISKH BHKOPHCTAHHIO aJANTHBHUX aH-
TEHHUX CHCTEM, CEPEIHs MPOIYCKHA 3aTHICTh 301IbIIY-
erbest 3 11 MOit/c no 35 M6it/c muist ycix THUIIB KaHaIB
momupeHHs, o posrmiganucs: EPAS, ETU70 Ta
EVA70.

BUCHOBKH

HaykoBa HOBHM3Ha OTpHMaHUX pE3yJIBTATiB CKJIaja-
€TBCA y TOMY, IO IJIsI Mepexi pyxomoro 3B’s3ky LTE-A
Ha BHUCXIIHIH JiHI] MOXJIMBO 3MEHIINTH BHYTPIIIHBOCHUC-
TEMHi 3aBajJH, IO CTBOPIOIOTHCS aOOHEHTCHKUMHU CTAHIIi-
SIMA B CYCIIHIX YapyHKax, 3a PaxyHOK 3alpOIIOHOBaHHUX
aJlalTUBHUX AHTCHHHUX PEUIITOK. AAaNTHBHI aHTCHHI pe-
IIITKK JO3BOJISIOTH BPaxOBYBaTH 3MiHHI YMOBH B pajiio-
KaHali Ta TOTOYHY 3aBajoBy 00cTaHOBKY. Jliarpama
CHPSIMOBAHOCTI aHTEHH 3a0e3Ieuye MPOCTOPOBY BHOIPKO-
BiCTh, a caMe MIHIMAJIBHUH PiBEHb Yy HaNpsIMKy 3aBajio-
BUX a0OHEHTCHKHX CTaHI[iH, 0 MAarOTh HAHOUIBIIY ITO-
TY)XHICTh, NUIAXOM ITUHAMIYHOI afamnTarii mapamerpiB
aHTEHW [0 pO3TALIyBaHHS a0OHEHTCHKMX CTaHIIH Ta
YMOB MOIIMPEHHSI CUTHATY.

IIpakTiaHa 3HaYUMICTE POOOTH CKIANAETHCI Y TOMY,
o0 U OMIHKK 30iMBIIEHHS TPOIYCKHOI 3JaTHOCTI TpPH
3aCTOCYBaHHI 3allpOIIOHOBAHOI AHTEHW B CEPEIOBHIIL
Matlab 6yna po3pobiicHa KOMIT'IOTEpHA MOJCIb MEPEexi
pyxomoro 38’513y LTE-A. Tlpu npoBeneHHi Mo/ieItOBaHHS
Oyno BukoHaHo 100 BuIagKOBHX po3MilieHb (iTepariii)
aOOHEHTIB KOPHCHOIO Ta 3aBaJIOBUX CHUTHamiB. Y ce-
penHbOMY 3HAuCHHS Koe(illieHTa MiICHICHHS aIalTUBHOT
AHTECHHOI PEIIITKH B HANPSIMKYy a0OHEHTCHKOI CTaHIIi, 0
CTBOPIOE KOPUCHHUH cUTHAaJN Oinbine Ha 5,69 nb mopiBHIHO
3 CTaHNApTHOIO aHTEHHOIO perriTkoro Mepexi LTE-A.
VY Toi ke 4ac € CyTTeBe 3MeHIlIeHHs! KoeQillieHTa MiJcH-
JICHHS aHTEHH y HaIpsAMKY 3aBaJIOBUX a0OHEHTCHKHX CTa-
HIIiH, a came, I THX, [0 MalOTh HAMOUTBIINI piBEeHb 3a-
BajIy BUrpail craHoBUTh 32,84 nb ta 28,33 nb BiamosigHo.

[Ipu MojenroBaHHI POIYCKHOI 3aTHOCTI BPaXOBaHO,
10 3aJIeKHO Bif SKOCTi B KaHany 3B’s3ky LTE-A BigOy-
BAE€THCS aANTUBHA 3MiHA MOJYJSLIHHO-KOIOBOI CXeMHU
npu Bimomux 3HaYeHHX koedinienra BLER 3HaxomsaTsest
B iHMKaTopax sikocTti kaHainy CQI.

MonentoBaHHS MIPOIMYCKHOI 37aTHOCTI s 50 pecypc-
HUX OJIOKIB ITOKa3ayio, M0 B yMOBaX HAsSBHOCTI BHYTpIII-
HBOCHCTEMHHUX 3aBaJl NPH BUKOPHCTAHHI CTaHIAPTHHUX
aHTeH 0a30BMX CTaHIINH CepemHs NPOIyCKHA 3JaTHICTh
cra”HoBuTh Big 11,2 Moit/c mo 12,3 Mo6it/c. Y Toli ke yac
3aBISIKM BHUKOPHUCTAHHIO AJAaNTUBHUX AHTEHHUX CHCTEM
CepeHs MPOIyCKHA 31aTHICTh 301bmyeThest 3 11 Moit/c
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J0 35 MO6it/c it ycix TUIIB KaHaTiB 6aratornpoMeHEBO-
'O MOLIMPEHHS], 110 PO3IJISAAIUCS.

HepCHeKTI/IBI/I IoJaJIbIINX Z[OCJ'Ii[l)KeHI) BUKOPUCTaHHSA
a/IaTHBHUX aHTEHHUX MACHBIB BKJIIOYAIOTh: BPaxyBaHHS
(haKTHYHNX XapaKTEPUCTUK CIIPSIMOBAHOCTI €JIEMEHTIB
AQHTEHHOT'O MacHBY 3 YPaxyBaHHSM IX B3a€MHOTO BIUIUBY,
a TakoX po3poOKY HOBHX aHTCHHHX CJICMEHTIB 3 IIHPO-
KOCMYTOBHMH BJIACTHBOCTSIMH. TakoX IUIAHY€TBCS MPO-
QHANII3yBaTH BUKOPUCTAHHS aJalTHBHUX aHTCHHHX MacH-
BIB OLIbLI CKJIAHUX KOH(Irypaiiii 3 MOXIMBICTIO 3MEH-
IICHHS O1YHUX MaKCHMYMiB CXEMH BHUIIPOMIHIOBAHHSI, IO
CYTTEBO 30iTBIIUTH PE3yNbTYIOUYE CITiBBIIHOIICHHS CHT-
Hau1 / (3aBaja + mIym).

MNOJSIKHN
JlociimKeHHs] BUKOHAHO B paMKax HayKOBO-JOCIIIHOT
poboTn «HOBITHS KOHIEIIIsl yIpaBIiHHS Ta IepeaBaH-
Hs iH(OopMaIii i3 3aCTOCYBaHHSIM aIalTHBHUX TEXHOJIOTIH
B KaHaJax BiJe03B’s3Ky BiHCHKOBO-IIUBIIBHOTO IpPH3HA-
YeHHS» Ha 3aMOBIICHHS MIiHICTEpCTBa OCBITH 1 HayKH
VYkpainn, peectpanirinuii Homep 01170006808
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HCHOJb30BAHUE ATAIITUBHBIX AHTEHHBIX PEHIETOK JIJISI YBEJTMUEHMS ITPOITY CKHOM
CIIOCOBHOCTH CETH LTE-A

MakoBeenko JI. A. — KaHI. TeXH. HayK, JOI. Kad. TEIEBUICHUS U paaHoBelIaHusi, | 0CyaapCTBEHHBIH YHUBEPCUTET MHTEIUICK-
TyaJIbHBIX TEXHOJIOTHH U CBS3U, YKpauHa.

Cugens C. B. — xaHJ. TeXH. HayK, CT. BUKI. Ka. TEIEBUICHUS U PaJUOBEIIAHNS, HAyIHO-UCCIEAOBATEIBCKOTO IIEHTPA Telle-
KOMMYHMKAIIMOHHBIX CUCTEM U CeTel CBsI3H, ] 0Cy1apCTBEHHBII yHUBEPCUTET UHTEIUICKTYaIbHBIX TEXHONOTUH U CBS3H, YKpauHa.

MnasBekmii B. B. — kaHA. TexH. HayK, CT. BUKI. Kad). TEJIEBUICHUS U pajuoBenanus, ['ocy1apcTBEeHHbIH YHHBEPCUTET HHTEII-
JICKTYQJIbHBIX TEXHOJIOTUH U CBA3M, YKpauHa.

AHHOTALUA

AKTyanbHOCTh. Clienansl NPEATIoKEHNs] 0 BO3MOXHOCTH MCIIOJIb30BAHUS aJAlITUBHBIX AHTEHHBIX PEIIETOK AT YBETHUYECHHS
MIPOIYCKHOH CIIOCOOHOCTH B ceTsX MOOMIbHOM cBsi3u LTE-A 1 mpoaHann3upoBaHbl BEIUTPHILI OT €€ WCIONB30BaHUS 110 CPABHEHHUIO
CO CTaHAAPTHBIM TUIIOM aHTEHHBI 0a30BBIX CTAHIINIL.

Lean. Llensio cTaThy SBISETCS aHAIU3 HPOIMYCKHON crOCOOHOCTH ceTn MoOmMiIbHOH cBsi3 LTE-A Ha Bocxopsied JIMHUH TIpH
KCIIOJIb30BAHUY aJ]alITUBHOM JIMHEHHON SKBUIUCTAaHTHOU aHTCHHOM PEIICTKH.

Metoa. [lns mocTikeHus pesyibTaTa ObLTa pa3paboTaHa KOMITBIOTEpHAs MOJIENb aHaIM3a IOMEXOBOH OOCTAaHOBKU CETH MO-
OMJIBHOI CBSI3M B BHJE IUIOCKOI PEryJIipHOI IeKcaroHaJbHOW aHTEHHOW pPEIeTKH, KOTOpask COCTOMT M3 7 TPEX CEKTOPHBIX SYEeK.
JU71st OLIeHKH BBIUTPHINIA OT MCHOJIB30BaHMs aIalITUBHBIX AHTEHHBIX PEIIETOK OBLIN MPOAHAIM3HPOBAHBI Ba BapHAHTA: IPH UCIIOJb-
30BaHUU CTaHIApTHOM aHTeHHOH pemeTku cetu LTE-A, u ananTuBHO# TMHEHHON 3KBUANCTAaHTHON aHTEeHHOW perueTku. [Ipu npose-
JICHUU MOJEIHUPOBaHUs ObuU10 BhIMogHEeHO 100 ciaydaiiHbIX pa3MelieHnit aDOHEHTOB MOJIE3HOTO U IOMEXOBBIX CUTHAJIOB M PACCUUTAH
MHHUMANIbHBIA, MAKCHMAJIBHBIH M CPEIHUH BBIMTPHIII OT HCIIOJIBb30BAHUS aNAalTUBHBIX aHTEHHBIX pEUIeTOK. B cpennem 3HaueHne
ko3 buIHeHTa YCHICHHS ISl aAalTUBHOW aHTCHHOH PENIeTKH B HAIIPaBICHUH a0OHEHTCKOI CTAHIMHU CO3JAaeT IOJE3HBIH CUTHAI
6ombire Ha 5,69 1b 1o cpaBHEHHIO cO cTaHAApTHOW aHTeHHOHU pemerkoil cetn LTE-A. B 1o jke BpeMs eCTh CyIIeCTBEHHOE YMEHb-
nreHre ko3 GUINEeHTa yCUICHNS aIalITUBHON aHTEHHBI B HAIIPABJICHUH IIOMEXOBBIX A0OHEHTCKHX CTaHIMH, a IMEHHO, JUIl HMEIo-
IUX HauOOJIBIINI YpOBEHb IIOMEXH BhIMIphII cocTaBiudeT 32,84 nb u 28,33 nb coorBercTBeHHO. JIJ1s HAIIAAHOTO 1TOKA3a BBIMIPHI-
I1a B KAYECTBEHHBIX XapaKTEPUCTHKAX CETH OBUI IIPOBEJCH aHAIIM3 MIPOITYCKHOM CIOCOOHOCTH JUIsl pa3JIMYHbIX TUIOB aHTeHH. [Ipex-
CTaBJICHO paclpeiejieHue MPOIyCKHOI cnocoOHOCTH (pa3Mep TpaHCIIOPTHOro 6ioka) Mt 50 pecypcHBIX OJIOKOB MPH UCIOJIB30Ba-
HUS aallTUBHON SKBUAMCTAHTHOM JINHEHHON aHTEHHON PELIETKH 110 CPAaBHEHMIO CO CTaHAAPTHON aHTEHHON PELIETKOM.

PesyabTarsl. Iloka3ano, uro Gmaromapsi MCTIOIB30BAHHUIO aJANTHBHBIX AHTCHHBIX CHCTEM CPEAHSS IPOIyCKHAsl CIIOCOOHOCTH
yBenmuuBaercs ¢ 11 Mout / ¢ 1o 35 MoOuT / ¢ 11 BcexX TUIOB KaHAJIOB PaCIIPOCTPAHEHHS, KOTOPBIE PACCMATPHBAIINCH.

BriBoasbl. B cTaThe npeanoskeHo MCHOJIB30BAaHNE aIAalITHBHBIX aHTEHHBIX PEIICTOK JUIS YBEIHYEHHS IPOITyCKHOH CIIOCOOHOCTH
cetu LTE-A. MogenupoBanue ImpoIryCKHOH criocoOHOCTH it 50 pecypCHBIX OJIOKOB ITOKA3alo, YTO B YCIOBHSAX HAIUYUS BHYTPH-
CHCTEMHBIX [IOMEX HPH MCHOJIB30BaHUU CTaHIAPTHBIX aHTEHH 0A30BBIX CTAHIMH CPEIHSS IPOIyCKHAsi CIIOCOOHOCTH COCTABISIET OT
11,2 Mb6ut / ¢ no 12,3 Mout / ¢. B T0o ke BpeMms Giiaromapsi HCIONIB30BAHUIO aJalTUBHBIX aHTCHHBIX CHCTEM CPEIHSS MPOITYCKHAsS
crocoOHOCTh yBenuuuBaercs ¢ 11 Mout / ¢ 1o 35 M6urt / ¢ [uis BceX THIIOB KaHAaJOB MHOTOJIYYEBOTO PacHpOCTPAHECHHS, KOTOPHIC
paccMaTpHBaNHUCh.

KJIFOYEBBIE CJIOBA: ajanTuBHas MOIYJISIUS M KOIUPOBAHUE, MPOITyCKHAS CIIOCOOHOCTH, aJalTHBHAs aHTEHHA, TPAaHC-
MOPTHBIN OJIOK, TOMeXa.
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ABSTRACT

Context. The aim of the article is to analyze the throughput of the LTE-A mobile network on the uplink using an adaptive linear
equidistant antenna array.

Objective. Suggestions have been made for the possibility of using adaptive antenna arrays to increase bandwidth in LTE-A mo-
bile networks and analyze the benefits of its use compared to the standard type of base station antenna

Method. To achieve this result, a computer model of noise analysis of the mobile network in the form of a flat regular hexagonal
antenna array consisting of 7 three-sector cells was developed. To estimate the benefit from the use of adaptive antenna arrays, two
options were analyzed: when using a standard antenna array of the LTE-A network, and an adaptive linear equidistant antenna array.
During the simulation, 100 random placements of subscribers of useful and interference signals were performed and the minimum,
maximum and average gain from the use of adaptive antenna arrays was calculated. The average value of the gain for the adaptive
antenna array in the direction of the subscriber station, which generates a useful signal of 5.69 dB more than the standard antenna
array of the LTE-A network. At the same time, there is a significant reduction in the gain of the adaptive antenna in the direction of
the interference subscriber stations, namely, for those with the highest interference level, the gain is 32.84 dB and 28.33 dB, respec-
tively. To clearly show the gain in the qualitative characteristics of the network, a bandwidth analysis was performed for different
types of antennas. The bandwidth distribution (transport block size) for 50 resource blocks using an adaptive equidistant linear an-
tenna array compared to a standard antenna array is presented.

Results. It is shown that due to the use of adaptive antenna systems, the average bandwidth increases from 11 Mbit/s to 35 Mbit /
s for all types of distribution considered channels.

Conclusions. The article proposes the use of adaptive antenna arrays to increase the bandwidth of the LTE-A network. The simu-
lation of bandwidth for 50 resource blocks showed that in the presence of internal system interference when using standard antennas
of base stations, the average bandwidth is from 11.2 Mbps to 12.3 Mbps. At the same time, due to the use of adaptive antenna sys-
tems, the average bandwidth increases from 11 Mbit/s to 35 Mbit/s for all types of multipath channels considered.

KEYWORDS: adaptive modulation and coding, capacity, adaptive antenna, transport block, interference.
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ABSTRACT

Context. The question of constructing a method of two-sided approximations for finding a positive solution of the Dirichlet prob-
lem for a semilinear elliptic equation based on the use of the Green’s functions method is considered. The object of research is the
first boundary value problem (the Dirichlet problem) for a second-order semilinear elliptic equation.

Objective. The purpose of the research is to develop a method of two-sided approximations for solving the Dirichlet problem for
second-order semilinear elliptic equations based on the use of the Green’s functions method and to study its work in solving test
problems.

Method. Using the Green’s functions method, the initial first boundary value problem for a semilinear elliptic equation is re-
placed by the equivalent Hammerstein integral equation. The integral equation is represented in the form of a nonlinear operator
equation with a heterotone operator and is considered in the space of continuous functions, which is semi-ordered using the cone of
nonnegative functions. As a solution (generalized) of the boundary value problem, it was taken the solution of the equivalent integral
equation. For a heterotone operator, a strongly invariant cone segment is found, the ends of which are the initial approximations for
two iteration sequences. The first of these iterative sequences is monotonically increasing and approximates the desired solution to
the boundary value problem from below, and the second is monotonically decreasing and approximates it from above. Conditions for
the existence of a unique positive solution of the considered Dirichlet problem and two-sided convergence of successive approxima-
tions to it are given. General guidelines for constructing a strongly invariant cone segment are also given. The method developed has
a simple computational implementation and a posteriori error estimate that is convenient for use in practice.

Results. The method developed was programmed and studied when solving test problems. The results of the computational ex-
periment are illustrated with graphical and tabular informations.

Conclusions. The experiments carried out have confirmed the efficiency and effectiveness of the developed method and make it
possible to recommend it for practical use in solving problems of mathematical modeling of nonlinear processes. Prospects for fur-
ther research may consist the development of two-sided methods for solving problems for systems of partial differential equations,
partial differential equations of higher orders and nonstationary multidimensional problems, using semi-discrete methods (for exam-
ple, the Rothe’s method of lines).

KEYWORDS: dirichlet problem for a semilinear elliptic equation, positive solution, strongly invariant conic segment, hetero-
tone operator, method of two-sided approximations, Green’s function.

B NOMENCLATURE KC, is a cone of non-negative functions in C(Q) ;
C(Q) is the Banach space of functions continuous in K(Ug) is a set of functions from K, such that
the domain Q ; aly < U< Bugy, where o, B>0;

G(x,s) is the Green’s function of the boundary value T is a heterotone operator;

problem;
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T is a companion operator for the heterotone operator
T

u® is the exact solution of the boundary value prob-
lem;

|u|| is the norm in the space C(Q) ;

<o w

the heterotone operator T ;

> is a cone segment, strongly invariant for

{v(k)} is a sequence of lower approximations;

V" is a boundary of the sequence of lower approxima-
tions;

{W(k)} is a sequence of upper approximations;

w" is a boundary of the sequence of upper approxi-
mations;

A 1is the Laplace operator;

k>0 is a parameter in the Helmholtz operator

A—x2u ;
0 is zero element of the Banach space;
< is a sign of semi-ordering in C(Q) , which is intro-

duced by the cone I, .

INTRODUCTION

The problem of mathematical modeling of many sta-
tionary processes considered in chemical kinetics, biol-
ogy, combustion theory, etc. [1-4], leads to the necessity
for finding a positive solution of the Dirichlet problem for
a semilinear elliptic equation. Due to this, the problem of
developing new and improving existing methods of nu-
merical analysis of this class of problems is relevant.

The object of the study is the Dirichlet problem for a
second-order semilinear elliptic equation.

The subject of the research is the method of two-
sided approximations for solving the boundary value
problems for the second-order semilinear elliptic equa-
tions.

Currently there are many methods for the numerical
analysis of the boundary value problems for semilinear
elliptic equations. Among them, one can single out, in
particular, the methods of finite differences, finite ele-
ments, boundary integral equations, artificial neural network
technique [1, 5—11] or successive approximations with
two-sided convergence [12—14]. The methods of the last
group allow to construct two sequences of functions that
approximate the desired solution of the problem from
below and from above, respectively. Due to this, when
implementing these methods, one has a convenient a pos-
teriori estimate of the approximation error, and, conse-
quently, a convenient criterion for the termination of it-
erations. This makes the methods of two-sided approxi-
mations more attractive in comparison with other methods
that are used to solve boundary value problems for se-
milinear elliptic equations.

The purpose of the research is to develop a method
of two-sided approximations for solving the Dirichlet

© Gybkina N. V., Lamtyugova S. M., Sidorov M. V., 2021
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problem for second-order semilinear elliptic equations
based on the use of the Green’s functions method and to
study its work in solving test problems.

1 PROBLEM STATEMENT
The problem of finding a positive solution of a se-
milinear elliptic equation with the homogeneous Dirichlet
condition is considered in the paper:

Lu=f(x,u), xeQ, )
u(x)>0, xeQ, 2
Upn =0, (€)

where Lu=-Au or Lu E—Au+1<2u, Q is the Jordan

measurable domain from R?> or R® with piecewise
smooth boundary 0Q (Q=QuUdQ), A is the Laplace

2 2
operator, X= (X, Xp), A:a—2+—2, if Qch, and
X OX3
? * .

3
X=(X, %X, %), A=—+—+—,if QcR".
ot X3 ox3

Let us assume that the function f(x, u) is continuous

and positive for xeQ, u>0.
The operator A is the Laplace operator and the opera-

tor A—«? is the Helmholtz operator. The problem (1)-
(3) often appears as a mathematical model of the nonlin-
ear stationary processes considered in thermal physics,
electromagnetism, biology, chemical kinetics, etc. [1, 2,
4]. In this case, the positivity condition (2) naturally arises
from the meaning of the function U in a particular field.

2 REVIEW OF THE LITERATURE

The construction of two-sided approximation methods
for solving the boundary value problems for partial differ-
ential equations is based on the use of the theory of
nonlinear operators in semi-ordered spaces.

The theory of linear semi-ordered spaces was con-
structed by L. V. Kantorovich in the second half of the
30s of the XX century [15, 16]. Further development of
the methods of this theory is associated with the works of
M. A. Krasnoselsky [17], H. Amann [18], V. 1. Opoitsev
[19], N. S. Kurpel, B. A. Shuvar [20, 21], A. 1. Kolosov
[22].

In [17, 18, 23, 24], the existence of the positive solu-
tions of the equations with monotone operators was inves-
tigated, and in [19, 25], the solvability of the equations
with operators that have the generalized property of
monotonicity (the so-called heterotone or mixed mono-
tone operators) was explored. When proving the corre-
sponding theorems of existence, the sequences of func-
tions, which on both sides converged to the solution of the
investigated problem, were constructed. As examples of
applications of this theory, the questions of the existence
of positive solutions of the boundary value problems for
nonlinear ordinary differential equations, boundary value
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problems for nonlinear partial differential equations and
integral equations were considered. In these works, the
theoretical foundations for the development of two-sided
iterative schemes were laid, but the iterations themselves
were considered by the authors as an auxiliary means of
proving the existence theorems for fixed points of opera-
tors, and there were no computational results.

In [20, 21], the equations and inequalities in which the
operators do not have the monotonicity property are con-
sidered, and for them two-sided monotonic iterative proc-
esses are constructed. In [22], it was obtained a generali-
zation of the theory of the heterotone operators, which
were applied, in particular, to finding the approximate
solutions of the boundary value problems with a free
boundary for nonlinear ordinary differential equations.

The works [12—14] are devoted to the development of
two-sided iterative schemes for solving the boundary
value problems for partial differential equations as means
of applied mathematics with bringing them to computa-
tional implementation. But only problem (1)—(3) with

Lu=-Au and f(x,u) which has a power-law or expo-

nential monotonic nonlinearity was investigated.
The boundary value problems for the equation (1) in

case LU=—AU+ KU were not considered.

This work continues the studies begun in [12—-14, 26]
and is aimed at their generalization and extension to the
equation with the Helmholtz operator.

3 MATERIALS AND METHODS
To study the solvability of the problem (1)—~3) and
numerically finding its solution, let us construct a method
of two-sided approximations using the methods of the
theory of nonlinear operators in semi-ordered spaces [17,
19, 27].
If G(x,s) is the Green’s function of the problem (1)—

(3), then the problem (1)—(3) is equivalent to the Ham-
merstein’s integral equation

u(x) = [ G(x,)f (5,u(s))ds . @
Q

Let us consider equation (4) in the Banach space
C(Q) of functions continuous in Q . The norm in C(Q)

is introduced by the rule ||u||=m%<|u(x)|. In C(Q) one
Xe.

selects the cone K, = {ueC(Q):u(x)>0, xeQ} of non-
negative functions. The cone K, in C(Q) is normal (and

even sharp). Using the cone K, in the space C(Q), let us
introduce the semi-ordering by the rule:

for u,veC(Q) u<v,ifv-uek,,
that is,

u<v,if u(x)<v(x) forall xeQ.
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If there exists a classical solution of the problem (1)-
(3), that is a function u” eCz(Q)mC(f_z) that satisfies

the equation (1) and conditions (2), (3), then this function
also satisfies the equation (4). If there is no classical solu-
tion, then the integral equation (4) can be taken as the
basis for the definition of a generalized solution of the
problem (1)—(3).

Definition. A solution (generalized) of the boundary
value problem (1)~(3) is a function u* e K., which is a
solution of the integral equation (4).

With equation (4) one associates a nonlinear integral
operator T acting in C(Q) according to the rule

TU)(x) = [ G(x,9) f (s,u(s))ds . )
Q

Let us find out what properties the operator T of the
form (5) has.
The Green’s function G(x,s)

x,s€Q, x#s, and there are the estimates

is continuous for

lnL y R?,

Xs

0<G(x,8)<kg

OSG(x,s)Sk—O y R3,

XS

where Iy =|x—s| is the distance between points x and

S.
From these estimates and from the conditions imposed
on the function f(x, u), it follows that the operator T of

the form (5) acts in the space C(Q) and leaves the cone
KC, invariant, thatis, T is a positive operator.

Also, the operator T of the form (5) is Ug -positive
operator, where the function uy(x) belongs to I, \{6},
is defined by the equality

Up(x) = J. G(x,s)ds
Q

(6)

and is the solution of the problem
Lu=1, xeQ,

”|aQ:0'

The property of Ug -positivity follows from the fact
[17]: if Qg is some subdomain of the domain Q , more-
over, W) >0, then there is such y=7y(€,)>0, that
the following inequality holds

ij(x,s)dsS J G(x,s)ds .
Q Q



e-ISSN 1607-3274 PagioenekTpoHika, inpopmaTuka, ynpasminas. 2021. Ne 3
p-ISSN 2313-688X Radio Electronics, Computer Science, Control. 2021. Ne 3

If ue, \{0}, then for some oy >0 there is a set
0y < Q such that n(Qy) >0 and f(x, u(x))>a, for all
x € Q. Then for all xeQ

TU)(X) = [ G(x.5) f (s,u(s))ds >

Q
> [ G(x,5)f(s,u(s))ds >
QO
>0y I G(x,s)ds > (xoyj G(x,s)ds = oyUg(X) .
Q, Q

On the other hand, for all x e Q

TW)(X) = [ G(x,5) f (s,u(s))ds <
Q
<max f(x,u(x))- J G(x,s)ds =
xeQ) 0
= maé( f(x,u(x))-Ug(x).

Thus, there will be double inequality for all x € Q
aly(x) < [ G(x,5) f (s,u(s))ds < Buy(x) , ™
Q

where a=o0gy >0, B=max f(x,u(x))>0, which is the
xeQ)

definition of the Uy, -positivity of the operator T .

A constructive study of the equation (4) (and, conse-
quently, of the problem (1)—(3)) with the opportunity of
constructing two-sided approximations to its positive so-
lution is possible if the function f(x,u) has the

monotonicity property.
Let the function f(x,u) allows a diagonal representa-
tion f(x,u)= f(x,u,u) , where the nonnegative function

f (x,v,w), continuous in the set of variables x, v, w,

monotonically increases with respect to v and monotoni-
cally decreases with respect to w for all x € Q. Then the
operator T of the form (5) will be heterotone one with
the companion operator

T, W(x) = [ G(x, 8) f (s, V(s), W(s))ds .
Q

®)

Obviously, the operators T and T are completely
continuous.
If the function f(x,u) monotonically increases with

respect to U for all xeQ, then one can choose
f(x,v,W): f(x,v) and the companion operator is de-
fined by the equality

T (v, W)(x) = [ G(x, 8) f (s, V(s))ds . ©)
Q

© Gybkina N. V., Lamtyugova S. M., Sidorov M. V., 2021
DOI 10.15588/1607-3274-2021-3-3

For a function f(x,u) monotonically decreasing with
respect to U, one can put f(x,v, w) = f(x,w), and then
the companion operator will have the form

T, W)(x) = [ G(x, ) f (5, W(s))ds .
Q

(10)

If for any positive numbers v, W, for any t e (0, 1)

f(x,rv,le>rf(x,v,w),er, (11
T
then the heterotone operator T of the form (5) for which

the operator T of the form (8) is companion one will be
pseudo-concave and, moreover, Ug -pseudo-concave with

the function Uy(x) of the form (6).
Actually, for any v, we K, \{0}, the inequality (7)
implies that

ol (x) < _[ G(x,s) f(s, V(s), W(s))ds < Bug(x),
Q

(12)

where >0, B>0, that is T(v,w)e K(uy) for any
v, we K, \{6}. Here, K(uy) is a set of functions from
KC, such that auy < u < pug, where a, $>0.

Suppose now that v, weK(uy), thus there are
o= (V)>0,  By=pW>0,  apy=0a,(W)>0,
By =Br(W)>0 such that oyl <V Py,
alg KW Byuy. For te(0,1) consider the difference

T (rv, le—rf(v, W) :
T

T (rv, le (x) =T (v, W)(x) =
T
= [G(x, s){ f Es, (s), lw(s))—rf (s, V(s), W(s))}ds .
Q T

Then it follows from the inequality (11) and the condi-

tion of continuity of the function f(x,v,w) that

T (rv, le —tT(v,w)>0, while

T

T (rv, le T (v, w)# 0, which means the pseudo-
T

concavity of the operator T .

Further, from the inequalities (11), (12) it follows that
forall xeQ

T (w, le (x) =T (v, W)(x) =
T

= [G(x, s)[ f (s, (s), lw(s)) —1f (s, V(s), W(s))} ds >
Q T

2 ayUp(X) ,

29
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where 0 >0.
Then, applying inequality (12) again, one gets that for
all xeQ

[Gx.9f [s,rv(s),lw(s)j ds >

Q T

> [ G(x,5) f (5,v(s), W(s))ds + o (x) =
Q

> r[l +ﬂj [ G(x.8) (5.v(5). W(s))ds .
Bt)g
So for all xeQ there is the inequality
j G(x,s) f (s, rv(s),lw(s)j ds>
o T

> t(1+m) [ G(x,5) f (s, V(s), W(s))ds ,
Q

where n=n(v,w, 1) = % >0, which means u -pseudo-
T

concavity of the operator T .

Thus, the following statement holds.

Lemma. The operator T of the form (5), where
G(x,s) is the Green’s function of the problem (1)—(3),

considered in the space C(Q), semi-ordered by the cone
IC, of nonnegative functions, has the following proper-
ties:

a) it is a positive operator;

b) it is Ug-positive operator, where the function
Ug(x) is defined by the equation (6);

¢) it is a heterotone operator for which the operator T
of the form (8) is a companion one if the function f(x,u)

allows a diagonal representation f(x,u)= f(x,u,u),

where the function f(x,v, w), continuous in the set of

variables x, V, W, monotonically increases with respect
to v and monotonically decreases with respect to w for
all xeQ);

d) if inequality (11) holds, then it is a pseudo-concave
and even U, -pseudo-concave operator, where the func-

tion Uy(x) has the form (6).

Further one will assume that the operator T of the
form (5) is heterotone one with the companion operator of
the form (8). Let us construct a method of two-sided ap-
proximations for finding a positive solution of the integral
equation (4) (and, therefore, of the boundary value prob-
lem (1)—(3)).

In the cone K, one distinguishes a strongly invariant

0 ,0

cone segment <V ,W > by the conditions

'f(vo,wo) > VO, 'f(WO,VO) < WO, which for the operator

T, that is determined by the equality (8), take the form:

forall xeQ
© Gybkina N. V., Lamtyugova S. M., Sidorov M. V., 2021
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[60x ) s, v0(5), W (s)ds 2V (), (13)
Q
[Gx. 9)f (s, w(s), vO(s)ds <w’(x) . (14)
Q
According to the scheme
VD 0 (0 |
one will form an iterative process
Vo =[x ) f s v, W, (5
Q
Wk =[G o) s, W), v spds, (6
Q
k=0,1,2, ...,
VO =v(x), WO @) =w(x). (17)

Due to the strong invariance of the cone segment
<v?,w’ > and the heterotonicity of the operator T , for
which the operator T isa companion one, let us conclude

that the sequence {V(k)(x)} does not decrease along the
cone K, , and the sequence {W(k)(x)} does not increase
along the cone K, . In addition, from the normality of the
cone K, and the complete continuity of the operator T it

follows that there are boundaries v*(x) and w*(x) of
these sequences. So, the chain of inequalities is confirmed

Vv v« v < <vt g

<w <o <w® < cw® <@ =0

There are two possible cases: V' <w" and v* =w". In

the second case U :=v" =w" is the only fixed point of

0

the operator T on the cone segment <V0,W >, and

therefore U™ is the unique solution of the considered

boundary value problem on < vowd >,

Functions v*(x) and W"(x) is the solution of the sys-

tem of equations V= f(v, w), W =f(w, V), which in this
case has the form:

V(x) = [ G(x,8) f (5,v(s), W(s))ds , (18)
Q

w(x) = [ G(x,5) f (s, W(s),v(s))ds .
Q

19
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The equality V' =w" will be satisfied if the system

(18), (19) does not have on < VO,WO

VEW.
Thus, the following theorem holds.
0

> such solutions that

Theorem 1. Let <V, w’> be a strongly invariant
cone segment for a heterotone operator T of the form (5)
with the companion operator T of the form (8) and the

system of equations (18), (19) has no solutions on

<0 w0

(15)=(17) converges in the norm of the space C(Q) to the

unique on <v?,w > continuous positive solution u* of

the boundary value problem (1)—(3), and a chain of ine-
qualities holds

> such that v#w. Then the iterative process

(20)

As one sees, it follows from the chain of inequalities

(20) that each of the cone segments < V(k), w® > s
k=0,1,2, .., is a strongly invariant cone segment for the
heterotone operator T of the form (5) with the compan-

ion operator T of the form (®).

The chain of inequalities (20) characterizes the itera-
tive process (15)—(17) as two-sided one.

The conditions for the existence of a unique positive
solution of the boundary value problem (1)—(3) and the
two-sided convergence of successive approximations
(15)—(17) to it can be refined by clarifying the conditions
under which the system of equations (18), (19) does not
have solutions such that v#w on some of the strongly

invariant cone segments < v(k), wk) >, k=0,1,2,...
One of the conditions that will ensure the implementa-

tion of the equality v =w" is the condition of the exis-
tence of such y € (0;1) that

“’f (V, W) —'I:(W,v)“ <yv-w]

for all v,we< VO,WO >,

Suppose there exists such number L >0 that the func-

tion f(x,v, w) for all numbers v, W such that
O<v,w<M,, where M, :mazwo(x), and for all
xeQ)

x € Q satisfies the inequality
f(x,w,v)— f(x,v,w)‘ <Ljw-v|.

e2y)

Then

© Gybkina N. V., Lamtyugova S. M., Sidorov M. V., 2021
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[ cwv) =T v W = max(F ()0 =T v, w01 =
= max [ G )L f (s, w(s),v(s))— f (5,v(s), W(s))]ds <
Xe Q

< LM max[w(x) - Vv(x)] = LM |w-v],
xeQ)

where M =max Uy(x) .
xeQ

Therefore,

”‘I:(W,v) ~T(v, W)“ <LM|w-v]|. (22)
It is clear that inequality (22) implies an estimate
“W(k+1) vl < (LM R [w© _V(O)“ ' (23)

Thus, the equality v* =w" will hold if y=LM <1,

and then the following theorem is valid.

Theorem 2. Let <v?, w’> be a strongly invariant

cone segment for the heterotone operator T of the form

(5) with the companion operator T of the form (8) and
the condition (21) holds, moreover, y=LM <1, where

M =maxuy(x) . Then the iterative process (15)-(17)
xeQ)

converges bilaterally in the norm of the space C(Q) to a

unique on < v? w® > continuous positive solution u* of

the boundary value problem (1)—(3), and the estimate (23)
takes place.

Another condition that the system of equations (18),
(19) does not have solutions such that v w on a strongly

invariant cone segment <VO,W0 > is the condition that

the heterotone operator T of the form (5) with the com-
panion operator T of the form (8) is Ug -pseudo-concave.
Then, taking into account assertion d) of the lemma, one
arrives at the following result.

Theorem 3. Let <V, w’ >c K(ug) be a strongly in-
variant conic segment for the heterotone operator T of

the form (5) with the companion operator T of the form
(8) and the condition (11) holds. Then the iterative proc-
ess (15)—~(17) converges bilaterally in the norm of the

0

space C(Q) to a unique on <V0,W > continuous posi-

tive solution U™ of the boundary value problem (1)—(3).
Let us now consider the partial cases when the func-
tion f(x,u) only monotonically increases or only mono-

tonically decreases with respect to U .
If the function f(x,u) monotonically increases with

respect to U and f(x,v, w) = f(x,V) is chosen, then the

companion operator T is given by the equality (9), and
the conditions (13), (14), which distinguish a strongly

31
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invariant cone segment <V0,W0> (in this case, the

strong invariance coincides with the common invariance
of the operator T ), look like: for all x € Q

[Gx.)f (s (s)ds 2V (x) ,
Q

[Gx.s)f(s.w(s)ds<w’(x).
Q

24)

(25)

As one can see, each of the inequalities (24), (25) in-
dependently of the other ones distinguishes its end of the

cone segment <v®,w® >

For the function f(x,u) monotonic in U, the system
of equations (18), (19) has the form

V(x) = [ G(x,5) f (5,v(s))ds ,
Q

W(x) = [ G(x,s) f (s, W(s))ds
Q
and the condition that this system does not have on

< VO,W0 > solutions such that v #w turns into the condi-

tion for the existence of a unique solution of the equation

4.
The condition (21) turns into the usual Lipschitz con-
dition for the function f(x,u): there exists a number

L >0 such that the function f(x,u) for all numbers v,

w such that 0 <v, w< Mg, where M, = max w’(x), and
xeQ

for all x e Q satisfies the inequality

[f(x,v)— f(x,w)|<Llv—w

) (206)

and condition (11) of u, -pseudo-concavity takes the fol-

lowing form: for any positive number U and for any
te(0,1)

f(x,tu)>1f(x,u), xeQ. 27)

Thus, if there exists a strongly invariant cone segment

<VOwl s, distinguished by the conditions (24), (25),

and at least one of the conditions (26) or (27) is satisfied,
then successive approximations that are formed according
to the scheme

VD)= 69 fs.v O )ds . k=0,1,2 .. (g
Q

Wk ) =[G f (s W @)ds, k=012, ., (59
Q

vOx) =v?(x), wOx)=w’(x), (30)
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converge bilaterally to a unique on < VO,W0 > continuous

positive solution u” of the boundary value problem (1)-

3).
As can be seen from (28)—(30), for a function f(x,u)

monotonic with respect to U, the lower {V(k)(x)} and

upper {W(k)(x)} approximations form two independent

sequences, and in the computational organization of the
iterative process, their formation can be carried out using
the technologies of computations parallelization.

For a function f(x,u), which decreases monotoni-

cally with respect to U, if f(x,v, w) = f(x,w) is chosen,

the companion operator T is given by the equality (10),
and the conditions (13), (14), which distinguish a strongly

invariant cone segment < VO,W0 >, take the form: for all
xeQ
[Gx.8)f(s.w(8))ds=v(x), 31
Q
[Gx.9)f(s,v0(s)ds <w’(x). (32)
Q

The system of the equations (18), (19) for the antitone
with respect to U function f(x,u) has the form

V(x) = [ G(x,5) f (5, W(s))ds,
Q

W(x) = [ G(x,) f (s,v(s))ds .
Q

The condition (21), as in the monotone case, turns into
the usual Lipschitz condition for the function f(x,u):
there exists a number L >0 such that the function

f(x,u) for all numbers v, w such that 0 <v, w< My,

where Mg = max WO(x), and for all xeQ satisfies the
xeQ)

inequality

|f(x,w)— f(x,v)|<Ljv—w], (33)
and the condition (11) of U, -pseudo-concavity takes the

following form: for any positive number U and for any
t€(0,1)

f(x,lu)>rf(x,u), xeQ. 34)
T

Thus, if there exists a strongly invariant cone segment

<v%,w® >, distinguished by the conditions (31), (32),

and at least one of the conditions (33) or (34) is satisfied,
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then successive approximations that are formed according
to the scheme

VD (x) = [G(x, ) f (s, W (s))ds, k=0,1,2, ...
Q
Wk () = [G(x,9) (s, v(s))ds, k=0,1,2,...,
Q

VO x) =v'(x), wOx)=w(x),

0,0

converge bilaterally to a unique on <Vv",W" > continuous

positive solution u” of the boundary value problem (1)—
3).

At the K -th iteration, as an approximate solution of
the boundary value problem (1)—(3), the following func-
tion is taken

w0 (x) + v (x)

K (x) =
u =
@ 2

(35)

Then one will have a convenient a posteriori error es-
timate for the approximate solution (35):

u* —u(k)” < lmag((w(k)(x) —V(k)(x)) ,
2 xeQ

which is an undoubted advantage of the constructed two-
way iterative process.
So, if the accuracy €>0 is given, then the iterative
process should be carried out until the inequality
magc(w(k) x)- v (x)) <2

xeQ

(36)

is satisfied and with an accuracy of ¢ it can be assumed
that

u*(x) ~u®(x).

In addition, from the conditions of Theorem 3 an a
priori estimate of the error can be written:

k
u* —u(k)” <X max(w’(x)-v0(x)).
2 xeQ

Then from the inequality

k
u* —u<">“ <X max(w?(x)=v'(x) <&
2 xeQ

one finds that to achieve the accuracy of ¢ it is necessary
to make

© Gybkina N. V., Lamtyugova S. M., Sidorov M. V., 2021
DOI 10.15588/1607-3274-2021-3-3

max(W’ (x) -V’ (x))
In xeQ

ko(e) = = +1
In—-
LM

iterations, where square brackets denote an integer part of
the number.

The strongly invariant cone segment <V0, w? >,

which is distinguished by the conditions (13), (14), is an a

priori estimate for the unknown exact solution u*. We

further it will be given the general recommendations for

0, w® > . Since T(v, w) € K(ug) for

finding a segment <V
any Vv, we K, \ {6}, the ends of a strongly invariant cone

0 .0

segment <V ,W’ > can be sought in the form

vo(x) =aly(x), Wo(x) =Bug(x), where 0 <o <f3. Then
the inequalities (14), (15) take the form: for all xeQ

[ G(x, 8) (s, g (s). Bug(s))ds = aug (x) ,
Q

[ G(x, 8) (s, Bug(s), cutig(s))ds < Buy(x) .
Q

These inequalities can be reduced to a form

< h , O, N > ,h 5 O, 5
o < mig (x5 0, B), B max h (X5 o, B) (37)

where
hy(x; 0, B) = (j2 % £ (s, alg(5), Bl ($))ds

G(x,s)
h(x; a, B) =
> (X; o, B) gj2 0D

f (s, BUg(s), awy(s))ds .

The value of mag((w0 (x)- v x))=(pB-a)M should
xeQ

be as small as possible for faster convergence of itera-
tions, and therefore, in the practical implementation of the
iterative process (15)—(17) one should take the largest o
and the smallest (3, satisfying inequalities (37).

4 EXPERIMENTS
The computational experiment was performed for the
problems (1)—(3) with the right part of the form

fx,u)=auP+pu?, (38)

where p,q>0, A, u>0.

33
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For a function f(x,u) of the form (38) it was chosen

f(x,v, w)=AvP + uw ™9 and the corresponding operators
(5), (8) have the form

T(U)(x) = j G(x,s)[Au(s)? +pu(s)~%]ds
Q

TV,W)(x) = [ G(x,9)[Av(s)P +pw(s) ]ds,
Q

where G(x,s) is the Green’s function for the operator

Lu=—Au or Lu=-Au+x’U in the area Q .
The pseudo-concavity condition (11), written for the
function f(x,u) of the form (38), leads to the inequality

At(t p-l —vP + ur(rq71 -Hw >0,

which will be performed for all te€(0,1), v,w>0, if
0<p<l,0<qg<l.
The ends of a strongly invariant cone segment

0 ,0

<v?, w® > will be sought in the form v°(x)=auy(x),

w? (x)=Pug(x), where O<o <P, and the function

Ug(x) has the form (6). Further, let us find

h(x; o, B) =

JG(X -S) A Lo (8)1P + uBug (5)] }ds =

o Yo (®)

PP (x) + EO),
Bq

hy (x; o, B) =

G5 6 18U0 (1P + ot (s)] s =

Q UO(X)

=ABPP(x) +-L0(x),
OLCI

where
¥ = SR e
0= . ) s

Let us denote
m; = min ¥'(x), M; =max ¥(x),
xeQ) xeQ)

m, =min O(x), M, =max O(x) .
xeQ xeQ)
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Then inequalities (36) for finding o, 3, take the form

a<amolf +umyp™d, B>aAMBP +uM,a . (39)
The iterative process (15)—(17) in this case will take
the form

+ M
v () = J.G(x,s){k[v(k)(s)]p +W}ds, (40)

Q

wk D (x) = | G(x,s){k[w(k)(s)]p (k)—}ds A1
Q v (s)1°
k=0,1,2, ..,

VO (x) = aug(x), W (x) = Bug(x) . (42)
Thus, if 0< p<1, 0<qg<1, then the problem (1)-(3)

with Lu=-Au or Lu=-Au+x?u and a function

f (x,u) , which has the form (38), for any A, u>0 has a

unique positive solution u*(x), to which the iterative
process (40)—(42) converges bilaterally.

In order to construct an approximate solution of the
problem (1)—(3) it is necessary to find o, p (0<a<P)
as a solution of the system of inequalities (39) (the highest
value o and the lowest value B will be the solution of
the corresponding system) and taking some & >0 (calcu-
lation accuracy), implement the iterative process (40)—
(42) to perform the inequality (36). The approximate solu-
tion of the problem will be further determined by the for-
mula (35).

The numerical implementation of the process (40)—
(42) was performed using the PYTHON language. For

computational experiments it was chosen e=10"" , the
integrals in (40), (41) were calculated with the accuracy

1076 by an adaptive procedure based on Gaussian quad-
rature with previous piecewise linear interpolation with

the same accuracy of functions v(k)(x) , W(k)(x) .

5 RESULTS
The results of solving the problem (1)—(3) in a unit

circle Q= {XZ(Xl,Xz):Xlz + X22 <1} and a unit sphere
Q={x=(X,%,%3): xlz + x% + x32 <1} with Lu=-Au
and Lu=—-Au+x2u for the function f(x,u) of the form
(38) for p=q =% and A =pu =1 are given in Tables 14

and in Fig. 1-10.

Let us consider the results of a computational experi-
ment for the problem (1)—(3) with the Laplace operator:
Lu=-Au. In the case of a unit circle, the Green’s func-
tion of the Laplace operator has the form
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I’zp2 —2rpcos(p—vy)+1

1
G(ra o, P, \V) =—1In
4n

Xp=rcos@, X, =rsin@, S, =pcosy, S, =psiny,
0<r<1,0<¢<2m,

r’— 2rpcos(o—y)+ p2 ’

and in the case of a unit sphere it has the form

G(r,0,9,p, 9, y)=
1 1 ) 1
an \/I’Z—ercosy+p2 \/r2p2—2rpcosy+l

cosy =cosBcos9+sinBsinJcos(p—vy),

E

X =rsin@cos@, X, =rsin@sing, X; =rcos0,
S =psindcosy, S, =psinIsiny, S3=pcosH,
0<r<1,0<0<m,0<0p<2n.

For the problem (1)—(3) with the right-hand side of the
form (38) and the Laplace operator considered in a unit
circle, it is found that o =0.83292, B =1.97354, and the

accuracy £=10"* was achieved on the 12-th iteration,
and ] =0.5636.

Figure 1 shows graphs of the upper W(k)(x) (solid

line) and lower v(k)(x) approximations (dashed line),
k=0,1,..,12, in cross section X, =0.

Table 1 shows the values of the approximate solution
um)(x) of the problem (1)—(3) with the Laplace operator

considered in a unit circle at the

", 0)=(0,1i;0), i=0,1, ..., 10.

Each iteration was performed for an average of
185 sec., the total operating time of the program was
37 minutes.

points

w®(21,0), 1P (2 ,0)

A

-1.0 -0.5

Figure 1 — Graphs of the upper W(k)(x) and lower V(k)(x)

approximations (in cross section X, =0) to

the solution of problem (1)—(3) with the Laplace
operator considered in a unit circle
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Table 1 — Values of the approximate solution u12 (x)
of the problem (1)—(3) with the Laplace operator considered in a

unit circle at the points (x(, 0) = (0,1i; 0), i=0, 1, ..., 10

(x®,0) | (0,0) | (0.;0) | (0.2;0) | (0.30) | (0.4;0)

u?(x,0)| 0.5636 | 0.5584 | 0.5427 | 0.5166 | 0.4798
(x",0) | (0.5;0) | (0.6;0) | (0.7;0) | (0.8;0) | (0.9;0)

u@(x,0)| 0.4322 | 03734 | 0.3028 | 0.2195 | 0.1211
(x",0) & 0)

u? 2,00 0

Figures 2 and 3 show the surface and the level lines of

the approximate solution u(lz)(x) , respectively.

: / ;’7;’"' LAY QAN A~
I’l’ll"'zg’.bw\\}‘,%

7/
0.2 /”"' %\ .
0.0L" (,””, LNORY,0.5
Y ()():Q ’
0 Y
5 1.0

Figure 2 — Graph of the surface of the approximate
solution u(lz)(x) of the problem (1)—(3) with the

Laplace operator considered in a unit circle

For the problem (1)—(3) with the right-hand side of the
form (38) and the Laplace operator considered in a unit
sphere it is found that o =0.56568 , B =1.73173, and the

accuracy £=10"* was achieved on the 12-th iteration,
and [u?) = 0.4134.

1.0

-1.0 3
-1.0 -0.5 0.0 0.5 1.0

Figure 3 — Level lines of the approximate solution
u(lz)(x) of the problem (1)—(3) with the Laplace

operator considered in a unit circle
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Figure 4 shows graphs of the upper W(k)(x) (solid

line) and lower v(k)(x) approximations (dashed line),

k=0,1,..,12, in cross section X, =0, X3 =0.

w®(@1,0,0), v¥(@1,0,0)

~1.0 -0.5 0.5 Figure 5 — Level surfaces of the approximate solution
u(lz)(x) of the problem (1)—(3) with the Laplace

Figure 4 — Graphs of the upper w() (x) and lower v x)
operator considered in a unit sphere

approximations (in cross section X, =0, X3 =0)

to the solution of problem (1)—(3) with the Laplace 2

2 . ..
operator considered in a unit sphere m = Hom> Mnm is M-th positive root

of the equation J,(n)=0,

Table 2 shows the values of the approximate solution
12) ) PP W(l) (r,0) =3, (ryAym)cosno,
ut“’(x) of the problem (1)—(3) with the Laplace operator ( %)
considered in a wunit sphere at the points m (1,9) = Jy (ryAnm )sinno,
™. 0)=(0,1i;0), i =0,1,..,10. Wi (P 1) = I (PfAnm ) cos ny

Each iteration was performed for an average of W(2) J % Ysinn
207 sec., the total operating time of the program was (P-¥) = Jn(Pym) v
41,4 minutes. Won|[* = =1+ 80 )LIp ()12

Figure 5 shows, respectively, the level surfaces of the ” nm” 2 no L n i nm
approximate solution u(? (x). 8o = {1’ n=0,

Let us now consider the results of a computational ex- 0, n=12,..,
periment for the problem (1)—(3) with the Helmholtz op- X =rcosQ, Xy =rsing, S =pcosy, S, =psiny,
erator: LU=—AU+k>U. In the case of a unit circle, the 0<r<l1,0<¢<2m,
Green’s function of the Helmholtz operator at x=1 has
the form and in the case of a unit sphere it has the form

B 0.0 v)= G(r, 0, 9. p. 9, ) =
2 2 Wi (r,ow (p,y) + WA (r,o)wZ (o, 1 1
Z m (7> @)Wnm (P \'2 - nm(1 @)W (- W) _ i i = wlh (16,00 (p,9, W,
n=0m=1 [Wam||~ Genm +1) by o ot "ank” Gorge +1)
(12) 2 & & W (r,0,ow ), (0,9, v)
Table 2 — Values of the approximate solution U* ~’(X) z z z mk mk \M>
of the problem (1)—(3) with the Laplace operator n=0m=1k=1 ”ank " Ap +D

considered in a unit sphere at the points
oV, 0)=(0,1i;0), i1 =0,1, .., 10
(x",0, 0) (0,0,0) | (0,1;0,0) | (0.2;0;0) | (0.3;0;0)
u™(x,0,0)| 0.4134 0.4098 0.3987 0.3803

Ank = an , Upk is k -th positive root

of the equation J {(n)=0,
n+=

W(l)k(r 0,0)= —J 1(Mnkr)an(cos6)cosm(p,

(x",0) | (0.4,0;0) | (0.5:0:0) | (0.6:0:0) | (0.7:0;0) f +
u™x?,0) 0.3542 0.3204 0.2783 0.2275 ) 6. Pm 0
X0 | 0800 | 0900 | 00 Wik (T 0,0) = T 1(unkr) (cosB)sinme,

u@(x,0) | 0.1666 0.0936 0
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1

Wi (0,9,W)=—=J | (upP)Pr" (cos 9) cosmy
N
1 .

W2 (0,9,)=—=3 | ()P (cos §)sinmy
Jo nil

P\"(z) are associated Legendre functions,

2 2
) _w® |7 =
ank “ - ank “ -

2
_ AR (1+3po)(n+m)!|
T 2n+D(n—m)! J%(Mnk) :

1,
Sij = 0

X; =rsin@cos@, X, =rsinOsing, X3 =rcos0,

i=]j,
i#],

S =psinJcosy, S, =psinIsiny, S3 =pcosY,
0<r<1,0<06<n,0<0p<2m.

For the problem (1)—(3) with the right-hand side of the
form (38) and the Helmholtz operator at k =1 considered
in a unit circle it is found that o =0.69148 ,  =1.93356,

and the accuracy €= 10™* was achieved on the 12-th it-

eration, and “u(lz)u =0.4853.

Figure 6 shows graphs of the upper W(k)(x) (solid

line) and lower v(k)(x) approximations (dashed line),

k=0,1,..,12, in cross section X, =0.

u,'”")(.r), 1'(/‘"(,1')

-1.0 -0.5 0.5

Figure 6 — Graphs of the upper w (x) and lower v (x)

approximations (in cross section X, = 0) to the solution of

problem (1)—(3) with the Helmholtz operator considered in a
unit circle

Table 3 shows the values of the approximate solution
u1?(x) of the problem (1)~(3) with the Helmholtz op-
erator considered in a wunit circle at the points

(Xl(l), 0):(0,“’ 0)’ i :O’ 1, cees 10.

© Gybkina N. V., Lamtyugova S. M., Sidorov M. V., 2021
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Table 3 — Values of the approximate solution u2 (x)
of the problem (1)—(3) with the Helmholtz operator
considered in a unit circle at the points

(", 0)=(0,1i50), i=0,1,..., 10

(x,0) (0,0) | (0.,0) | (0.2;0) | (0.3;0) | (0,4;0)
u™(x,0)| 0.4853 | 0.4811 | 0.4687 | 0.4478 | 0.4182
(x,0) (0.5;0) | (0.6;0) | (0.7;0) | (0.8,0) | (0.9;0)
u™®(x®,0)| 0.3793 | 0.3305 | 0.2709 | 0.1988 | 0.1114
(x",0) (1 0)
u“z)(xf”,O) 0

Each iteration was performed for an average of
195 sec., the total operating time of the program was
39 minutes.

Figures 7 and 8 show the surface and the level lines of

the approximate solution u(lz)(x) , respectively.

For the problem (1)—(3) with the right-hand side of the
form (38) and the Helmholtz operator at k =1 considered
in a unit sphere it is found that o=0,49891,

B=1,74257, and the accuracy &= 10 was achieved on

the 12-th iteration, and ”U(IZ)H =0,3761.

Figure 9 shows graphs of the upper W(k)(x) (solid

line) and lower v(k)(x) approximations (dashed line),
k=0,1,..,12, in cross section X, =0, X3 =0.

Table 4 shows the values of the approximate solution
u1?(x) of the problem (1)~(3) with the Helmholtz op-
erator considered in a unit sphere at the points
oM, 0)=(0,1i;0), i=0,1,...,10.

N

1.0

Figure 7 — Graph of the surface of the approximate

solution u(lz)(x) of the problem (1)—(3) with the
Helmbholtz operator considered in a unit circle
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1.0

0.0

-1.0
-1.0 -0.5 0.0 0.5 1.0

Figure 8 — Level lines of the approximate solution
u(m(x) of the problem (1)—(3) with the Helmholtz
operator considered in a unit circle

w®(z ,0,0), v® (2 ,0,0)

4y

-1.0 -0.5 0.5

Figure 9 — Graphs of the upper w (x) and lower v (x)
approximations (in cross section X, =0, X3 =0)

to the solution of problem (1)—(3) with the Helmholtz
operator considered in a unit sphere

Table 4 — Values of the approximate solution u? x)
of the problem (1)—(3) with the Helmholtz operator
considered in a unit sphere at the points

oV, 0)=(0,1i; 0), i1 =0,1, .., 10

(x,0,0) | (0,0,0) | (0.1;0,0) | (0.2;0;0) | (0.3;0;0)
u?(x",0,0)| 0.3761 0.3729 0.3635 0.3477
(x,0) (0.4;0;0) | (0.5,0;0) | (0.6;0;,0) | (0.7;0;0)
u?(x®,0) | 03253 0.2957 0.2586 0.2130
x,0) (0.8;0;0) | (0.9;0;0) | (1;0;0)
u?x,0) | 01575 0.0895 0

Each iteration was performed for an average of
223 sec., the total operating time of the program was
44,6 minutes.

Figure 10 shows, respectively, the level surfaces of the

approximate solution u(? (x).
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0.0 “"-\_;m . |/
Hal 05 ‘"'*-_,l,
| O
Figure 10 — Level surfaces of the approximate solution
u1?)(x) of the problem (1)~(3) with the Helmholtz

operator considered in a unit sphere

6 DISCUSSION

The analysis of the results shows that the method of
two-sided approximations is an effective numerical
method for solving the boundary value problems of the
form (1)—(3) with the Laplace and Helmholtz operators.
Its advantages include convenient a posteriori error esti-
mation, iteration completion criterion and easy to imple-
ment algorithm. Analyzing the results of the computa-
tional experiment, one can see that for the test problem in
the approximate solution, the correct sign after the comma
is set in about two or three iterations. Considering the

. €
relation kil S

€k

k=0,1,..,10, where

ek ~ L ax@w® x) = v (x)) . k is the number of itera-
2 xeQ

tion, it can be seen that the iterative sequence has a geo-
metric rate of convergence. At the same time, when
switching to a three-dimensional problem, the program
runtime increased, but the convergence rate remained
almost unchanged. It can also be noted that in the transi-
tion to the case of three-dimensional space, the length of
the initial strongly invariant cone segment decreased,
which indicates a better (compared to the two-
dimensional case) choice of initial approximations. The
solution norm in the three-dimensional problem also
turned out to be less than for the two-dimensional one.
Figures 1, 4, 6, and 9 clearly demonstrate the two-
sided nature of the convergence of the constructed itera-

tive sequences {v(k)(x)} and {W(k)(x)} according to the
chain of inequalities (20): at each k -th iteration the un-

known exact solution u*(x) of the problem is above the
approximation v(k)(x) and below the approximation

w (x) .
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CONCLUSIONS

The problem of constructing two-sided approxima-
tions to the positive solution of the first boundary value
problem for a semilinear elliptic equation of the second
order with the Laplace operator and the Helmholtz opera-
tor is solved.

The scientific novelty of the obtained results is that
the method of two-sided approximations for solving
nonlinear operator equations with a heterotone operator in
terms of its application to the boundary value problems
for a semilinear elliptic equation of the second order has
been further developed, and for equations with the Helm-
holtz operator this method is used for the first time. The
developed method has a number of advantages, such as a
convenient a posteriori estimation of the error of the ap-
proximate solution and a simple computational algorithm.
This distinguishes it from other numerical methods for
solving nonlinear boundary value problems for second-
order semilinear elliptic equations and makes it attractive
for application in engineering practice.

The practical significance of the results obtained lies
in the fact that the method proposed has shown itself well
in solving test problems, allows fast software implementa-
tion, which will permit carrying out highly invariant com-
putational experiments when solving practical problems
of mathematical modeling of nonlinear processes.

The limitations in using the method can be associated
with the conditions imposed on the behavior of the func-
tion f(x,u), which are stated in Theorems 1, 2, and 3,

and also with the fact that for the area Q the Green’s
function of the corresponding differential operator must
be known.

The prospects for further research are the extension of
the method of two-sided approximations developed in this
work to the boundary value problems for equations of
elliptic type with other boundary conditions and to initial
boundary value problems for parabolic and hyperbolic
equations, using semi-discrete methods (for example, the
Rothe’s method of lines).
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Solution of the First Boundary Value Problem for Nonlinear

VK 517.988 : 519.632
METO/ IBOBIYHUX HABJWKEHb HA OCHOBI BUKOPUCTAHHS ®YHKIIII T'PIHA IOBYJIOBU JJOJJATHOI'O
PO3B’SI3KY 3AJAYI JIPIXJIE /151 HAIIBJIHIAHOI'O EJIOITUYHOI'O PIBHSIHHSI

T'udkina H. B. — kaua. TexH. HayK, JOLCHT, JOICHT Kad. NPUKIAJAHOI MATEMAaTHKH, XapKiBChbKHUI HALlIOHAIBHUN YHIBEPCUTET pajioere-
KTpoHikH, XapkiB, YKpaiHa.

JlamTtiorosa C. M. — kaHJ. ()i3.-MaT. HayK, JIOLUEHT, JJOLUEHT Kad. BUILOI MaTeMaTHKH, XapKiBCbKUH HalliOHAIbHUH YHIBEPCUTET MiChKO-
ro rocnogapcrsa imeHi O. M. Bekerosa, Xapkis, Ykpaina.

CunopoB M. B. — 1-p ¢i3.-mar. Hayk, q01eHT, npodecop Kad. MPUKIATHOI MATEMATHKU, XapKIBChKHI HAI[IOHATbHINA YHIBEPCUTET pa-
JOeNIeKTPOHIKH, XapKiB, YKpaiHa.

AHOTALISA

AKTYyaJIbHiCTh. PO3rIIsIHYTO MUTAaHHS TOOYA0BH METOY ABOOIYHUX HAOIMKEHb 3HAXOKSHHS TOJJATHOTO PO3B 13Ky 3aaadi Jlipixue mis
HAMIBJIIHIHHOTO ENTUYHOTO PIBHSHHS Ha OCHOBI BUKOpUCTaHHS MeTona ¢yHKii ['pina. O0’ekTOM AOCTIKEHHS € mepiia KpaioBa 3a/1a4a
(3apaua [lipixiie) Uit HaNiBJIiHIKHOTO €MINTUYHOIO PIBHAHHS JAPYTOro MOPSIKY.

Merta. MeToro po6oTH € po3poOKa Ha OCHOBI BUKOPHCTaHHS MeToy (yHKIiH I'piHa MeToqy nB0oOIYHHX HAONIKEHb PO3B’SI3aHHS 3a/1adi
Jipixse ast HAMIBTIHIHHUX ENINTUYHUX PIBHSIHB APYTOr0 MOPSAKY 1 JOCTIIKEHHS HOro poOOTH MPH PO3B’si3aHHI TECTOBUX 3a7ad.

Mertoa. 3a nonomororo Metoay ¢yHkuii ['piHa BuxiqHa nepia KpaioBa 3aaava Al HalmiBIIHIHHOTO eTINTHYHOTO PIBHSAHHS 3aMiHIOETh-
Csl eKBIBAJICHTHUM IHTErPaJIbHUM PiBHAHHAM ['ammepiuTeiina. IHTerpanbHe piBHIHHS MOJAETHCSA Yy BUITIS/I HEJIHIHHOTO ONEpaToOpHOro pis-
HSHHSI 3 TETEPOTOHHUM OIEPaTOPOM 1 PO3IIISIAETHCS Y MIPOCTOPI HeNepepBHUX (YHKIH, KU HAMiBYIOPSIKOBAHO 32 JONOMOTOI0 KOHyCa
HeBix eMHUX QyHKIIN. 3a po3B’s130K (y3aranpHeHHUiT) KpaioBoi 3aa4i MpUHMaEMO pO3B 30K €KBIBAJICHTHOIO IHTErPaIbHOTO piBHSAHHSA. [lyist
TeTePOTOHHOIO OIepaTopa 3HAXOJUTHCS CHIIBHO IHBapiaHTHHH KOHYCHHM BIJIPi30K, KIiHII SIKOTO € NMOYaTKOBMMH HAOJIMKCHHSIMH JUIS ABOX
iTepaniiiHux nocninoBaoctei. Ilepma 3 uX iTeparifHUX MOCIIJOBHOCTEH € MOHOTOHHO 3POCTAal0uOI0 1 HAOIIKae ITyKaHUH PO3B’ 30K Kpa-
1OBOI 3a7ayi 3HU3Y, a Apyra € MOHOTOHHO CHAIHOIO i HabmwKae Horo 3Bepxy. HaBeneHo yMOBH iCHYBaHHS €JMHOTO JOJATHOTO PO3B’SI3KY
posrisayBaHoi 3anadi [ipixie Ta 1Bo6iuHOT 301KHOCTI 0 HBOTO IMOCHIJOBHUX HaONmkeHb. Tako) HaBEICHO 3arajibHi peKOMEHAlil 3 mo-
Oyll0BH CHJIBHO iHBAapiaHTHOIO KOHYCHOTO Bijpi3ka. Po3po0ieHuil MeTon Mae pocTy 0OYMCIIOBANIbHY peai3alliio i 3py4Hy Ul BUKOPHC-
TaHHS Ha IIPAKTUILl allOCTEPiOPHY OLIHKY TOXHOKH.

Pe3yabraTu. Po3pobienuii MeTo MporpaMHO peai3oBaHO Ta AOCIIKEHO MPH PO3B’s3aHHI TECTOBHX 3a1ad. Pe3ynbTaté 00uMCIOBa-
JILHOT'O EKCIIEPUMEHTY MPOLTIOCTPOBAHO rpadivuHOI0 Ta TAOIMYHOI 1H(OPMALisIMU.

BucnoBku. [IpoBeeHi eKCIIepUMEHTH HiITBEPAMIIN NPALE3AaTHICTh Ta €EKTHUBHICT PO3POOIIEHOT0 METO/1a 1 IO3BOJISTIOTH PEKOMEH/TY-
BaTH WOTO /Ul BUKOPUCTAHHS Ha MPaKTHUI NMPU PO3B’S3aHHS 33]a4 MAaTEeMAaTHYHOTO MOJEIIOBaHHS HeMiHifHMX mporeciB. [lepcriekTiBu
MOJANBIINX JTOCTIKEHb MOXKYTh MOJISITATH y PO3POOIICHHI JBOOIYHUX METO/IIB PO3B’SI3aHHsI 33124 /ISl CUCTEM PIBHSHb 3 YACTHHHUMH ITOXi-
JTHUMH, PIBHSHb 3 YACTHHHUMH MOXIJIHUMHU BUILIUX MOPSAKIB Ta HECTALlIOHAPHUX 0araTOBUMIPHUX 3a]a4, BAKOPUCTOBYIOUH HAMIBINCKPETHI
METOIM (HAIpPUKIa, MeTOA npamux Pore).

KJIFOYOBI CJIOBA: 3anaua [lipixje 1uis HamiBIiHIIHOTO EMINTHYHOTO PIBHAHHS, H0JATHUIT PO3B 30K, CUIIBHO 1HBapiaHTHUI KOHYC-
HUI BiIPi30K, F€TEPOTOHHUI OTIEepaTop, METO/1 ABOOIYHIX HaOMMmKeHb, QyHKLis [ piHa.

YK 517.988 : 519.632
METO/I IBYCTOPOHHMX NMPUBJIMKEHU HA OCHOBE UCIIOJIb30BAHUSA ®YHKIIMU I'PUHA IIOCTPOEHUS
MOJIOKUTEJILHOI'O PEIIEHUSA 3AIAYU JUPUXJIE JJI HOJYJIUHEAHOIO SJIJIMITUYECKOTO YPABHEHUS

I'mokuna H. B. — xaHx. TexH. HayK, JOUEHT, JOIEHT Kad. MpHKIaHONH MaTeMaTHKH, XapbKOBCKUI HAIlMOHAIBHBIN YHUBEPCHUTET pa-
TINO2JIEKTPOHUKHU, XapbhKOB, YKpanHa.

JlamTioroBa C. H. — kaHz. ¢u3.-mar. HayK, JIOIEHT, AOLCHT Kad). BbICIICH MaTeMaTHKH, XapbKOBCKHI HAIMOHAIIbHBIH YHUBEPCHUTET TO-
poackoro xo3stiictBa umenu A.H. bexeroa, XapbkoB, YkpauHa.
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AHHOTALUA

AKTYyaJIbHOCTB. PaccMOTpeH BOIIPOC MOCTPOEHUSI METOJIa JIBYCTOPOHHUX MPHOIIMKEHUI HAX0XKICHHS TTOJIOXKUTENILHOTO pelleH s 3a/1a-
yn Jlupuxiie Ui IMOTyIMHEHHOrO 3IUIMITHYECKOr0 YpaBHEHHS Ha OCHOBE HCIONIb30BaHUA MeTona (yHknuit ['puHa. OOBEKTOM HCCleoBa-
HUS SBISIETCS TIepBas KpaeBas 3a/1a4a (3agava Jlupuxiie) juist moayJIMHEHHOTO SJIIMITHYECKOT0 YPaBHEHHUS BTOPOT'O TOPSIIIKA.

Ileub. Llenb paboThl COCTOUT B pa3pabOTKe Ha OCHOBE MCIIONb30BaHHs MeToja GyHKui ['puHa MeTo[a IBYCTOPOHHHUX NMPUOIMKEHUH
peuenys 3aga4n Jlupuxie Uit MOTyTHHEHHBIX JUIMNTHYECKUX YPAaBHEHHH BTOPOro MOPsAKAa U UCCIENOBAHUS €ro paboThI MIPU PElIeHUH
TECTOBBIX 3a71a4.

Merton. C nomoueio Metoaa GyHkuuit ['puHa ncxoaHas nepBas KpaeBas 3aqada JJisl MOJTYJIMHEHHOrO SJUIMITHYECKOTO YpaBHEHHS 3a-
MEHSIETCs] SKBUBAJICHTHBIM MHTErpalibHbIM ypaBHeHHeM ['ammepiuteiina. MHTerpanbHoe ypaBHEHHE HPEICTABIASTCS B BUJE HEIMHEHHOrO
OIIEPATOPHOTO YPaBHEHHS C FeTEPOTOHHBIM OLEPATOPOM M PaCCMATPUBACTCS B MPOCTPAHCTBE HENPEPHIBHBIX (YHKIIMIL, IOITYyHOpsIoueH-
HOM KOHYCOM HeoTpHuaTesbHbIX QyHKuil. B kauecTBe pemenus (0000LIEHHOr0) KpaeBoii 3a1a4i IPUHUMACTCS PELICHUE YKBUBAIEHTHOTO
MHTETPaJIbHOTO ypaBHEHUs. [lJIsl reTepOTOHHOTO ONepaTopa HaXOANTCS CHIBHO MHBAapHAHTHBIH KOHYCHBIH OTPE30K, KOHI(bI KOTOPOTO SIBJIS-
I0TCS Ha4aJIbHBIMM TPUOIKEHUSIMU JUISL IBYX MTEPALlMOHHBIX HocienoBaTenbHocTel. [lepBast U3 3THX UTE€PALMOHHBIX I1OCIEN0BATENIbHO-
CTell SBIIETCS MOHOTOHHO BO3pacTaiomeil i mpuOImkaeT HCKOMOE PellleHre KPaeBol 3ajaui CHHU3Y, a BTOpas ABISICTCS MOHOTOHHO yOBI-
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BAaOIIeH ¥ NMpUOIIDKAeT ero cBepxy. IIpuBeseHBI yCIOBHSA CYIICCTBOBAHMS CAUHCTBEHHOTO IOJOKHUTEIBHOTO PELICHUS paccMaTpHBacMOU
3amau Jlupuxie u IByCTOPOHHEH CXOJMMOCTH K HEMy IMOCIeNOBaTeldbHbIX NpuOmmkeHuil. Takke npuBeaeHsl 00IMe PEKOMEHAAINH 10
MOCTPOCHUIO CHJIBHO MHBAPUAHTHOTO KOHYCHOTO OTpe3Ka. Pa3paboTaHHBIN METOA MMEET NMPOCTYIO BBIYMCIUTENBHYIO Pealn3aluio 1 ya00-
HYIO JUISl HCTIONIb30BAHUS Ha PAKTHKE allOCTEPHOPHYIO OLIEHKY IOIPELIHOCTH.

Pe3yabTaThl. Pa3paboTaHHBIM METOJ MPOrpaMMHO pealM30BaH M HCCIENOBAaH IPH PELICHUH TECTOBBIX 3a1ad. Pe3ynbTaThl BEIYHCIH-
TEJIHOTO 9KCIIEPUMEHTA IPOMILTIOCTPHPOBAHBI rpadUuecKoil U TaONIUYHON HHPOPMALMIMH.

BeiBoabl. [IpoBeneHHbIE SKCIEPHUMEHTHI MOATBEPIMIN paboTOCIOCOOHOCTh U APPEKTUBHOCTh pa3padOTaHHOTO METO/A U TO3BOJISIOT
PEKOMEH/IOBATh €ro JJIsl HCIOJIb30BaHHMs HAa NPAKTHKE MPU PEICHUM 3a7ady MaTeMaTH4eCKOro MOJIENUPOBAHUS HEIUHEHHBIX IPOLECCOB.
INepcrieKTHBBI HaNbHEHIINX HCCIEIOBAHUI MOTYT 3aKIIIOYaThCS B Pa3pabOTKe IBYCTOPOHHUX METOIOB PELICHHUS 33/1ad JUIL CHCTEM ypaBHE-
HUH B YaCTHBIX MPOU3BOHBIX, YPABHEHUH B YACTHBIX MPOU3BOIHBIX BBICIIMX MOPSIKOB M HECTAIMOHAPHBIX MHOTOMEPHBIX 3a/1au, UCIOJIb-
3y Oy IUCKPETHBIE METO/BI (HAIIPHUMEpP, METOA MPSIMBIX Pote).
KJ/IFOYEBBIE CJIOBA: 3aga4a Jlupuxie sl NOTyIMHEHHOTO 3JUTMITHYECKOTO YPaBHEHHUS, MIOJIOKUTENBHOE PEIIEHUE, CUIbHO HHBA-
PHAHTHBINA KOHYCHBIH OTPE30K, T€TEPOTOHHBIH OMepaTop, METO/ AIBYCTOPOHHUX NpUOImKeHni, Gpynkuus ['puna.
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ABSTRACT

Context. Providing the problem of fast calculation of the modular exponentiation requires the development of effective algo-
rithmic methods using the latest information technologies. Fast computations of the modular exponentiation are extremely necessary
for efficient computations in theoretical-numerical transforms, for provide high crypto capability of information data and in many
other applications.

Objective — the runtime analysis of software functions for computation of modular exponentiation of the developed programs
based on parallel organization of computation with using multithreading.

Method. Modular exponentiation is implemented using a 2k-ary sliding window algorithm, where K is chosen according to the
size of the exponent. Parallelization of computation consists in using the calculation of the remainders of numbers raised to the power
of 2' modulo, and their further parallel multiplications modulo.

Results. Comparison of the runtimes of three variants of functions for computing the modular exponentiation is performed. In the
algorithm of parallel organization of computation with using multithreading provide faster computation of modular exponentiation
for exponent values larger than 1K binary digits compared to the function of modular exponentiation of the MPIR library. The MPIR
library with an integer data type with the number of binary digits from 256 to 2048 bits is used to develop an algorithm for comput-
ing the modular exponentiation with using multithreading.

Conclusions. In the work has been considered and analysed the developed software implementation of the computation of modu-
lar exponentiation on universal computer systems. One of the ways to implement the speedup of computing modular exponentiation
is developing algorithms that can use multithreading technology on multi-cores microprocessors. The multithreading software im-
plementation of modular exponentiation with increasing from 1024 the number of binary digit of exponent shows an improvement of

computation time with comparison with the function of modular exponentiation of the MPIR library.
KEYWORDS: modular exponentiation, parallel computation, multithreading, big numbers.

ABBREVIATIONS
GMP is a GNU Multiple Precision Arithmetic library;
ME is a modular exponentiation;
MT is a multithreading;
MPIR is a Multiple Precision Integers and Rationals
library.

NOMENCLATURE
a is a base integer value;
b is an integer value of the exponent;
by is a binary bit of b;
b.i is a binary digit;
C is an integer value;
exp is exponent;
k is a number of bits of b;
n is an integer value of the module;
mpz_t is a type of big numbers MPIR library;
quit_thread is a number of threads; _
Ri is a result of the multiplication of exponent 2' of the
number a under modulo n;
S_cv is a variable of synchronizations;
S_mutex is an object for interacting;
X is a discrete logarithm;
y is an integer value of modular exponentiation.
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INTRODUCTION

The task of developing an effective computational al-
gorithm for ME for big numbers is relevant enough to
solve the problems of modern asymmetric cryptography,
for efficient computation of number-theoretic transforms,
digital signatures and other applications [1].

The object of study is the process of analysis the de-
veloped software implementation of the computation of
ME. The iteration impedes of the organization of parallel
computations and does not provide high-speed computa-
tion of a ME in available computational resources of mul-
ticores computer systems. Therefore, one directions for
speedup the computing of ME is to improve the software
implementation using MT technology.

The subject of study is the parallel organization of
computation of ME based on the use the bits of the binary
exponent with MT execution of the computation.

The purpose of the work is to increase the speed of
computation of ME based on MT technology of computer
systems in comparison with the function of modular ex-
ponentiation of the MPIR library.

1 PROBLEM STATEMENT

The computation of directional function of ME is in
the form

y=a’mod n . )
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Many efficient algorithms for computing a discrete
logarithm X use the determination of ME

a* =y(mod n) . )

After all a discrete logarithm is considered to be unidirec-
tional function to ME, since it is difficult to compute it for
a conditionally acceptable time.

There is an algorithm [2] for computing of ME, which
uses the product of two integers modulo and the calcula-
tion of the square of an integer modulo. However, this
algorithm to perform the computation of the integer
power of a number modulo uses sequentially recursive
operations of the product of two integers modulo and the
square of an integer modulo.

One of the ways to implement the speedup of compu-
tation of ME is the parallelization of computation using
MT technology in universal computer systems.

2 REVIEW OF THE LITERATURE

Many efficient algorithms use the determination of
ME [3], which is characterized by considerable computa-
tional complexity and is compared with performing fac-
torization of a number [4]. An analysis of the algorithms
and their implementation for computing of ME shows the
widespread use of iterative procedures among crypto-
graphic software libraries designed for big numbers [5],
which results in low efficiency in the use of available
computational resources in multicores computer systems.
In the book [2] an algorithm for computing a ME is de-
scribed, that to use the binary form of representation of an
integer number of exponent. Starting with the most sig-
nificant bit of integer exponent, sequentially for each sub-
sequent bit based on the computed values from the previ-
ous iteration is determined the result of the computation
of the ME. However, iteration process impedes the or-
ganization of MT computations and does not provide
high-speed determination of a ME.

The closest is the work [6], which was discussed the
parallel algorithms to perform of ME and theoretical
methods to obtain the optimal partition points that allows
for a load balancing technique to optimize parallelization
algorithms for the ME operation. The algorithms pro-
posed in this work use the OpenMPI parallelization li-
brary as a basic tool.

Mathematical software libraries are used to implement
the computation of ME. For example, the Pari/GP soft-
ware library [10] contains a large set of programs for effi-
cient computations of mathematical functions. The
Pari/GP library also includes computation of the
Mod(a, n)"b function for long numbers and other special
numbers while using a small amount of memory during
the computation process. The library uses a separate type
of t INTMOD to handle modulo numbers. Its peculiarity
is the representation of numbers in a special form of
Montgomery reduction, which simplifies the computation
of division. You can use the Pari/GP library on Linux or
MinGW environments. Compared to the Pari/GP library,
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the well-known MPIR library [7] is easier in use and can
be compiled in Windows easily. A highly optimized
modification of the well-known GMP or GNU Multiple
Precision Arithmetic Library the MPIR library contains
the function mpz_powm() to realize computation of ME.
The MPIR library uses an optimized version of the ME
algorithm, called the “Sliding-window method” [8],
which reduce the average number of multiplication opera-
tions. However, the next iteration of the algorithm in the
mpz_powm() function depends on the exponent bits that
were previously analyzed in the sequential analysis of the
window, which makes it impossible to divide the compu-
tations into independent flows.

3 MATERIALS AND METHODS
The parallelization of computation of ME in the form
(1), based on the use of the exponent b as a binary number
Dic1)Pk2)- - -b2b1Dg , uses the application of the fundamen-
tal property of modularity [9]:

(a*c)mod n=((amod n)(cmod n))mod n. )

Accordingly, the computation of the ME (1) takes the
form

B (11 B2y b2 D1 By

y=a mod n=(b,_,a*2"" mod n *

Lk blf;Mz1 mod n * bOaAZO mod n) mod n. ®)

In accordance with formula (3), a scheme for comput-
ing of the ME is shown on Figure 1.
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Figure 1 — The scheme for computing the ME
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The scheme for computing the ME consists of the denota-
tions:

a is the input of the base number; n is the input of the
module;

(@*2") mod n are blocks of computation of the integer
exponent of exponent 2' of the number a by the module,
i=0,1,2,..., (k-1);

b is the input of an exponent with binary digits b.(k—
1), b.(k-2),...,b.2, b.1, b.0;

(X) mod n is the block of multiplier under modulo n;

y is the output of the ME.

Consistently determined residuals of the number a
raised to the power of 2' under modulo n in blocks
(a”2") mod n, for i=0, 1,...,k-1 are multiplied. In the case
of presence of the exponent of the number of binary the
value of zero in i-th binary digit (b.i) block (a*2") mod n
is not execute the operation, otherwise is computed the
multiplication of exponent 2' of the number a under
modulo n, which corresponds to the denotation at the out-
put of the blocks (1/Ri). The determined product, in the
final stage, forms in block (X)mod n the value y of the
result of the computation of the ME.

For the organization of MT execution of the computa-
tion of the ME, in accordance with Figure 1, it is possible
to consider the possibility of creating two threads. The
thread | computes the numbers a raised to the power of 2'
under modulo n. The thread Il computes the product of
the results (@"2') mod n under modulo n, starting with the
readiness of the first two values (a*2")mod n. Theoretical
it is possible to reduce the computation time to 50% of the
ME in comparison with single thread computation.

Therefore, due to the parallel execution of the compu-
tation of the ME, in accordance with Figure 1, consider
the possibility of creating a thread of execution of multi-
plication under modulo operations and a thread by com-
putation of the product of the residual values defined in
the parallel previous thread. The only difficulty of orga-
nizing the computation with such threads is the need to
synchronize the performance of threads to ensure the cor-
rect computation of the final value y of the ME.

4 EXPERIMENTS
The MPIR library, which is written in C and the as-
sembler, is used to implement the algorithm for comput-
ing the ME, and provides an ability to compile its func-
tions in Visual Studio C++. Accordingly, in the MPIR

library, the mpz_t data type represents long numbers that
are selected for the exponent exp, number base, modulo
mod with number of binary digit from 256 to 2048 bits for
testing. For implementation of the developed algorithm
the MPIR library functions mpz init_set(mul, base),
mpz_sizeinbase(exp, 2), mpz_tstbit(exp, i), mpz_mul(r, r,
mul) with long binary digit data are used.

Three versions of the algorithms are implemented as
ME functions with aim to compare the performance exe-
cution of ME.

The function mod_exp(mpz_t r, mpz_t base, mpz_t
exp, mpz_t mod) performs the basic iterative algorithm
“Right-to-left binary exponentiation” [11]. The computa-
tion of the ME is carried out in one main thread. The re-
sult of the function is written to the variable r, and the
computation time is fixed and averaged to output the av-
erage «single thread exponentiation» time in microsec-
onds, which are showed in the Table 1.

The function of the MPIR library
mpz_powm(expected_result, base, exp, mod) performs a
ME, implementing a floating-window algorithm with
Montgomery multiplication/reduction [12]. The result of
the function is written to the expected_result variable and
the computation time is recorded and averaged with the
output of “mpz_powm average time” in microseconds,
which are showed in the Table 1.

To organize MT computing according to the scheme
in Figure 1, the thread functions thread function(bool*
quit_thread, mpz_t*mod) and parallel mod exp(mpz_t
base, mpz_t exp, mpz_t mod) are used. Accordingly, these
threads are created to perform the computation of the ME.
The result of the function is written to the variable
s_thread_result, and the computation time is fixed and
averaged to output the average “parallel exponentiation”
time in microseconds, which are showed in the Table 1.

The thread implemented in the function
thread_function(bool*quit_thread, mpz_t*mod) computes
the product under modulo over the values in the queue
s_thread_queue to determine the ME. That is, from the
queue will read the values (a*2')mod n which are com-
puted by the function parallel mod exp(mpz_t base,
mpz_t exp, mpz_t mod). Another thread function paral-
lel_mod_exp(mpz_t base, mpz_t exp, mpz_t mod) com-
putes the value of squaring by the module (a'a') mod n,
and writing the computed value under modulo to data

Table 1 — The average execution time of the functions of computing the ME based on the use of lib_mpir_gc

Bits of pseudorandom numbers / trials 256/2000 512/1000 1024/500 2048/100
Release /x64 — Core i7-3700X (AVX)
single thread exponentiation (us) 1276 7918 53543 383309
mpz_powm average time (Us) 824 5577 39312 279225
parallel exponentiation (us) 1293 5970 35182 244199
Release /x64 — Core 19-7900X (AVX2/AVX512)

single thread exponentiation (us) 1190 7577 52091 375792
mpz_powm average time (L) 767 5331 37907 271139
parallel exponentiation (us) 1235 6114 34961 240772
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queue S_thread_queue. In the loop of the function paral-
lel_ mod _exp(mpz_t base, mpz_t exp, mpz_t mod), binary
digits of exponent exp are analyzed mpz_tstbit(exp, i) to
determine whether to execute or not operation. That is,
the result will or will not be written to the data queue
s_thread_queue After analyzing the b.(k—1) binary digit
in a final stage is computed the end value of the ME,
which is written to the variable s_thread_result.

To protect the queue from simultaneous access of the
threads is presented in Figure 2, where the S_mutex mutex
with the basic lock() and unlock() methods is used. The
S_mutex object is passed to our functions, which should
use it for interacting. Before accessing the shared data
queue s_thread_queue, the mutex is locked by the method
lock(s_mutex) and is unlocked after the work with the
shared data is completed.

Active s_queue
for threadil

Active s_queue s _mutex. wait
for thread2 _

Figure 2 — The scheme of activation of threads when performing
synchronization with a pair of mutex-conditional variables

The condition variable s_cv helps to synchronize the
work of the threads. The variable s_cv is used for waiting
of the thread of an event to occur in another thread
(Figure 2). Running the s _cv.notify one() method in the
thread generates a readiness signal of the factor for an-
other thread in the waiting state of s_cv.wait(lock). Ac-
cording-ly, even if a thread is unblocked by the S_cv con-
ditional variable, it will not be able to continue immedi-
ately if another thread is already inside our critical sec-
tion. In this case, the unblocked (on a conditional vari-
able) thread changes its status from “blocked on a condi-
tional varia-ble” (in which it was previously) to the status
of “blocked on a mutex” and remains in it until the active
flow is in a critical sections will not make the mutex free.
The use of a combination a conditional variable and a
mutex lock indicates the complexity of the synchroniza-
tion the performance of threads for computing the ME.

5 RESULTS
To determine the average computation time of the ME
in testing, the multiple functions called mod_exp(),
mpz_powm(), parallel mod exp() were used. To compute
the ME with a given number of trials the values of expo-
nent exp, number base and mod were given by pseudo-
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random numbers with number of binary digit of 256, 512,
1024, 2048 bits. To reduce the total computation time on
increasing the number of binary digits of long numbers
the number of trials of latch-up of the computation time is
decrease correspondent.

Numerical experiments were carried out on a com-
puter system with a multi-core microprocessor with
shared memory in a 64-bit Windows. Testing was per-
formed on computer systems with an Intel Core 17-3770K
that has 4 physical cores with 3.5GHz clock and an Intel
Core 19-7900X processor that has 10 physical cores with
3.3GHz clock. According to hyper-threading technology,
each physical core consists of two virtual ones.

The results are presented in Table 1, which contains
the values of average execution time (us microseconds) of
computing the ME for pseudorandom data with a number
of binary digits (256, 512, 1024, 2048bits) for correspon-
dent the specified number of trials (2000, 1000, 500, 100).

6 DISCUSSION

The parallel algorithm in function parallel mod exp()
for computing the ME improves (in Table 1, the best re-
sults are highlighted in bold) the computation time rela-
tive to the mpz_powm() function from the MPIR library
with increasing the number of binary digits of data, start-
ing from 1024 bits. The speedup of the computation time
of the parallel algorithm with respect to the base time
depends on the number of binary digits and their values in
exponents. The value one in binary digits in exponent
determine the operations of the multiplication by modulo
in thread |. To computation the ME with a given number
of trials, the values of the exponent exp, base number and
mod were given pseudo-random numbers. Therefore, the
obtained results of the average execution time do not de-
pend on the number of ones in the binary value of the
exponent.

The implementation of mpz_powm() uses a more op-
timal multiplication by modulo algorithm, the so-called
Montgomery multiplication/reduction [12]. The modified
Montgomery algorithms [13] can be used instead of op-
erations in the thread | and thread Il to speedup for com-
puting the ME in the parallel algorithm.

The computation time of function parallel mod exp()
with two threads improves the results (in Table 1) relative
to the mod exp() with single thread with increasing the
number of binary digit of data starting from 512 bits. Thus,
we can conclude that the using two threads sig-nificant
improvement the execution time (Table 1) of ME of long
numbers compared to single thread implementation.

Since parallelization is performed in two threads, the
number of cores in computer systems does not accelerate
the computation of ME. The execution time of ME on
computer systems with Intel Core 17-3700X and Intel
Core 19-7900X processors does not change significantly
according to table 1. The use of the function paral-
lel mod_exp() is possible for the organization of parallel
calculations of ME even larger big numbers.
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AHOTANISA
AKTYyaJbHicTb. [TocTaHOBKa MPOOIEMH MBHUAKOTO OOYHMCICHHS MOIYJIbHOI CKCIIOHEHTH BUMArae po3poOKH e()eKTHBHUX aarOpHTMid-
HUX METOJIB 3 BUKOPHUCTAHHAM HOBITHIX iH(opmauiitHux TexHosnorii. [IIBuaki oOUMCIeHHS MOYJIBHOI €KCIIOHEHTH € HaJ3BUYaiHO HEO0O-
XiJHUMH JUIs €(PEeKTUBHUX OOUYHCIIEHb Y TEOPETUKO-YHUCIOBHUX NEPETBOPEHHSIX, 1JIsl 3a0€311€UeHHs BUCOKOT CTIHKOCTI KpunroiHdopMauiiHux
JAHUX Ta y 0arathoX iHIIHMX JOAATKaX.
MeTta — aHaii3 MIBUAKOCTI BUKOHAHHS (YHKIII B MporpaMHOMY 3a0e3redeHHi sl 00UMCIICHHsT MOIYJIbHOI €KCIIOHEHTH PO3POOJICHUX
IporpaM Ha OCHOBI HapaesibHOi OpraHizarii 00UHCIIeHb 3 BUKOPUCTAHHAM 0araTornoTOYHOCTI.
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Meroz. OGUHCICHHS MOIY/IBHOI SKCIOHSHTH PEali3yeThes 3a JOIOMOTOI0 aIrOPUTMY 20 KOB3aI090ro BikHa, 1¢ K BUOHpAaeThes Bil-
MOBIJHO [0 PO3Mipy MOKa3HHKa cTeneHs. [lapanenizamis 004KCIeHb IOIATaE Y BUKOPUCTAHHI OOUHMCICHHS 3aIUIIKIB YHCE, MiTHECEHUX 0
crenens 2' 3a MoJIyJieM, Ta iX MOJAIBLIOTO MapaiebHOTO MHOKEHHS 32 MOJLyJIEM.

Pe3yabTaTu. 31ificCHEHO NOPIBHAHHS Yacy BUKOHAHHS TPHOX BapiaHTIB (GyHKIIH 111 0OUMCIICHHS MOIYJIbHOI eKCIIOHEHTH. B anropurmi
napaenabHoi opraisarii 064HCICHs 3 BUKOPUCTAHHAM 0araTONOTOYHOCTI 3a0e3MedyeThesl OLbI MIBHUAKE OOUUCICHHS 00YHCICHHS MOLIY-
JIbHOT €KCIIOHEHTH TSl 3HAYEHb TMOKa3HHWKa crerneHs, mo nepeuirye 1K npiiikoBux mudp, mopiBHIHO 3 QyHKIIEI 0OYUCICHHS MOIYJIHHOT
excrioneHTH B 6i6mioreni MPIR. Bibnioreka MPIR 3 mijiouncensHUM TUIIOM JTaHHUX 3 YKCJIOM JBiiKOBUX 1H(p Big 256 no 2048 6it BUKOpH-
CTOBYETHCS IS PO3POOKH aIrOPUTMY OOUYHCIICHHS O0YNCICHHS MOIYIbHOT EKCIIOHEHTH 3 BUKOPHCTAHHAM 0araTtomoTo4HOCTI.

BucnoBkH. Y po0OTi pO3IIIAHYTO Ta IPOaHANI30BaHO PO3POOICHY IPOrpaMHy peatizallilo 0OYHUCICHHS MOMYIbHOI €KCIIOHCHTH Ha YHi-
BepCaIbHUX KOMI'IOTEpHUX cucTteMax. OIHMM i3 CrOCO0iB peaizailii MPUCKOPEHHS 00YKCIeHb O0UYNCICHHS MOYJIBHOI EKCIIOHEHTH € PO3-
pobka anropuTMiB, SIKi MOXYTh BHKOPHUCTOBYBAaTH 0araTONOTOKOBY TEXHOJIOTiIO Ha OaraTosiepHMX Mikpornpolecopax. bararomorokoBa
IporpaMHa peaizallis 004HCICHHS MOIyIbHOI eKCIIOHEHTH 3i 3011bIneHHAM Bif 1024 uncna ABIHKOBHX PO3pSAAiB IOKa3HHUKA CTEICHS IIOKa-
3y€ MOJIMIICHHs 9acy OOUYMCIICHHsI y MOPIBHSAHHI 3 (QYHKI[I€I0 00UYMCICHHS MOYJIbHOI eKcrioHeHTH Oibmiotekn MPIR.

KJIFOYOBI CJIOBA: MonynbHa €KCIIOHEHTA, HapajieibHi 00UMCIICHHS, 0araToNOTOKOBICTh, BEJHKI YHCIA.
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AHHOTAILIUS

AKTyaJbHOCTb. Pelienne 3ana4un ObICTPOrO BBIYMCICHUSI MOJYJIBHOW IKCIIOHEHTHI BO3BEACHHS TpeOyeT pa3paboTku 3P(eKTHBHBIX
AITOPUTMHYECKUX METOJIOB C UCMOIb30BAHUEM HOBEHIINX MH(POPMAIIMOHHBIX TEXHOIOTHIA. BhICTpBIC BBIYUCICHHS MOYILHON 3KCIIOHEHTHI
BO3BE/ICHHS YPE3BBIUAIHO HEOOXOAMMBI /I 3(PPEKTUBHBIX BBIYMCICHUH B TEOPETHKO-YMCICHHBIX MPEoOpa3oBaHUsX, IS OOeCHeUeHNUs
BBICOKOH KPHIITOCTOMKOCTH HH(POPMAILIMOHHBIX TAHHBIX ¥ BO MHOTUX JIPYTHX IPHIOKCHHSX.

Heab — ananu3 ucnonHeHuss GYyHKIUA B MPOrPaMMHOM OOECICUCHUH [UIsl BBIYUCICHHS MOMAYJIHHOTO BO3BEICHUS B CTEMEHb pa3pado-
TaHHBIX [IPOrPaMM Ha OCHOBE MapaljieJIbHON OpPraHNu3alMy BEIYUCIICHHU C UCIOJIb30BAHUEM MHOTOMOTOYHOCTH.

MeTtoa. MoaynbsHOe BO3BEICHHE B CTEIICHD PEAIN3YETCS C UCIIOIB30BAaHUEM aJrOPHTMa 2K-apH01“0 CKOJIB3AIIETr0 OKHa, re K BEIOpaeT-
Cs1 B COOTBETCTBHHU C Pa3MEpOM IOKa3aTels cTeneHy. PacnapaienBanue BEIYUCIEHHN 3aKIII0YAETCS B UCTIOIb30BaHUHU BBIYHUCIIEHHUS OCTAT-
KOB UKCETI, BO3BEIEHHBIX B CTEMeHb 2' 10 MOAYIIO, M UX JAaNbHEHIINX MapaienbHbIX YMHOKEHHH TI0 MOIYIIIO.

Pesyabratsl. [IpoBeeHO cpaBHEHHE BPEMEHH BBIIIOIHEHUS TPEX BapUAaHTOB (DYHKIMH Ui BBIYUCICHHS MOJYJBHON 3KCIOHEHTHL. B
ITOPUTME TapaJuIeIbHON OpraHM3aly BBIYUCICHUI C MCHOIB30BAHUEM MHOTOIIOTOYHOCTH oOecrieunBaeTcst Oosiee ObICTpOe BEIYHCIICHHE
MOJLyJIbHOM 9KCIIOHEHTHI JUIsl 3HAYCHHH 1oka3aTens 6onbine 1K IBOMYHBIX pa3psiIoB 10 CpaBHEHUIO ¢ (PyHKIMEH MOIYILHOTO BO3BEICHUS B
creriedb 6nbnuotekn MPIR. bubnuoreka MPIR ¢ 1ieno4rciieHHbIM THITOM JAaHHBIX ¢ KOJHYECTBOM JIBOMYHBIX pa3psaoB oT 256 mo 2048 6ur
HCIOJIB3YETCs ISl pa3pabOTKU aJrOpuTMa BBIYHCIICHHS MOIYJILHOTO BO3BEICHUS B CTEIICHB C UCIIOJIb30BaHUEM MHOTOIIOTOYHOCTH.

BoiBoabl. B pabote paccMoTpeHa U MpoaHaIM3UpOBaHa pa3paboTaHHAs MPOrpaMMHAs pealn3anisi BEIYUCICHUS MOIYJIbHON KCIOHEH-
ThI HA YHUBEPCATBHBIX KOMITBIOTEPHBIX cucTeMax. OIHUM U3 CIIOCOOOB peann3aliy YCKOPEHUs! BEIYMCICHUI MOYJIbHON SKCIIOHEHTHI SIBIISI-
eTcsl pa3paboTKa ajJropuTMOB, KOTOPBIE MOTYT MCIIOJIB30BaTh TEXHOJIOTHIO MHOTOIIOTOYHOCTH Ha MHOTOSIIEPHBIX MHKpOIpoleccopax. MHO-
TONOTOYHAs MPOrpaMMHasl pean3alys MOYJIbHON 3KCIOHEHTHI ¢ yBennueHneM ¢ 1024 gucia qBOMYHBIX Pa3psioB SKCIIOHEHTHI IIOKa3bIBa-
eT yJIy4llIeHHe BPEMEHH BBIYUCIICHHH 110 CPABHEHHIO ¢ (PyHKIME MOLYIbHOTO BO3BECHHS B cTeneHb onbnunoreku MPIR.

KJIOYEBBIE CJIOBA: MoaynbHast 3KCIIOHEHTA, MTapaslieIbHbIC BEIYUCIICHHSI, MHOTOIIOTOYHOCTb, OOJIBIIIME YHCTA.
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COMPARISON OF TWO FORMS OF ERLANGIAN DISTRIBUTION
LAW IN QUEUING THEORY

Tarasov V. N. — Dr. Sc., Professor, Head of Department of Software and Management in Technical Systems of
Volga State University of Telecommunications and Informatics, Samara, Russian Federation.

ABSTRACT

Context. For modeling various data transmission systems, queuing systems G/G/1 are in demand, this is especially important
because there is no final solution for them in the general case. The problem of the derivation in closed form of the solution for the
average waiting time in the queue for ordinary system with erlangian input distributions of the second order and for the same system
with shifted to the right distributions is considered.

Objective. Obtaining a solution for the main system characteristic — the average waiting time for queue requirements for three
types of queuing systems of type G/G/1 with usual and shifted erlangian input distributions.

Method. To solve this problem, we used the classical method of spectral decomposition of the solution of Lindley integral
equation, which allows one to obtain a solution for average the waiting time for systems under consideration in a closed form. For the
practical application of the results obtained, the well-known method of moments of the theory of probability was used.

Results. For the first time, spectral expansions of the solution of the Lindley integral equation for systems with ordinary and
shifted Erlang distributions are obtained, with the help of which the calculation formulas for the average waiting time in the queue for
the above systems in closed form are derived.

Conclusions. The difference between the usual and normalized distribution is that the normalized distribution has a mathematical
expectation independent of the order of the distribution %, therefore, the normalized and normal Erlang distributions differ in
numerical characteristics. The introduction of the time shift parameter in the laws of input flow distribution and service time for the
systems under consideration turns them into systems with a delay with a shorter waiting time. This is because the time shift operation
reduces the coefficient of variation in the intervals between the receipts of the requirements and their service time, and as is known
from queuing theory, the average wait time of requirements is related to these coefficients of variation by a quadratic dependence.
The system with usual erlangian input distributions of the second order is applicable only at a certain point value of the coefficients
of variation of the intervals between the receipts of the requirements and their service time. The same system with shifted
distributions allows us to operate with interval values of coefficients of variations, which expands the scope of these systems. This
approach allows us to calculate the average delay for these systems in mathematical packages for a wide range of traffic parameters.

KEYWORDS: Ordinary and normalized Erlangian distribution laws, Lindley integral equation, spectral decomposition method,

Laplace transform.

ABBREVIATIONS
LIE is a Lindley integral equation;
QS is a queuing system;
PDF is a probability distribution function.

NOMENCLATURE
/5. (¢) is a density function of the distribution of time

between arrivals;

F; (s) is a Laplace transform of the function f; (¢) ;

Ju(?) is a density function of the distribution of
service time;

F: (s) is a Laplace transform of the function f, (¢) ;

¢, the coefficient of variation of time between
arrivals;

Cu the coefficient of variation of service time;

E, is an erlangian distribution of the second order;

E, is a shifted erlangian distribution of the second

order;
G is an arbitrary distribution law;

W is an average delay in the queue;
W*(s) is a Laplace transform of delay density

function;
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A is a parameter of the erlangian distribution law of
the input flow;

p is a parameter of the erlangian distribution law of
service time;

p is a system load factor;

T, 1s an average time between arrivals;

?kz is a second initial moment of time between

arrivals;
T, 18 an average service time;

o
@_ (s) is a Laplace transform of the PDF of waiting

is a second initial moment of service time;

time;

vy (s) is a first component of spectral
decomposition;

y_(s) is a second component of spectral
decomposition;

%(?) is a characteristic function of a random variable.

INTRODUCTION
This article is devoted to the analysis of the E,/E,/1
QS with ordinary Erlang distributions, for which no
results were found in the public domain on the average
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delay of requests in the queue, which is the main
characteristic for any QS. According to this characteristic,
for example, packet delays in packet-switched networks
are estimated when they are modeled using QS.

We also investigated the above system with time-
shifted input Erlang distributions in order to obtain a
solution for the average delay. A shift of the distribution
law to the right from the zero point transforms the usual
system E,/E,/1 into a system of the G/G/1 type. In
queuing theory, studies of G/G/1 systems are especially
relevant due to the fact that there is no solution in the
final form for the general case. Therefore, such systems
are considered under different distribution laws.

In the study of G/G/1 systems, an important role is
played by the method of spectral decomposition of the
solution of the Lindley integral equation, and most of the
results in the theory of queuing were obtained using this
method. In the previous works of the authors, it is clearly
shown that in systems formed by shifted distribution laws,
with the same load factor as compared with conventional
systems, the average delay becomes less.

This is achieved because the coefficients of variation
of the arrival ¢, and service times ¢, for shifted

distribution laws become smaller when entering the shift
parameter £, >0.

The object of study is the main characteristic — the
average waiting time of requirements in the queue of the
queueing systems type G/G/1.

The subject of study is the average waiting time of
requirements in the queue of the QS E,/E,/1 and in the
same system, but with shifted input distributions.

The purpose of the work is obtaining a solution for
the average delay of requirements in the queue in closed
form for these systems.

1 PROBLEM STATEMENT

The paper poses the problem of finding a solution for
the waiting time of requests in the queue in the ordinary
system E,/E,/1 formed by Erlang distributions, as a
special case of the gamma distribution and in the system
formed by shifted Erlang distributions. This task also
involves identifying the differences between the usual and
normalized Erlang distributions. To solve the problem, we
used the apparatus of spectral decomposition of the
Lindley integral equation.

Let us briefly recall the main content of the method of
spectral decomposition of the LIE solution based on the
classics of the queuing theory [1]. The solution of the LIE
by the spectral decomposition method consists in finding

the representation for the expression £ (—s)-F: (s)-1

in the form of a fractional rational function, i.e. as a
product of two factors, which would give a rational
function of s.

When using the method of spectral decomposition of
an LIE solution to determine the average waiting time, we
will follow the approach and symbolism of the author of
the classical queuing theory [1]. To solve the problem, it
is necessary to find the law of waiting time distribution in

© Tarasov V. N., 2021
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the system through the spectral decomposition of the
form: F, (—S)F: (s)=1=w_ (s)/y_(s), where y, (s)
and y_ (s) are some fractional rational functions of s that

can be factorized. Functions y, (s) and w_(s) must

satisfy special conditions according to [1], which can be
found in the previous works of the authors [2—6].

Thus, to solve the problem, it is necessary to construct
spectral expansions of the form

B, (—s)F: (s)=1=wy_ (s)/y_(s) for the systems under

consideration, considering the conditions specified above
in each case.

2 REVIEW OF THE LITERATURE

The method of spectral decomposition of the solution
of the Lindley integral equation used in this work was
first presented in detail in the classics of queuing theory
[1], and was subsequently applied in many works,
including [8, 9, 13]. A different approach to solving
Lindley’s equation has been used in Russian language
literature. That work used factorization instead of the term
“spectral decomposition” and instead of the functions

v, (s) and y_ (s) it used factorization components

o, (z,t) and o_(z¢t) of the function 1—z-(¢), where

%(t) is the characteristic function of a random variable &

with an arbitrary distribution function C(f), and z is any
number from the interval (—1, 1). This approach for
obtaining results for systems under consideration is less
convenient than the approach described and illustrated
with numerous examples in [1].

The method of spectral decomposition of the LIE
solution was also used to study systems with different
input distributions in [2—6]. At the same time, the
scientific literature, including web resources, the author
failed to find the results on the waiting time for the QS
with Erlang distributions, as a special case of the gamma
distribution. Among foreign publications, it is worth
highlighting [10, 11], in which it is proposed to consider
the queue of requests to Internet resources as queues with
a time lag.

The results of works [2—6] together with [1] allowed
developing the theory of the method of spectral
decomposition of the LIE solution into the usual second-
order Erlang distribution shifted to the right from the zero
point.

Approximation methods with respect to distribution
laws are described in detail in [9, 13, 14], and similar
studies in queuing theory have recently been carried out
in [15-24].

3 MATERIALS AND METHODS

As you know, the two-parameter gamma distribution
is given by the density function of the form
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B—ata—le—t/B
I'(a)
0, <0,

, t20,

f(= (D

o0
where I'(o) is a gamma function equal I'(z) = | e dt
0
for any real number z>0, o>0, f>0. Next, we need the
numerical characteristics of the gamma distribution: the
mean value of the interval T =of and the coefficient of

variation ¢ =1/+/o . To apply the spectral decomposition
method, we find the Laplace transform of the gamma
distribution

F(s)= B sty BT *fo sl (s U gy _

I(a) o (a) o
(s+1/B)t = x|
| __B BB YT e
TR 7F(a)([3s+lj e de= )
dt = B x
Bs+1

L(L] R
(o) Ps+1 (Bs+1)*

Analyzing the Laplace transform of the gamma
distribution, we conclude that this distribution law in
queuing theory can be used only in special cases with
integer values o >2.

To apply the method of spectral decomposition of the
Lindley integral equation in the last expression, we
change the variable A =1/ for the distribution density
function of the input flow intervals, pn=1/f for the
distribution density function of the service time and
restrict ourselves to the case a=2. Thus, in the case of
integers o >2, the gamma distribution turns into the
usual Erlang distribution of order .

For example, when replacing A =1/, k=a, we get

the usual Erlang distribution of order &
}thk—le—M
fk(t):W.For k=2 we get f; (1) =\21e ™ .

This distribution differs from the normalized Erlang
distribution considered in [2], where f; (f) = 4A2re M .

The difference between them is that the mathematical
expectation of the normalized distribution does not
depend on the order of the distribution £, therefore, they
differ in numerical characteristics [14].

Due to such a difference between the distributions, the
QS formed by two flows, in which the time intervals are
given by the density functions of the usual second-order
Erlang distribution, as a special case of the gamma
distribution, we denote E,/E,/1 as well as the QS formed
by the normalized Erlang distributions. The main
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differences between the normal (derived from the gamma
distribution) and normalized E, Erlang distributions are
shown in Tables 1 and 2.

Table 1 — Numerical characteristics of distributions

Distribution T, ri c%
Erlangian usual E, 2/\ 6/2\2 1/2
Erlangian normalized E, 1/A 3/(20%) 1/2

Table 2 — Distribution parameter obtained by the method of

moments
o Density
Distribution £.30) Parameter A
I
Erlangian usual E, Ate™ A=2/7,
Erlangian normalized E, 4027 2M r=1/7,

Thus, these distribution laws differ in both parameter
and numerical characteristics, except for the coefficient of
variation. As we will see below, systems formed by
ordinary and normalized Erlang distributions will have
different spectral expansions. In this regard, it will be
interesting to see the results obtained.

We will assume that the system E,/E,/1 is formed by
two flows with the functions of the probability
distribution densities:

o) =2 e ™, 3)

fu()=plre™. 4)

Then we will have:

TNES PUNES

Hence, the spectral
B, (—s)F: (s)=1=w_ (s)/w_(s) of the LIE solution

for the system under consideration will take the form:

\v+(S)_( 2 jz[ujz_l_xzuz—(x—sf(ws)z_
v (s) \a=s) \p+s)  -9Pes?
_ —s(s® —6252 —s—¢p)

-9 sy

expansion

®)

where the coefficients of the cubic polynomial collected
using symbolic Mathcad operations
co =2hu(n—1), ¢ =—(7 —4rp+p®), ¢ =-2(u-1).

The cubic polynomial s> —c2s2 —cs—cy of the
numerator has two negative roots and one positive one,
since in the case of a stable system A<p ie. (p—1)>0.

For convenience, let us denote them by —s;, —s, and s3.
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Then the zeros of the numerator of the expansion
s=0,—-s),—55,83. Double poles of spectral
s=A, 5 =—H Fig. 1).
considering special conditions [1], we construct functions
v, (s) and y_(s):

decomposition (see Now,

(=)’
(s—s3) '

s(s+s1)(s2+s2); v_(s) =
(n+s)

Checking the fulfillment of the conditions [1] for these
functions is not difficult, this fact is also confirmed by
Figure 1.

vy (s)=

Im{s]

-1 =5 =% 'y 5y

Re{s)

Figure 1 — Zeros and poles of the function v (s)/y_(s) for the
E,/E,/1 system

When constructing these functions, it is more

convenient to mark the zeros and poles of the ratio

v, (s)/y_(s) on the complex s — plane to eliminate

errors in constructing the functions vy, (s) and y_(s).

In Fig. 1, the poles are marked with crosses, and zeros are
marked with circles.

Further, using the method of spectral decomposition,
we find the constant K:

K= tim ) i (SHI)(SZ&) =07,
(n+s) M

s—>0 S s—0

where s; and s, are the absolute values of negative
roots —s;, —s, . The constant X is known to represent the

probability that a demand entering the system finds it free.
Now let us build an intermediate function

®, (5)= K _ 2s1s2(s+u)2 .
Vi(s)  pis(s+s)(s+s,)

Hence, for the system E,/E,/1, we obtain the function:

W*(S):s.q)+ (s)=%. 6)

Comparison with a similar function for the E,/E,/1
system formed by the normalized Erlang distributions
from [2] also confirms their difference:

*(s __ 515 (2p+s)2
4p2(s+s1)(s+s2)
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To find the average waiting time, we find the
derivative of the function W (s) with a minus sign at the
point s=0, for which we use the Mathcad package:

_dW(s)
d(s)

si+s 1 1 1 1
I

Sis2 K851 S M

Finally, the average waiting time for the E,/E,/1
system

— 1 1 1
W=—t—= (7)
Sp sy M
where s; and s, how the roots of the cubic equation are

expressed through the parameters of distributions (3) and
(4).

Next, consider QS, for which the distribution laws of
the input flow and service time are given by the density
functions shifted to the right:

F () =22 (1= 1)), ®)

fu(6)=p (1191710, ©)

We denote such a system E, /E; /1.

To find the average waiting time in the queue for this
system, we prove the following statement.
Statement. The spectral

F;(—S)F:(S)—l=\|I+(S)/\|/_(S) of the LIE solution

decompositions

for systems E, /E; /1 and E,/E,/1 completely coincide
and have the form (5), i.e. the spectral decomposition is
invariant to the operation of the time shift of the density
function.

Proof. The Laplace transform of functions (8) and (9),
respectively, have the form:

2 2
* A tos . * 1 —1s
F (=s)=| —— 05 Fo(s)= e .
n (75) (X sj ¢ k() [;H—sj

Then for a E;/E,;/1
decomposition will be:

2
WY+ (S) :( A jz LS B T P S
w_(s) A—s n+s

:[xﬁsjz(uisjz_l’

Here, exponents with opposite signs of exponential
functions are reset to zero, and thus the shift operation in
the spectral decomposition is leveled. Thus, the spectral
decompositions of the solution of the LIE for the two
systems under consideration coincide.

Assertion is proved.

system, the spectral
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Corollary. The formula for the average waiting time
for a system with shifted distributions will have exactly
the same form as for system with ordinary distributions,
but with changed parameters A u p due to a time shift
operation [2—6]. Consequently, the average waiting time
for systems with lag actually depends on the magnitude of
the shift parameter 7, > 0.

To determine the unknown distribution parameters,
we use the Laplace transform of function (8). The average
value of the interval between arrivals is given by the first
derivative of the Laplace transform with a minus sign at
the point s=0:

_dF; (s)
ds

02 N thoe_tos

| :022/7\,4‘2‘0.
(r+s) (+s)? |

s=0~

From here we get an expression for T, :

T, =2/h+1. (10)
From the expression
2 *
d"F, (s) :£+4t_0+t3 we find
ds? <20 2 A

2_6 . 2
T =—+4—+1 -
Iy kz 2z 0

Determine the square of the coefficient of variation

()’ 2

2
C}L = — = .
() (2+rp)?

From here the value for ¢, :

e =~N2/(2+Mp) (11)

Note that for the distribution E;: T, =2/, .¢, =1/+/2.

Comparing the results of the numerical characteristics
T,, ¢, for the distributions E, and E; you can see the
difference between them, obtained as a result of the shift
of the distribution laws by value ¢, > 0. The coefficient of
variation ¢, for the distribution E; decreases with a shift
(1+Aty/2) in times compared to the coefficient ¢, for the

distribution E,.

For the service time according to the law E,, we

obtain similar expressions for determining p and 't

?MZZ/IJ.'FtO .

(12)
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cu =2/2+n1) - (13)

By setting the values obtained above as input
parameters T, T, , ¢y, ¢, for calculating the E, /E; /1
system, as well as the shift parameter ¢, according to

expressions (10) — (13), you can calculate the average
waiting time using the calculation formula (7). In this
case, the ranges of variation of the variation coefficients
o e(O,l/\/E) and G e(O,l/\/E), are determined by

relations (11) and (13), respectively, depending on the
magnitude of the shift parameter 7, > 0.

Considering that the average waiting time in the
G/G/1 system is related to the coefficients of variation of
the time between the arrivals of customers and the service
time by a quadratic dependence, in a system with delay
the waiting time will be shorter than in a conventional
system, which is illustrated in the next section.

4 EXPERIMENTS
Below in Table 3 shows the calculation data for the

E, /E; /1 system for cases of low, medium and high
load p=0.1;0.5;0.9. For comparison, the right column

shows data for a conventional E,/E,/1 system. The load
factor in this case is determined by the ratio of the
average intervals p =7, /7, .
The calculations used the normalized service time
T,=1.
n

Table 3 — Results of experiments for QS E; /E5 /1 and

E,/E)/1
Input parameters Average delay
For QS For QS
: c
P x " fo E; /E; /1 Ey/Ey/1
0.643 0.071 0.9 0.000
0.672 0.354 0.5 0.002
0.1 0.700 0.636 0.1 0.013 0.017
0.706 0.700 | 0.01 0.016
0.389 0.071 0.9 0.001
0.530 0.354 0.5 0.081
05 0.672 0.636 0.1 0.309 0-390
0.704 0.700 | 0.01 0.382
0.134 0.071 0.9 0.034
0.389 0.354 0.5 1.057
09 0.643 0.636 0.1 3.519 4.359
0.701 0.700 | 0.01 4.271

Despite the large differences between the usual and
normalized Erlang distributions shown in Tables 1 and 2,
as well as the difference between the Laplace transforms
of the waiting time density function, the data in Table 3
completely coincide with the corresponding data for the
QS with normalized Erlang distributions E,/E,/1 [2].
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This  phenomenon, now  after  conducting
computational experiments, can be explained by the
following facts: first, the ordinary and normalized Erlang
distributions have the same coefficients of variation, and

secondly, the input parameter p = i—“ _2h X

T, 2p op
ordinary Erlang distribution completely coincides with for
the normalized Erlang distribution.

for the

5 RESULTS
In this work, spectral expansions of the solution to the
Lindley integral equation for the ordinary system and the
system with delay are obtained, with the help of which a
calculation formula for the average waiting time in the
queue for the system E,/E,/1 in closed form is derived.
This calculation formula is also valid for a system

with a time delay E; /E; /1, considering changes in the

numerical characteristics of its shifted distributions. The
average waiting time in a system with delay, as expected,
is many times less than in a conventional system, and as
the value of the shift parameter decreases, it approaches
the average waiting time in a conventional system.

The calculation data in Table 3 are in good agreement
with the results of the method of two-moment
approximation of the processes of arrival and departure of
claims [7].

6 DISCUSSION

The results of Table 3 confirm the complete adequacy
of the constructed mathematical models for the average
delay of requests in the queue for a conventional E,/E,/1
system and a system with delay. Table data 3 fully
confirm the above assumptions about the average waiting
time in a system with delay.

In addition, with a decrease in the shift parameter ¢,
the average queue delay in a system with delay tends to
the value of this time in a conventional system, which
additionally confirms the adequacy of the constructed
mathematical models for both systems under
consideration.

The range of variation of the parameters of the system
is wider than that of the conventional E,/E,/1 system,
therefore, these systems can be successfully applied in the
modern theory of teletraffic. The results of the performed
experiments confirm the expansion of the ranges of
variation of the parameters for the system with delay for

¢, and ¢, from O to 1/42.

Thus, the introduction of distributions shifted to the
right from the zero point expands the range of variation of
the coefficients of variation of the arrival intervals and
service time, thereby expanding the scope of these QSs.

Using the proposed approach, in addition to the
average waiting time, it is possible to determine the
variance and moments of higher orders of the waiting
time.
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CONCLUSIONS

In this work, the problem of deriving a formula for the
average delay of requests in the queue for the considered
systems is solved.

The scientific novelty of the results is that for the first
time the spectral decomposition of the solution of the
Lindley integral equation for the considered systems was
obtained which are used to derive expression for the
average waiting time in the queue for this system in
closed form.

These expressions complement and expands the well-
known incomplete formula for the average waiting time in
the G/G/1 systems with arbitrary laws of input flow
distribution and service time.

The practical significance of the work lies in the fact
that the obtained results can be successfully applied in the
modern theory of teletraffic, where the delays of
incoming traffic packets play a primary role. For this, it is
necessary to know the numerical characteristics of the
incoming traffic intervals and the service time at the level
of the first two moments, which does not cause
difficulties when using modern traffic analyzers [10].

Prospects for further research are seen in the
continuation of the study of systems of type G/G/1 with
other common input distributions and in expanding and
supplementing the formulas for average waiting time.
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TapacoB B. H. — 1-p TexH. Hayk, npodecop, 3aBimyBau Kadeapy mporpaMHOro 3a0e3medeHHs Ta YIPABIiHHSI B TEXHIYHHX
cuctemax [10BOJI3BKOTO IepKaBHOTO YHIBEPCUTETY TeJICKOMYHiKaliil Ta inpopmatiku, PO.

MOJEJI 3ATPUMKHU HA BA3I CHCTEM 3 3BUMAMHUAMM TA 3 3CYHYTUMU I'ITEPEKCHOHEHTHUM TA
TI'IMEPEPJTAHT'IBCBKUM BXITHUMH PO3IIOAIJIAMU

AxTyanbHicTh. {11 MOzeIOBaHHS Pi3HUX CHCTEM Iepefadi JaHuX 3aTpedyBaHi cucTeMH MacoBoro obciyrosyBanus G/G/1, ne
0COOJIMBO aKTyaJIbHO B 3B’SI3KY 3 THM, IO JUISL HUX HE iCHy€ IlIeHHS B KiHI[EBOMY BHIJISJl B 3aralbHOMY BHIAAKy. Po3ristHyTO
3a7avyy BUBEICHHS PIILICHHS JJIs CEpPEeAHBOI 3aTPUMKHU B Uep3i y 3aMKHYTiil (GopMi Ui IBOX CHUCTEM 3i 3BUYAHHUMHU i 3 3CyHYTHMH
CpJIAHTIBCHKUMI BXITHUMH PO3MOIIIAMH.

Meta po6orn. OTpuMaHHs pillIeHHS ISl OCHOBHOT XapaKTepUCTHKU CHCTEMH — CEpeIHbOI 3aTPMMKH BUMOT B 4ep3i IS JBOX
cucTeM MacoBoro oociyrosyBanHs Tuity G/G/1 3i 3BUMalHUMH 1 3 3CYHYTHMH SpPJIAHTIBCBKUMH BXiTHUMH PO3IOIiIaMH.

Mertoa. /{15 BUpIlICHHS OCTAaBJICHOTO 3aBaHHs OyB BUKOPHCTAHUH KIACUYHUI METOJ CIIEKTPaIbHOTO PO3KIAJaHHs PO3B’SA3KY
inTerpanpHoro piBHAHHA Jlinmmi. Llelt MeTox mo3BONIsIE OTpUMATH PIMICHHS Ul CEPEAHBOI 3aTPUMKHU Ui PO3TISHYTHX CHCTEM Y
3aMKHYTiH ¢opmi. g MpakTUYHOTO 3aCTOCYBaHHS OTPUMAHUX DPE3YNbTAaTiB BUKOPUCTAHHK BiIOMHH METOIN MOMEHTIB Teopii
HMOBipHOCTEH.

Pe3yasTaTn. Briepire orpuMaHo crieKTpaibHI PO3KIaJaHHS PO3B’SI3KY IHTErpaibHOTO piBHSHHS JIIHAMI UL ABOX CHCTEM, 3a
JIOTIOMOTOI0 SIKMX BUBEJICHI PO3paxyHKOBI (OPMYJIH ISl CEpeHBOI 3aTPUMKH B Yep3i B 3aMKHYTiH Gopmi.

BucnoBkn. Pi3Huus Mixk 3BUYaifHUM 1| HOpDMOBAHHM PO3IIOIUIOM HOJSTAa€E B TOMY, 110 Y HOPMOBAHOTO PO3IOALTY MaTeMaTHYHE
CIOJIBaHHs HE 3aJICKHUTh Bil MOPsAKY posnoxiny K, omke, HOpMOBaHe i 3BHuaiiHe po3noxiny Epmanra Bipi3HSIOTBCS YHCIOBUMH
XapakTepuCTHKaMu. BBeneHHs mapamerpa 3CyBy B 4Yaci B 3aKOHHM PO3IOJALTYy BXiJHOTO MOTOKY i dYacy OOCIyrOBYBaHHS [UIs
PO3IIISIHYTHX CHUCTEM, HEPETBOPIOE iX B CHCTEMH 3aIli3HEHHSM 3 MEHIIMM 4YacoM ouikyBaHHs. Lle MOB’S3aHO 3 TUM, LIO OIeparis
3CyBY B Yaci 3MEHIIy€ BEIMUYMHY KOEQilli€eHTIB Bapialiif iHTEpBaliB MiXX HAAXOIKCHHAMH BHMOT 1 IX 9acy oOCIyrOoByBaHHS, a 5K
BIZIOMO 3 Teopii MacoBOro OOCIyroByBaHHs, CEpe[HI Yac OUYiKyBaHHS BHUMOT IIOB’S3aHO 3 IMMH KoedimieHTaMH Bapiamiit
KBaJIPpaTHYHOIO 3aIEXKHICTIO. SIKIO cucTeMa 3 epiaHTiBCBKMMH BXITHHMH PO3IOAUIAMH IPYTrOro HOPSAKY IPAIo€ TUIBKH IPH
OJJHOMY TOYKOBOMY 3HaueHHI koe(ilieHTiB Bapiawiil iHTepBaJliB MiX HaJXOPKEHHSIMH BHUMOT i 1X 4acy 0oOCIyroByBaHHs, TO ISl XK
cHCTeMa 3 3CYHYTHMH DPO3IOJiIaMU JO3BOJISE ONEPyBaTH 3 IHTEPBAJIGHUMH 3HAuCHHSIMH KoeillieHTiB Bapialliif, 1m0 po3mmproe
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chepy 3acrtocyBaHHS LUX cucTeM. Takuil MiAXiAx MO3BOJSE PO3paxyBaTH CEPEIHBOI 3aTPHUMKH IS 3a3HAYCHHX CHCTEM B
MaTeMaTHYHUX MaKeTax JJisl IHPOKOTO Jiala30Hy 3MiHH MapaMeTpiB Tpadiky.

Kpim cepeqHporo yacy O4iKyBaHHS, TaKHH IiAXiJ 1a€ MOXIHMBICTh TAaKOXX BH3HAYATH MOMEHTH BHIIMX MHOPSIKIB 4acy
ouikyBaHHs. 3 OrJIsay Ha ToW (akT, IO Bapiallis 3aTPUMKH HakeTiB (JUKUTTEp) B TENCKOMYHIKallil BU3HAYAEThCS SIK JHCIEPCis
3aTPUMKH Bifl HI0r0 CepeaHbOro 3HAYEHHS, TO JHKUTTEP MOXKHa Oy/je BU3HAYUTH 4epe3 AUCIIEPCi0 3aTPUMKH.

KJIIFOYOBI CJIOBA: 3BuuaifHuii i HOpMOBaHHMH 3aKkoHH posmoniry Epmanra, inTerpansHe piBHsHHS JliHAm, MeTon
CIIEKTPAIBHOTO PO3KJIaaHHs, nepeTBopenHs Jlamaca.

YK 621.391.1:621.395

CPABHEHMUE JIBYX ®OPM 3AKOHA PACIHHPEJEJIEHUSA SPJIAHI'A B TEOPUU MACCOBOTI'O
OBCJY’KUBAHUSL

Tapaco B. H. — 1-p TexH. Hayk, mpodeccop, 3aBenyroumii kadeapold mporpaMMHOrO OOECIEYCHHS W YIpPABICHHS B
TEXHUYECKHX cucreMax IToBODKCKOTro rocyJapCTBEHHOIO YHHBEPCUTETA TEIEKOMMYHHKaUK 1 nHGopMaTHku, PO.

AHHOTAIUSA

AKTyanbHOCTb. 71 MOIENMPOBaHMS pa3NIMYHBIX CHCTEM IIepefladydl JaHHBIX BOCTPEOOBAHBI CHCTEMBI MAacCOBOTO
obciyxuanus G/G/1, 3To 0co00 aKTyanbHO B CBSI3H C TeM, YTO JUISl HUX HE CYIIECTBYET pPElIeHHs B KOHEYHOM BHIE B 0OIIEeM
ciydae. PaccMoTpeHa 3azaua BbIBOZIA PEILCHHS JUIA CPEAHEro BPEMEHU OXKMIAHMS B O4YepeIH B 3aMKHYTOH (opMme miis 0OBIYHBIX
CHCTEM C 3PJIaHTOBCKHMMHU BXOIHBIMHM DPACNpeleleHHsIMH BTOPOTO MOpsAAKAa M JIsi 3TUX K€ CHCTEM CO CIABHHYTHIMU BIIPaBO
pacnpeneneHusIMH.

Leas padotsl. [lomyueHne pemeHns A OCHOBHOM XapaKTEPUCTHKH CHCTEMBI — CPEIHETO BPEMEHHU OKUAAaHHS TPpeOOBaHUH B
odepenn Uil IBYX CHCTeM MaccoBoro obcmyxmBanus Tuma G/G/1 ¢ OOBIMHBIMH M CO CIBHUHYTBIMH DPJIAHTOBCKUMH BXOIHBIMH
pacrpeneneHusIMH.

Metoa. [lns pemeHus MOCTAaBICHHOW 3aJadd WCHOJNB30BaH METOJ CIHEKTPAIBHOTO PA3JIOKEHUs PELICHHsS HHTErpaibHOTo
ypaBHeHHUs JIMHIUH, KOTOPBIH TTO3BOJISET HOJMYYHUTh PEIISHUE JUIsl CPEAHET0 BPEMEHN OXKHIAHUS JUIS pacCMaTPHBAEMBIX CHCTEM B
3aMKHYTOH (hopme. [Iist IPaKTHUECKOTO MPUMEHEHHS MOJIyYEHHBIX Pe3yJIbTaTOB MCIOIb30BaH M3BECTHBIH METOJ MOMEHTOB TEOPHH
BEPOSITHOCTEH.

Pe3yabTathl. Briepeele MomydeHB! CIIEKTPATbHBIC PA3lI0KEHUS PEIICHUS WHTETPAIBHOTO ypaBHEHHUs JIMHIUIM UL CHCTEM C
OOBIYHBIMU M CIOBHHYTBHIMH DPAacIpefeNeHusIMH OpJaHra, ¢ IOMOIIBI0 KOTOPHIX BBIBEJECHBI PacueTHBIE (OPMYIBI IJISI CPEIHETO
BPEMEHH OKHJAHHS B OUepeH Il BBIIICYKa3aHHBIX CUCTEM B 3aMKHYTOH opme.

BroiBoasl. Pasamiia Mexxy OOBIYHBIM M HOPMHPOBAHHBIM PACIpelelIeHHEM 3aKII0YaeTcss B TOM, YTO y HOPMHPOBAHHOTO
pacrpeienieHusi MaTeMaTHIeCKOe OXKHMIAHHe He 3aBUCHT OT IIOpsIKa PacIpeeeHus, CIeI0BaTeIbHO, HOPMUPOBAHHOE U OOBITHOE
pacnpeneneHuss OpllaHra OTIMYAIOTCS YHCIOBBIMH XapaKTEepUCTHKaMH. BBeneHue mapamerpa cABUTAa BO BPEMEHH B 3aKOHBI
pacmpeneneHuss BXOJHOTO IIOTOKa M BPEMEHH OOCTYKMBAaHHS JUII PAacCMaTpUBAaEMBIX CHCTEM, IIpeoOpasyeT HX B CHCTEMBI
3ama3/bIBAHUEM C MEHBIIUM BPEMEHEM OXMAaHMsA. DTO CBSI3aHO C TEM, YTO OMNEpals CABUTA BO BPEMEHU YMEHBIIAET BEIUUUHY
K03 QULHEHTOB BapHalnii MHTEPBAJIOB MEXIY MOCTYIUICHHAMH TPEOOBAHMI M MX BPEMEHHU OOCIY)KMBAaHHMS, a KaK M3BECTHO M3
TEOPHHM MacCOBOTO OOCTY)XHBaHHSA, CPEOHEE BPeMS OXHIAHUS TpeOOBaHWI CBSI3aHO C 3TUMH KOd(PQHUIMEHTaMH Bapualui
KBaZpaTHIHON 3aBHCHMOCTHIO. EcM crucTema ¢ 3plaHrOBCKMMH BXOJHBIMH PACIpPENEICHUSIMH BTOPOTO MOPSAKAa paboTaeT TOIBKO
NP OJHOM TOUYCYHOM 3HAYEHHH KOA3()GHUIMEHTOB BapHallii MHTEPBAIOB MEXKIY IMOCTYIUICHHSMH TPeOOBaHUH M WX BPEMEHHU
00CITy’)KUBaHUs, TO 3Ta K€ CHCTEMa CO CIBHHYTBHIMH pacIpeelIeHIIMH I03BOJISCT OIEPHPOBATh C MHTEPBAIBHBIMU 3HAUYCHUSIMU
K03(GHIIMEHTOB BapHalyii, 4YTO paclIupseT 00JacTh NMPUMEHEHUS STHX CHCTeM. Takod MOIXOA TO3BOJSIET PAacCUUTATh CpelHee
BpeMsI OXKHJIaHUS U YKa3aHHBIX CHCTEM B MAaTEMAaTHYECKUX MaKeTax Ul IIMPOKOTo AHara3oHa W3MEHEHHs apaMeTpoB Tpaduka.

KJIIOYEBBIE CJIOBA: 00bluHBII M HOPMHPOBAHHBIA JPIAHTOBCKHH 3aKOHBI paclpeieieHHs, HHTErpalbHOe YpaBHEHHE
JIMHAIN, METO CIIEKTPAIbHOTO Pa3ioKeHus, IpeobpasoBanue Jlamnaca.
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ABSTRACT

Context. Piecewise linear approximation of curves has a large number of applications in computer algorithms, as the reconstruc-
tion of objects of complex shapes on monitors, CNC machines and 3D printers. In many cases, it is required to have the smallest
number of segments for a given accuracy.

Objective. The objective of this paper is to improve the method of asymptotically optimal piecewise linear interpolation of plane
parametric curves. This improvement is based to research influence of the method parameters and algorithms to distributions of ap-
proximation errors.

Method. An asymptotically optimal method of curves interpolation is satisfied to the condition of minimum number of approxi-
mation units. Algorithms for obtaining the values of the sequence of approximation nodes are suggested. This algorithm is based on
numerical integration of the nodes regulator function with linear and spline interpolation of its values. The method of estimating the
results of the curve approximation based on statistical processing of line segments sequence of relative errors is substantiated. Model-
ing of real curves approximation is carried out and influence of the sampling degree of integral function — the nodes regulator on
distribution parameters of errors is studied. The influence is depending on a method of integral function interpolation.

Results. Research allows to define necessary the number of discretization nodes of the integral function in practical applications.
There have been established that with enough sampling points the variance of the error’s distribution stabilizes and further increasing
this number does not significantly increase the accuracy of the curve approximation. In the case of spline interpolation of the integral
function, the values of the distribution parameters stabilized much faster, which allows to reduce the number of initial sampling
nodes by 5-6 times having similar accuracy.

Conclusions. Modelling of convex planar parametric curves reconstruction by an asymptotically optimal linear interpolation al-
gorithm showed acceptable results without exceeding the maximum errors limit in cases of a sufficient discretization of the integral
function. The prospect of further research is to reduce the computational complexity when calculating the values of the integral dis-

tribution function by numerical methods, and to use discrete analogues of derivatives in the expression of this function.
KEYWORDS: interpolation, polyline segment, linear rational B-spline, equidistant, integration, parametric curve, approxima-

tion error, variance.

ABBREVIATIONS
3D is a three-dimensional form;
LRBS is a linear rational B-spline;
CNC is a computer numerical control.

NOMENCLATURE

€ is an admissible interpolation error bound, which
corresponds to the Hausdorff distance between the curve
and the polyline;

[a] is an integer part of a;

d; is a Hausdorff distance between the curve and the j-
th segment of the polyline;

h is a sampling step;

i, j are indexes;

l;is a segment of the interpolant polyline;

m is a number of polyline segments;

N is a number of points for initial sampling of the
integral function — the nodes regulator;

p is a vector-valued function of parameter (independ-
ent variable) t;

P is a point on the curve;

t is a parameter (independent variable) varies over the
interval [0, T];

S is a reparameterization parameter that determines the

asymptotically optimal sampling of the curve;
© Frolov O. V., Losev M. U., 2021
DOI 10.15588/1607-3274-2021-3-6

w; are weights of the linear rational B-spline;
X, Y are Cartesian coordinates;

dm

ax
Yj= ) Z is a relative interpolation error for j-th

segment of the polyline;
A is an interpolation error of the integral function;
Ai ix1 1s a value between 0 and 1, which determines

the value of the curve parameter L, y within the LRB-
2

spline interpolation interval;

o is a standard deviation for the sample;

0 is a sample mean;

I' is a plane curve;

A is a range of error values for the polyline segments
sequence;

d(1) is a nodes distribution function;

(1) is an integral of the distribution function which
define asymptotically optimal sampling of interpolation
nodes.

INTRODUCTION
A wide range of applications requires a transition from
“curvilinear” representation of objects to their description
in the form of polygons or segments of poylines. These
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are rendering, tessellation, finding the intersections of
curves and surfaces. Most CNC machines and 3D printers
also support only a limited set of interpolation commands,
the most common of which are linear, circular, and heli-
cal.

Therefore, the reconstruction of continuous geometric
objects, such as curves and surfaces, using computers,
CNC machines or printers requires sampling: representa-
tion as a finite set of points (nodes). This set is then con-
verted to pixels or connected by simpler lines (usually
straight lines). Of course, there is a problem of optimizing
the nodes number and their location along the curve or
surface being reconstructed.

Thus, the development of effective algorithms for re-
constructing curves by polylines, considering the accu-
racy of approximation and optimization of segments num-
ber is an actual scientific problem.

The object of study is polylines that reconstruct the
given convex plane curves and are formed from the nodes
that are on these curves.

The subject of study is the asymptotically optimal
piecewise linear interpolation of convex plane curves that
ensuring a required approximation error bound.

The aim of the work is to improve the method of as-
ymptotically optimal piecewise — linear interpolation of
convex plane parametric curves based on research of in-
fluence of parameters and algorithms of this method on
approximation errors distributions for real curves.

1 PROBLEM STATEMENT
Let a reconstructing curve is represented in the vec-
tor — valued parametric form as a single arc:

p=p() (x=x(1), y=y(1), (1)

or a piecewise parametric form, for example the spline
form:

k
S(t)= a;B;(1). )
j=1

In this case, the problem of linear interpolation of the
curve can be considered as obtaining a sequence of values
of the parameter #, which determine the polyline nodes,
and provides the required accuracy of reproduction.

Asymptotically optimal in the Hausdorff metric [1] is
the polyline interpolation of a plane curve, based on the
following choice of nodes:

1) The number of polyline segments can be deter-
mined according to the formula:

T
m= ﬁ({@(z)dz 1, 3)

where the distribution function has following form:
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1) The j-th value of the parameter — ¢, which define
the interpolation node for the curve without the inflection

points (for ®(1) %0, ¢ e [O,T ] ), is obtained from the equa-

(1) = “)

tion:

t; .T
jcb(r)dz:ijq)(t)dz, G=01..,m). (5
0 0

Since the right-hand side of the equation (5) is a
monotonic increasing discrete sequence, in the limiting
case this sequence can be considered as a variable s, and
expression (5) as an equation of reparameterization.

Let define

t
W(t) = [ ®() du, (6)
0

the dependence between the parameters will take the form
t=¥"(s), @

where W' is the inverse function of V.

It is possible to obtain the single value of ¢ only when
Y is a monotone increasing function. In addition, most
often the integral of the right-hand side of (6) has no finite
expression. This leads to sample the values of the integral
function based on the numerical integration of the right-
hand side (6).

2 REVIEW OF THE LITERATURE

Numerous studies are related to the development of
algorithms for piecewise linear reconstruction of curves.
These studies include the papers focused on interpolation
of curves when the polyline nodes are on the original
curve, and studies on the approximation of curves, which
will mean the location of these nodes and the polyline
itself within the “tolerance”, which is determined by the
accuracy of reproduction.

Non-uniform interpolation that adapts to the shape of
the curve was considered in [2]. Usually the following
procedure is performed: the original ordered set of curve
points obtained by the initial uniform sampling is taken;
the original set is divided into intervals; for each interval,
the internal nodes are checked according to the criteria of
local flatness; depending on the result of the check inter-
val is divided into two parts and followed by recursive
check, or the end points of the interval are stored in a sep-
arate list of nodes that meet the flatness criterion.

The sampling of curve points based on reparameteri-
zation depending on the curvature and mixed parameteri-
zation of the arc length and curvature with equal weights
was considered in [3]. A similar approach to the sampling
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is considered in [4], where the mixed criteria was taken as
the length of the arc and the bending energy of the curve
(which depends on the square of the curvature). These
methods [3, 4] require numerical integration and solving
the system of nonlinear equations.

A review and analysis of real time linear interpolators
for parametric curves applied to use in of CNC systems is
given in [5]. The use of a conical cutting tool for CNC
machining of free — form surfaces is also required piece-
wise linear representation of curves — [6]. The reconstruc-
tion of the curve by polygon segments in relation to the
printing of models on 3D printers was considered in [7].

The issue of reconstruction of a plane curve by a dis-
crete set of points with noise was considered in [8]. The
approach to solving the problem is based on the least
squares method and minimization of the function, which
contains a given set of points and angular coefficients of
the polyline segments, using the linear programming
methods.

In [9], the method of particle swarm optimization was
used to construct a piecewise linear approximation of
parametric curves.

The question of the best piecewise — linear approxima-
tion to the plane curve without inflection points y = f (x)
with polyline nodes that do not lie on the curve, and ex-
amples of such approximation were considered in [10].
Optimal piecewise linear approximation of a function
using GPU — based calculations applied to image segmen-
tation problems was substantiated in [11]. In this work,
error estimates when approximating a curve y = f (x) by
interpolation and approximation algorithms are proposed,
the question of the optimal curve partitioning for a given
number of nodes is considered.

A numerical method to analyze and model planar
shapes via polygonal curve evolutions is studied in [12,
13]. Consider a smooth curve each point of which moves
in the normal direction with speed equal to a function of
the curvature and curvature derivatives at the point. Cho-
sen the speed function properly, the evolving curve con-
verges to a desired shape.

Some theoretical results concerning estimate of the
Hausdorff distance between the curve and the polyline
based on the Sobolev space were considered in [14].

Algorithms for adaptive polyline interpolation of an
ordered discrete set of points, allow to dilute the original
set and obtain a polyline with fewer nodes. An overview
of these methods is given in [15].

General algorithms for asymptotic optimal interpola-
tion and approximation of curves by technological lines
(including polylines) were considered in [1]. The charac-
teristic of this approach is that it gives a polyline with the
least number of nodes. Analyzing these studies, it is pos-
sible to identify unresolved issues, namely: substantiation
of the number of points of preliminary sampling curve,
choice of numerical integration method when calculating
values of nodes regulator function, methods of its interpo-
lation, etc.
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3 MATERIALS AND METHODS
The approach to obtaining the nodes of the asymptoti-
cally optimal partition of the curve is to interpolate the
values of the integral distribution function. The following
algorithm can be proposed for this purpose.

. . T
Let’s define a step of a uniform sampling 4 = N and

then receive a set of curve points
i ;
Pi:p(ﬁ]’(lzoala""N)a (8)

corresponding to a discrete sequence of curve parameter

values Aﬁv ti:O,i,E,...,T .
N N

To obtain the wvalues of the nodes sequence

m

A! :{t;’m} (j=0,1,...,m) for the asymptotically opti-

mal partition of the curve by one of the known numerical
integration methods we obtain a sequence of values of s; =

¥ (1), t; e Aly, (i=0,1,...,N) function (6) at the nodes of

the initial uniform grid A’N. And, further, interpolate the-

se values between the nodes, we find the value of the in-
verse function #; = ¥_; (s;) with a uniform already, accord-
ing to the right part (5), the distribution of s; values from 0
to sy = g (IN)

The number of polyline segments, according to (3),
will take the form

mz{%}l. 9)

The uniform

A;, {sj, j=0, 1,...,m} is calculated by the expression

s-values  for grid  spacing

s _JIS5N (10)
m

Let define the values of the curve parameter t;

which form the asymptotically — optimal sequence of
polyline nodes. The simplest approach is to construct a
linear interpolation of the function s = W (#) by the initial

uniform grid values of ¢ — AIN . Finding the intersection of
the grid lines s = s; and the graphics of W(¥) constructed
on the grid Aﬁv, we obtain the corresponding values of

the sequence from the following expression of the inverse
dependence.

. T(sj—si)

(s;<s;<s; ,t~eAt . (11
N(S,'+1_S,') (z i+1> 4 N) ( )

S
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An alternative approach that can be proposed is inter-
polation of integral function ¥ () by a linear rational B-
spline. The principles of this approach were considered in
[16, 17]. This method provides C’ continuity at the inter-
polation nodes. In the proposed method each interpolation
interval [¢, ¢:] corresponds to the LRBS curve with an
open two-interval knot vector — [t;, #, ti1, tiv1, ti1ls
where f;1, — some internal parameter value within the
interval. The value ¢, can be determined by a coeffi-
cient A; ;11 (0 <A <1), then we define

ZH% == i) G+ A i L -

The monotonic increasing linear rational functions
that interpolate the function between the values s; =¥ (#)
and s;;; = W (t41) at the ends of the interval will take the
form:

—fortiSt<tl.+% :

w; Si(t,- )+ W, i (t-1)
B e R A
1,1+A Wi(ti+y t)+W+/(l

(12)
- fortl.+% <<ty

z+/ z+/(tt+1 D)+ wWigy Sip (- tl+/)
z+/(tz+1 D+ Wit = +/)

sl+l 1+1

2>

Having the values of the interpolated function and its
derivatives (s/, s/,1) at the ends of the interval, the coef-
ficients of the LRB — spline are defined according to the
following steps:

— the value of one of the weights according to [16] can
be taken arbitrarily — it will be a scale factor for other
weights, we are free to choose any positive value for the
first weight w; ;

— then the last weight is obtained from the expression
[16]:

(13)

Sit+l

— the value of 4; ;+; can be obtained according to [17]
as following:

1
(sl st
’ ’

Si ~Sitl

1 r_
E,HPH Si = Si+l>

! ro,
, [IpH §; ¢Si+15

(14)

}“i, i+l =

© Frolov O. V., Losev M. U., 2021
DOI 10.15588/1607-3274-2021-3-6

60

— the value of the sy, at the internal point, will have
meet the conditions of smoothness [16]:

(1_7‘1‘ i+1)WiSi +7‘z i+1Wi+15i+1
(1 7“1 1+1)W +)"1 i+1Wi+1

Si+% = ; (15)

— the expression for the internal weight has the form:

i5:]- (16)

w. =——1[(1- W 1Sh g+ A
H_% Sial—S; l Wik 1Sinl TN i W,

Solving the equations (12) with respect to ¢, we obtain:

— fors; <s; <810
Z!

w; ti+%(sj —sl-)+wl.+% tl-(sl.+%—sl)
w; (sj—sl-)+wi+% (SH_%—Sj)

~. %

_ < < .
forsH% S S St

Si+y)+wl~+1 tHy(s,-H—sj)
H/)"' i+l (Sip1 —5;)

- Wi+% ti+l(sj -
Wi+% (S]

To estimate the modelling results and compare with
the maximum approximation error bound, the equidistant
method to the curve [1] can be used. The essence of this
method is to construct internal and external equidistant to
the reproducible curve. The method is to show con-
structed polyline together with the inner and outer equi-
distant to the curve.

The equidistant method provides the possibility of
visual control over the behavior of the polyline relative to
the limits of € — permissible “tube” for the original curve.
However, the significant disadvantages of this approach
are the impossibility of quantitative estimation of the ap-
proximation error bounds, the difficulty of visual control
for small errors and for a large number of polyline seg-
ments.

To eliminate the disadvantages of the equidistant
method, we consider the possibility of evaluation based
on quantitative characteristics of the quality of curve re-
construction. It is natural to choose as such a characteris-
tic the maximum distance d™ between the polyline seg-

.7

. £
ment /; and the corresponding curve arcI";  and to com-

t.
Jj-1

pare it with the given approximation error bound. Having

calculated these distances for the entire polyline, we ob-

tained a sequence of error values {d;{lzx} , (j=1,..., m)

where d;nax - =max{d(l“§{; ,lj)}. This sequence can
-1

be represented graphically as a bar chart, where the hori-
zontal axis represents the number of polyline segment,
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and the vertical axis — the corresponding distance ;™™
from the curve to the polyline. To simplify the compari-
son with the error limit and to be able to analyze the re-
sults obtained at different values of accuracy, we intro-
duce the concept of relative error of the segment — v;, for
which we take the ratio of the maximum distance of the
polyline segment to the approximation error bound —
y; = d™" / . This means that the values of the relative
error in the range from 0 to 1 satisfy the specified accu-
racy of the approximation, and values greater than one are
beyond the error bound.

In the case of an interpolation polyline, the start and
end points of its arbitrary segment lie on the curve and are
defined by the values of the curve parameter ¢ | and .
Thus, the arc of the curve interpolated by the current
segment is determined by the interval of the curve pa-
rameter — (t*j,l, t*j).

Therefore, the distance between the j-th segment of
the interpolation polyline and the point M (xy(f), ym(?)) on
the curve, is determined by the equation

dj(t)_‘ T}w} ‘ (18)

where 4; =y, |—y;, Bj=x;-x;4,C; =y;x; | =X;y;_.

To obtain the local extrema of function (18), we dif-
ferentiate its right-hand side by ¢ and, equaling it to zero,
we have

ij’(t) +Bjy'(t) =0. (19)

Having obtained the roots of this equation, which is
within the arc range of values, we choose the maximum
from them — d;™".

If the curve is composed of several elementary curve
arcs, the nodal points of the interpolation polyline may
belong to different components of the curves. This means
that the distance between the curve and the polyline must
be obtained among all the arcs of the curve that are within
the interpolation interval of a segment. For example, in
the case of B — spline based on an open knot vector
T (t; € [0, T]) we find the following values of the knot
vector f; > tj (for iy < l}) and tig = tj;[ (fOI' ti k1 <tj,]),
which correspond to the j-th segment of the polyline. For
each spline arc within the interval (#, ¢, ) we find the

distances according to the above algorithm — {d,rcnax}
And, then choose the
diy = max{d}cnax} .

maximum of them -

4 EXPERIMENTS
Experiments for reconstruction of curves by an as-
ymptotically optimal interpolation algorithm aimed to
investigate the influence of algorithm parameters and
methods on the quality of reconstruction results. Such
influencing factors include: the number of the initial uni-
form sampling nodes for the integral function — N, the
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error in calculating the values of the function ¥ — &%, the
interpolation method of this function.

Two plane convex curve (closed and open) were cho-
sen to the reproduction modelling. The first (Fig. 1) is a
Bezier curve of the sixth order with the coordinates of the
control polygon (0.0; 0.0), (0.55; 6.9), (11.8; 9.2), (16.5;
6.25), (22.0; 3.2), 24.5; 0.0), (18.0; —1.0). The second
(Fig. 2) is called the Pascal snail and has the following
parameters: radius of the base circle — 2.5, offset — 14.
Both curves do not contain inflection points.

In this work, we will focus on the study of the influ-
ence on the results of recconstruction the initial sampling
of the function (6) — N at a constant integration error &' .
The interpolation of the obtained values will be imple-
mented according to the linear algorithm — formula (11)
and using LRB-spline — formula (17). This will allow to
compare the results of the approximation and define the
sufficient value of the parameter N.

In [1], the following simple dependence was used to
define the value of N

N=|:l:|+1,
€

which considers only the recconstruction error bound and
does not depend on the properties of the curve itself. In
addition, this expression does not take in account how the
values of the integral function are interpolated at the in-
tervals between the sampling nodes. For the further com-
parison, we give a set of approximation error bounds and
the corresponding the number of sampling nodes, which
are calculated by (20) and summarized in Table 1.

(20)

5

Figure 1 — Bezier curve reconstructed by polylines

Figure 2 — Pascal’s snail reconstructed by polylines
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Table 1 — The value of the number of sampling nodes obtained by the expression (23)

Error bound — ¢ 0.0001 0.001 0.005 0.0075 0.01 0.025 0.05 0.1
Number of nodes
for the initial sam- 10001 1001 201 134 101 41 21 11
pling — N

For the linear method of interpolation, we take as a
basis the estimate of the error and starting from it we will
define the number of sampling points and fixe it impact
on the distribution of reconstruction errors. According to
[17], the estimate of the maximum error of linear interpo-
lation on a segment [#, 1, ;] has the form

§; = max |f(t)—L1(t)|§h2%, 21)

i—1°%

where M,; = max |f"(t)| )

i-12%

Given that we have a constant sampling step % =%

and extending the estimate to all intervals
M, = max|f”(t)| we find
T
M
N>T =2, (22)
83
For certainty, we define
M
N=|T /—2 +1. (23)
83

As follows from (23), linear interpolation has the con-
vergence order O (h%), and the error bound of linear ra-
tional interpolation was estimated in [18] as O (4°), i.e., as
a case of quadratic interpolation. The estimate of quad-
ratic interpolation has the form

NEY S

27

8; = max | f(6)—Ly(t)| <

liopol;

Ms,, (24)

where M;; = max |f’"(t)| .
i—12%
Based on this estimate, by analogy with linear interpo-
lation, we will have

6
N{T_ﬁM_]l o5)
3 )

We begin the choosing of the & value with the estimate
0 = ¢, and further, we will reduce this value by division on
2% (for linear interpolation case) and 3% (for LRBS case).
For calculating the values of the integral function ¥;, we
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use Clenshaw-Curtis quadrature with a constant value of
the integration error 8° = 0.5 10'°. To explain the recon-
struction results, we will compare the bar charts of error
distributions at different values of 6, shown on the same
scale factor — Fig. 3-6.

For the analysis of modeling data, it is more conven-
ient to present results in the form of statistical characteris-
tics of errors distributions obtained for sequences of poly-
lines segments. These characteristics are:
maximum and minimum values of the errors sequence —
Ymax> Yimin, MEAN — 0 , median, the range of errors for the
sequence of segments — A, standard deviation — . The
characteristics are presented in tables that correspond to
the approximations of the curve having a given error
bound and the same number of polyline segments. The
results are obtained for different number of the integral
function sampling nodes.

5 RESULTS

Tables 2—5 show the values of the error distribution
characteristics for the curves (Fig. 1, 2) using a linear
interpolation of the integral function (6) by expressions
(11). From the presented results it follows that at values &
=g /64 ... € /256 the segments errors are stabilized being
within the range of admissible values close to its upper
limit — 0.9... 0.98. The comparison of the sample vari-
ances for the cases € /128, & /256 and & according to the
Cochren test with a confidence level of 0.95 did not show
statistical significance. Therefore, a further increasing the
number of sampling nodes did not have a significant ef-
fect on the approximation results.

Further, we will consider the effect of the integral
function interpolation by LRB-spline and compare them
with the results already obtained by linear interpolation.

In LRBS case, we will start to change the d-value in
(25) from the estimate & = 3¢. Tables 6-9 show the results
for the interpolation of the integral function by a linear
rational B-spline under similar conditions to the linear
method. The relative approximation error according to
these  tables was  stabilized at values of
O =¢ /81 ... € /243 at values close to those observed with
the linear method. Comparison of sample variances by the
Cochren’s test starting from & = ¢ /9... € /27 did not show
statistical significance. If we also compare the results of
the corresponding tables for the linear and LRBS interpo-
lation of the integral function, it becomes clear that to
achieve the same results of approximation by the spline
method required 5—6 times fewer sampling nodes than by
the linear method.
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Table 2 — The results of the reconstruction for the curve — Fig. 1 and € = 0.001
(number of polyline segments m = 122)

Statistical char- The interpolation error of the integral function, &
lacteristic 5
€ &2 €/4 €/8 &/16 €/32 £/64 €/128 £/256 €
[Ymax 0.989389  10.98049 0.974665  10.972353 0.972083 0.971481 971236 0.971281  |0.97122 0.9712
Vimin 0.953614  10.961996  0.967626  10.969393 0.969849 0.970404  10.970604  0.97069 0.970703  10.970723
A 0.035775  10.018494  0.007039  |0.002959 0,002234 0.001077  |0.000632  [0.000591  |0,000516  [0.00047
0 0.970928  10.970915  |0.970912  |0.970915 0,970911 0.970911  0.970911  [0.970909  |0.970912  [0.97091
0.970446  10.970743  |0.97083 0.970909 0.970871 0.970897  10.9709 0.970899  10.970911  [0.97091
o 0.007305  10.00322 0.001057  10.000627 0.000401 0.000196  [0.000141  [0.000108  [0.000101  9.72 10
NV 73 102 144 203 287 K05 572 308 1143 2257
! ¥
0,99 1,03
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0,99
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Figure 3 — Errors distributions for the reconstruction of the
curve — Fig. 1 (given error bound ¢ = 0.001 and 6=¢)

Figure 5 — Errors distributions for the reconstruction of the
curve — Fig. 2 (given error bound ¢ = 0.01 and 6=¢)
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Figure 4 — Errors distributions for the reconstruction of the
curve — Fig. 1 (given error bound € = 0.001 and 6=¢/64)

Figure 6 — Errors distributions for the reconstruction of
the curve — Fig. 2 (given error bound & = 0.01 and d=¢/64)

Table 3 — The results of the reconstruction for the curve — Fig. 1 and € = 0.01
(number of polyline segments m = 40)

Statistical charac- The interpolation error of the integral function, 3

teristic P &2 &/4 &/8 &/16 €32 £/64 £/128 £/256 &

Vinax 0.957806 | 0.934061 | 0.914664 | 0.908149 | 0.90704 0.905889 | 0.905787 | 0.905455 | 0.905296 | 0.905335

Vomin 0.852996 | 0.876438 | 0.894885 | 0.897718 | 0.899909 | 0.901159 | 0.901194 | 0.901487 | 0.901521 | 0.901572
A 0.10481 0.057623 | 0.019779 | 0.010431 | 0.00713 0.004729 | 0.004592 | 0.003968 | 0.003775 | 0.003763
0 0.903137 | 0.903025 | 0.902994 | 0.902989 | 0.902987 | 0.902986 | 0.902987 | 0.902987 | 0.902986 | 0.902986
median 0.900533 | 0.900686 | 0.901924 | 0.902694 | 0.902683 | 0.902828 | 0.902873 | 0.902906 | 0.902914 | 0.902931
c 0.022944 | 0.011551 | 0.004583 | 0.002402 | 0.001687 | 0.00108 0.001008 | 0.000904 | 0.000875 | 0.000853

N 24 33 47 65 92 129 182 257 362 639
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Table 4 — The results of the reconstruction for the curve — Fig. 2 and € = 0.001
(number of polyline segments m = 286)

Statistical The interpolation error of the integral function, &
characteristic | 2 €/4 /8 €/16 €/32 £/64 /128 £/256 ¢
Vinax 1.00654 0.99826 0.99214 0.98935 0.98913 0.98854 0.98828 0.98822 0.98821 0.98821
Ymin 0.9693 0.97773 0.98395 0.98678 0.98681 0.98743 0.98768 0.98769 0.98773 0.98774
A 0.03724 0.02053 0.00819 0.00257 0,00232 | 0,00111 0.0006 0.00053 0.00048 0.00047
0 0.98798 0.987977 0.98797 0.987955 | 0.98797 | 0.987969 | 0.987963 | 0.987971 0.987967 | 0.987966
median 0.98799 0.98798 0.987935 | 0.98798 0.98798 | 0.98796 0.98796 0.98796 0.98797 0.98797
o 0.006474 | 0.003764 0.001683 | 0.00052 0.00035 0.000216 | 0.000121 8.5610° 74710° | 6.9610°
N 87 122 172 243 343 484 684 966 1366 7627
Table 5 — The results of the reconstruction for the curve — Fig. 2 and € = 0.01
(number of polyline segments m = 91)
HaiimenyBaHHs The interpolation error of the integral function, &
TIOKa3HHUKa € €/2 €/4 e/8 €/16 €/32 £/64 €/128 £/256 g
Vinax 1.031872 | 0.999084 | 0.988514 | 0.979086 | 0.978574 | 0.977092 | 0.976432 | 0.976231 | 0.975974 | 0.975947
Vimin 0.918589 | 0.953424 | 0.964541 | 0.971311 | 0,972784 | 0,974536 | 0.975064 | 0.975238 | 0.975292 | 0.975361
A 0.113283 | 0.04566 0.023973 | 0.007775 | 0.00579 0.002556 | 0.001368 | 0.000993 | 0.000682 | 0.000586
0 0.975881 | 0.975812 | 0.975791 | 0.975784 | 0.975784 | 0.975783 | 0.975783 | 0.975783 | 0.975783 | 0.975783
median 0.975494 | 0.975934 | 0.975165 | 0.976036 | 0.975893 | 0.97578 0.975793 | 0.975794 | 0.975787 | 0.975783
c 0.019654 | 0.010643 0.005374 | 0.001766 | 0.001046 | 0.00058 0.000264 | 0.000185 | 0.000101 | 910~
N 28 40 55 78 109 154 217 307 433 764
Table 6 — The results of the reconstruction for the curve — Fig. 1 and & = 0.001
(number of polyline segments m = 122)
Statistical The interpolation error of the integral function, §
characteristic 3¢ £ €/3 €/9 /27 /81 £/243 g
Vinax 0.973099 | 0.972094 | 0.971562 | 0.971373 0.9713 0.971228 | 0.971232 0.971195
Vmin 0.967027 | 0.969814 | 0.97064 0.970705 0.970726 | 0.970728 | 0.970705 0.970729
A 0.006072 | 0.00228 0.000922 | 0.000667 0.000574 | 0.000501 | 0.000527 0.000466
0 0.97091 0.970914 | 0.970913 | 0.970914 0.970912 | 0.970914 | 0.970914 0,970911
median 0.970872 | 0.970909 | 0.970898 | 0.970908 0.97091 | 0.970909 | 0.970909 0.970908
c 0.000701 0.000306 | 0.000148 | 0.000109 0.000102 | 0.0001 9.83E-05 9.5210°
N 28 40 57 81 116 167 240 3817
Table 7 — The results of the reconstruction for the curve — Fig. 1 and € = 0.01
(number of polyline segments m = 40)
Statistical The interpolation error of the integral function, &
characteristic | 3g € €3 /9 €27 /81 £/243 g
Ymax 0.911873 | 0.908855 | 0.906987 | 0.90518 0.905401052 0.905290953 0.905338795 0.905324594
Yimin 0.898304 | 0.900459 | 0.901631 | 0.901539 | 0.901569423 0.901586084 0.901585175 0.901584787
A 0.013569 | 0.008397 | 0.005356 | 0.003642 | 0.003831629 0.003704868 0.003753621 0.003739807
0 0.902988 | 0.902987 | 0.902986 | 0.902986 | 0.902986498 0.902986386 0.902986403 0.902986184
median 0.902984 | 0.902739 | 0.902931 | 0.90293 0.902928449 0.902927493 0.902928085 0.90292768
c 0.002580 | 0.00162 0.001009 | 0.000847 | 0.00084955 0.000845842 0.000845356 0.000845317
N 14 19 27 38 55 78 112 383
Table 8 — The results of the reconstruction for the curve — Fig. 2 and € = 0.001
(number of polyline segments m = 286)
Statistical The interpolation error of the integral function, &
characteristic | 5 e e/3 &/9 &27 &/81 €243 &
Yo 0.9911 0.98927 0.98829 0.98823 0.98822 0.98823 0.98823 0.98823
Vmin 0.98623 0.98716 0.9876 0.98773 0.98772 0.98772 0.98772 0.98772
A 0.00487 0.00211 0.00069 0.0005 0.0005 0.00051 0.00051 0.00051
6 0.98797011 | 0.987963007 | 0.98797035 | 0.98796374 | 0.987962657 | 0.98796965 0.987970105 | 0.987969231
median 0.988075 0.98801 0.98799 0.98797 0.98797 0.98797 0.98797 0.98797
o 0.000535 0.000254 0.000113 8.0278 10~ | 7.86862 10~ | 7.74136 10~ | 7.21426 10° | 6.92676 10~
N 28 40 57 82 118 169 243 3872
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(number of polyline segments m = 91)

Table 9 — The results of the reconstruction for the curve — Fig. 2 and € = 0.01

Statistical The interpolation error of the integral function, &
characteristic | 3 € &3 €9 €27 &/81 £/243 &
Vimax 0.984439 0.980645 0.977005 0.976055 0.975935 0.975909 0.975911 0.975908
Vrmin 0.968286 0.972696 0.973873 0.975333 0.975368 0.975312 0.975367 0.975367
A 0.016153 0.007949 0.003132 0.000722 0.000567 0.000597 0.000544 0.000541
6 0,975784121 | 0.975783604 | 0.975782813 | 0.975783154 | 0.975783374 | 0.975782956 | 0.975783121 | 0.975782791
median 0.976166 0.976035 0,975893 0.97582 0.975794 0.975785 0.975783 0.975781
o 0.002169927 | 0.001081117 | 0.00042438 0.000149687 | 9.17794 10° | 8.61524 10 | 8.52029 10 | 8.50578 10°°
N 14 19 27 39 55 79 114 389
c? o2
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Figure 7 — Dependencies of sample variance on the ratio of the
number of function sampling nodes N to the number of ap-
proximation polyline segments m for reconstructing the curve —
Fig. 1 with tolerance £=0.001
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Figure 8 — Dependencies of sample variance on the ratio of the
number of function sampling nodes N to the number of ap-
proximation polyline segments m for reconstructing the curve —
Fig. 1with tolerance £€=0.01
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Figure 9 — Dependencies of sample variance on the ratio of the
number of function sampling nodes N to the number of ap-
proximation polyline segments m for reconstructing the curve —
Fig. 2 with tolerance €=0.001
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Figure 10 — Dependencies of sample variance on the ratio of
the number of function sampling nodes N to the number of
approximation polyline segments m for reconstructing the
curve — Fig. 2 with tolerance £€=0.01

6 DISCUSSION
In more detail to see the difference between the two
interpolation methods of the integral function (linear and
LRBS), we compare the dependence of 6> on a number of
sampling nodes. To reduce the effect of a given approxi-
mation error g, we will determine the dependence on the
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ratio of the number N of sampling points to the number of
approximation segments m. On Fig. 7-10 we present
these dependencies. It follows from these graphics that
the rate of variance decreases when the nodes number
ratio increasing was different for linear and for LRBS
interpolations. This is confirmed by the fact that the ap-
proximation errors for LRBS interpolation were stabilized
at the ratio up to 1 + 2 N/m (for the linear method at the
ratio 5 + 7 N/m).

Comparison of sampling node numbers for expres-
sions (20) and (24), (25) shows that formula (20) can give
both increased and decreased number of sampling points
relative to the stabilization values (see Tables 2-9).

The experiments also showed the suitability of the
models for the reconstruction of real parametric curves.
The approximation error of polyline was stabilized at the
level 90-98 percent of the error bound. This indicates that
the asymptotically optimal algorithm pro-vides an error
close to the upper limit of the error bound and the small-
est number of the polyline segments.

CONCLUSIONS

The simulation of the reconstruction of convex plane
parametric curves by an asymptotically optimal linear
interpolation algorithm showed quite acceptable results
without exceeding the approximation error bound in cases
of a sufficient number of integral function sampling
nodes.

The scientific novelty of obtained results is to identify
the influence of increasing the number of the initial sam-
pling of the integral function — the regulator on the quality
of curves reconstruction. The effect is to improve the
characteristics of approximation error distribution for the
polyline segments sequence, namely, to reduce the varia-
tion of the error series, which corresponds to the stabiliza-
tion of the error values around the mean value. Experi-
mentally, it was confirmed that the increase in the number
of integral function sampling nodes is bounded by the
values of stabilization, after which the differences be-
tween the variances are not statistically significant. For
the first time in the asymptotically optimal algorithm,
LRBS interpolation of the integral function was used,
which allows to significantly reduce (by 5 = 6 times) the
number of sampling nodes and related calculations.

The practical significance of the work is to clarify
and refine the parameters of the asymptotically optimal
interpolation algorithm, which affects the results of curve
reconstruction.
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MOJEJIOBAHHS ACUMIITOTUYHO-ONTUMAJIBHOI KYCKOBO-JIIHIMHOI IHTEPHOJISIIII IIJIOCKUX
MMAPAMETPUYHHNX KPUBUX
®poaos O. B. — kaH/. TeXH. HAYK, JOICHT, JOICHT Kadeapu iHPpopMaliiHUX crucTeM XapKiBChbKOTO HAIIOHAJIBHOTO TEXHIYHOTO
yniBepcutety im. C. Ky3neus, XapkiB, YkpaiHa.
JloceB M. IO. — kaHz. TexH. HAyK, IOLEHT, TOLUCHT Kadeapu iHpopmauiiiHux cucteM XapKiBCHKOTO HalliOHAIBHOTO EKOHOMIY-
Horo yHiBepcurety iMeHi Cemena Kysnens, Xapkis, YkpaiHa.

AHOTAIIA

AKTyalIbHiCTB. ANIpOKCHMAITisl KPUBHX JJAMAaHUMH IIPUBEPTAE yBAry 3 METOIO ii 3aCTOCYBaHHS 10 BIITBOPEHHS 00’€KTIiB CKIIaJ-
Hoi opmu Ha koM 'toTepi, Bepcrarax 3 UIIK Ta 3D npuntepax. [Ipu upomy 6akaHo MaTy HaiiMEHIIy KUIBKICTb JJAHOK JIAMaHOT, 110
3aMiHIOE KPHBY, 31 30epEKECHHAM HEOOXiJHOT TOUHOCTI BiZITBOPEHHS.

Merta. BaockoHaneHHsI METOy aCHMITOTHYHO ONTHUMANIBHOT KyCKOBO-JIHIHHOT IHTEPHOMALIT IJIOCKUX MapaMeTPHYHUX KPHBHX
Ha OCHOBI JJOCJTI/DKEHHS BIUIMBY HOTO MapaMeTpiB Ta aICOPUTMIB Ha PO3IO/IiIH HOXHOOK anpoKCUMAIi]l peallbHUX KPUBHX JIHIH.

Meton. B po6oTi po3risiiaeTbesi aCHMIITOYHO-ONITUMAIbHA IHTEPIOJSIIS TNIOCKUX KPUBHUX, SIKi 3aJOBOJBHAIOTH YMOBI MiHiMa-
JIBHOCTI KUTBKOCTI JIAaHOK arpoKkcuMariii. byiio 3anponoHoBaHO anropuTMH OTPUMAaHHs 3HAYCHb MOCTIIOBHOCTI BY3JIiB alpoKcHMAIii
Ha OCHOBI YHCEJIBHOTO IHTETpYBaHHS (QYHKILII — PEryssTopa 3 MOAANBIIO0 JIHIHHOIO Ta CINIAHHOBOIO IHTEPIIOJALIEO ii 3HAYCHB.
OOrpyHTOBaHO METOJHKY OLIHKH Pe3yJIbTaTiB MOJCIIOBAHHS allpOKCHUMAIIi] peaJbHUX KPHUBHUX, IO 0a3y€ThCsl Ha CTATUCTHUHIN 00-
pobui psmiB BITHOCHHUX MOXMOOK JIaHOK JlamaHoi. [IpoBeneHo MoenoBaHHS alpoKCHMaii peabHUX KPUBHUX Ta JOCII/PKEHO BIIUB
Ha MOKa3HUKH PO3IOALTY MOXMOOK KUIBKICHOI XapaKTepHCTHKHU CTYIICHIO AUCKpeTH3aLil inTerpanbHol GyHKIIT — peryistopa By3iiB
B 3JIOXKHOCTI BiJl METOy IHTEPHOJIALIT 3HAYEeHb iIHTErpabHOT QyHKIIT.

PesyabraTn. [IpoBeneHi 10CHiIKeHHs JO3BOJIMIN BUSIBUTH BIUIMB TIEPBICHOT qUCKpeTH3alii iHTerpanbHol QyHKIIT — peryssropa
BY3JIiB Ha SIKICTh BIATBOPEHHSI KPUBUX JIAMAHHUMH 32 aCHMITOTHYHO ONTUMAJIbHUM aIrOPUTMOM Ta MOXJIMBOCTI BU3HAYCHHS paLio-
HAJIBHOTO CTYICHIO THCKPETU3allii IMpH MPaKTHIHUX PO3paxyHKax I BiATBOpPEeHHS BHpOOIB ckimamgHoi ¢opmu. BeranosieHo, mio
MIPY AOCTATHIA KITBKOCTI TOYOK AMCKPETHU3AIIT JUCIIEPCis pO3MOILTY TOXHOOK ampoKCHMAIlil cTabimi3yeThes 1 30UIBIICHHS i€l KiTb-
KOCTI Ha IOPSIOK HEe 3HAYHO IMiJBHINY€E TOYHICTh BiATBOpEHHS KpuBOi. [Ipn nmboMy crutaiiHOBa iHTEepIIOJIALis 3HAUCHB IHTETPaIbHOT
¢yHKOii gaBana 3HAUYHO OUTBIIY IIBUIKICTH crabumizamii 3HaYeHb MapaMeTpiB PO3MOALTIB, IO JO3BOJISIE 3HU3UTH KUTBKICTH BY3IIB
HepBiCHOT TUCKpeTH3alii y 5—6 pa3iB Marouy aHAJIOTIYHI HOKa3HUKH TOYHOCTI arpoOKCUMAILiT.

BucHoBkH. BiATBOpeHHs peanbHHX IUIOCKUX IapaMETPUYHUX KPUBHX OIYKJI0l (OpMM JlaMaHMMM 32 ACHMITOTHYHO-
ONTUMAJILHUM QJITOPUTMOM IHTEPIOJIALIT 10KA3aJI0 LINIKOM IPUIHATHI pe3yabTaTH 0e3 NepeBHILEeHHS JOIyCTUMOI OXUOKH anpok-
cuMalii y BUHaJAKax JOCTaTHBOIO CTYICHIO JAMCKPETH3allil 3HaueHb iHTerpanbHol QyHkuii. HanmpsMkamu momamblinx IOCIHIIKEHb
MOKe OyTH AOCIiIKCHHS MOKIIMBOCTI CIPOIICHHS PO3paxyHKIB IPH OOYHCICHH] 3HaUeHb 1HTETpaitbHOi (PyHKIIT pO3MOaiTy Yuceb-
HUMH METOJIaMH, & TAKOXX MOYJIMBOCTI BUKOPUCTAHHS AMCKPETHUX aHAJIOTIB MOXIAHUX Y BUpa3i i€l QyHKIII.

KJIIOYOBI CJIOBA: inTepnossmis, JaMaHa, eKBiIUCTaHTa, IHTETPyBaHHs, INIOCKA ITapaMeTpUYHa KpPUBa, IIOXHOKA.

VK 512.2:004.94

MOJIEJTJMPOBAHUE ACUMIITOTHYHO-ONTUMAJBHOM KYCOYHO-TUHEHNHOW HHTEPIOJISILAA
IIVNIOCKUX MIAPAMETPUYECKHUX KPUBBIX
®posaos O. B. — kaHA. TeXH. HayK, AOIEHT, AOIEHT Kadeapsl MHPOPMAMOHHBIX cHCTeM XapbKOBCKOTO HAMOHAIBHOTO KO-
HOoMu4eckoro yauepcureta uM. C. Ky3Hena, XapekoB, Ykpaunsa.
JloceB M. IO. — xaHz. TeXH. HayK, TOLEHT, JOUECHT Kadeapbl HHPOPMAIIMOHHBIX CHCTEM XapbKOBCKOTO HAI[MOHAIBHOTO YKOHO-
muyeckoro yuusepcurera umenu Cemena Kysnena, XappkoB, Ykpauna.

AHHOTANUA

AKTYaJIbHOCTD.. ANINIPOKCUMAIVSI KPUBBIX JIOMaHBIMH MPUBJIEKAET BHUMAaHHUE C LIEJIBIO €€ MPUMEHEHHS K BOCCTAHOBJIEHHIO 00b-
eKTOB CJIOKHOH (hopMbl Ha KommbioTepe, ctankax ¢ YITY u 3D npunrtepax. [Ipu 3ToM kenaTenbHO HMETh HAMMEHbIIIeE KOJINYECTBO
3BEHBEB JIOMAHOH, 3aMEHSIOMIEH KPUBYIO, C COXpaHEHHEM HEO0OXO0MMOI TOUHOCTH aNMPOKCHMALIUH.

Leapb. CoBepHIeHCTBOBAHNE METOJAa ACHMITOTHYECKH ONTUMANBHOM KyCOYHO-TMHEHHOW MHTEPIONSANUH IUIOCKUX MapaMeTpH-
YEeCKUX KPUBBIX Ha OCHOBE HCCIEIOBAHHS BIHMSHHS €0 TapaMETPOB U ATOPUTMOB Ha PacIpeeleHus MOTPENTHOCTEH IPH aIllIpoOK-
CHUMallUM PEaIbHBIX KPUBbIX JIMHUM.

Metoa. B paGore paccMaTrpuBaeTcs aCHMITOYHO-ONTHMAIbHAS HHTEPIIOISIIUS INIOCKUX KPUBBIX, yJIOBIETBOPSIONINX YCIOBHUIO
MUHHMMAJIbHOCTH KOJIMYECTBA 3B€HbEB alIPOKCUMALUU. Bbulo mpeioskeHs! alropuTMbl IOJIyUeHHs 3HAaUEHUH 110CIIeJ0BaTeIbHOCTH
y3JIOB alNpPOKCUMAIMY Ha OCHOBE YMCIICHHOTO MHTErpupoBaHMs QYHKIIMU — PEryJsITopa ¢ MOCeyIomel TMHeWHOH 1 CrilailHOBO#
HHTEpHONANUN ee 3HaueHuil. O60CHOBaHa METOAWKA OLIEHKH PEe3yJIbTaTOB MOJETHPOBAHUS AMIpPOKCUMAIMU PEANbHBIX KPHUBBIX,
OCHOBAHHBII Ha CTaTUCTHYECKOH 00pabOTKe MOCIe0BaTeIbHOCTEH OTHOCUTEIBHBIX MOTPEIIHOCTEH 3BeHbeB ToMaHou. [IpoBeneHo
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MOJIEJIMPOBAHUE aNMPOKCUMAIUK PEaJbHBIX KPUBBIX U UCCIIEJOBAHO BIMSHHUE HA MOKA3aTeIN PacIlpeesIeHus OTrpelHoCTel KoIu-
YECTBECHHOM XapaKTEPUCTUKU CTCIICHU JUCKPETU3AIMH UHTEIPATLHON (QYHKIUH — PETYJISITOpa Y3JI0B B 3aBUCUMOCTH OT METOJIa UH-
TEPIOJISIIIAY 3HAYCHU I HHTErPAIbHON (DyHKIIHH.

PesyabTatel. [IpoBeneHHble HCCIENOBAaHHS IO3BOJMIM BBIABUTH BIMSHHE MEPBOHAYAIBHOW AMCKPETH3ALUU HHTETPANbHON
(YHKLIUH — PETYJIATOpa Y3JI0B HA KaYeCTBO BOCCTAHOBIICHUS KPUBBIX JIOMAaHBIMH U BO3MOXHOCTH OIIPEIETICHUS PALlMOHATIBHOM cTe-
MIEHH JUCKPETU3AINU P MPAKTUICCKUX PacdeTax sl BOCIIPOU3BEACHUS U3ICTHIA CIOKHON GOPMBL. Y CTAaHOBIICHO, YTO TPH JOCTA-
TOYHOM KOJIMYECTBE TOUCK NUCKPETU3AIMU JUCIICPCHs PacIpelesIeHHs TOTPEUIHOCTEH anmpoKCHMAIiK CTaOWIN3UPYETCS U YBEIH-
YeHHE TOr0 KOJIMYECTBA HA IMOPSAAOK HE3HAYMTEIHHO MOBBIIIAET TOYHOCTh BOCIpOU3BeNeHUs KpuBoil. [Ipu sToM crutaiiHoBast vH-
TEPIOJISIIUS 3HAYCHUH MHTETPaJbHOW (DYHKIMU JaBajia 3HAYUTEIHHO OOJIBIIYI0 CKOPOCTh CTAOWIHM3allMM 3HAYCHWH MapaMeTpoB
pacrpeieneHuid, 4To M03BOJISIET CHU3UTh KOJIMYECTBO Y3JIOB [IEPBOHAYATILHON AUCKPETH3AMH B 5—6 pa3 uMes aHAJIOTHYHbIE TT0Ka3a-
TEJIM TOYHOCTH arMpOKCUMAIIH.

BriBoabl. BoccraHoBneHHe peaibHBIX INIOCKHX MAPAMETPUYECKUX KPHUBBIX BBIMYKIOH (OPMBI IOMAHBIMU TIPH TIOMOIH aCHM-
NTOTHYECKU-ONTUMAILHOTO aJITOPUTMa MHTEPIOJIALMH [IOKA3al0 BIIOJIHE MIPUEMIIEMbIE PE3yJIbTaThl 03 MPEBBIMICHUS T0IyCTUMOM
MOTPEIIHOCTH ANMPOKCHMAIH B CIy4asX JOCTATOYHOW CTCTNEHW AMCKPETH3AllMU 3HAYCHUI MHTerpaibHoil (yHkuun. Hampasie-
HUSIMH JaJTbHEHIINX HCCIEIOBAaHUN MOKET CITY>)KUTh UCCIIEIOBaHNE BO3MOKHOCTH YIPOLIEHHUS PAcYeTOB MPU BHIYUCICHUN 3HAYCHUAN
MHTETPATLHONH (QYHKIWU PacHpe/ICICHUs] YACICHHBIMA METOJaMH, a TaK)Ke BO3MOXKHOCTH HCIOJIB30BaHUS TUCKPETHBIX aHAJIOTOB
MIPOM3BOHBIX B BEIPAKCHHU 3TOUW (DYHKIIUH.

KJIIOYEBBIE CJIOBA: untepnossiuus, JoOMaHasi, SKBUJUCTaHTa, UHTEIPUPOBAHUS, TUIOCKas MapaMeTpudeckasl KpuBas, Io-
PEUIHOCTb.
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BEKTOPHI MOJIEJITI JIOT'IKH I CTPYKTYPHU JUISA TECTYBAHHSA TA
MOJEJIOBAHHSA IU®POBUX CXEM

XaxanoBa A. B. — kaHJ. TexH. HayK, JOLEHT Kad. ABTOMaTH3alil MPOCKTYBaHHs OOUMCIIOBAILHOT TEXHIKH, Xap-
KIBCBKH HalliOHAILHUI YHIBEPCHUTET PaIioeIeKTPOHIKH, YKpaiHa.

Xaxanos B. I. — 1-p TexH. Hayk, npodecop kad. ABToMaTH3aIlil IPOSKTYBaHHS OOYUCIIOBAJIbHOT TEXHIKH, XapKiB-
CbKHI HAIlIOHAJILHUH YHIBEPCUTET pa/lioeNeKTPOHIKH, YKpaiHa.

Yymauenko C. B. — 1-p TexH. Hayk, npodecop, 3aB. kad). ABTOMaTH3alliil MPOEKTYBaHHS 00YHCITIOBAIBHOI TEXHIKH,
XapKiBCHKUI HAITIOHAIBHUH YHIBEPCUTET pagioeIeKTPOHIKH, YKpaiHa.

JlutBunoBa €. 1. — 1-p TexH. Hayk, npodecop kad. ABToMaTH3aMii MPOSKTYBaHHSI OOYHCITIOBAIFHOI TEXHIKH, Xap-
KIBCHKHI HaIlIOHAIbHUH YHIBEPCUTET PaJioeIeKTPOHIKH, YKpaiHa.

Paxaic JI. FO. — xaHx. TexH. HayK, AOIEHT Kad. ABTOMaTH3allii MPOEKTyBaHHSA OOYUCIIOBAIBHOI TEXHIKH, XapKiB-
CHKHMI1 HAIllIOHABHUH YHIBEPCUTET PagiOeNeKTPOHIKH, YKpaiHa.

AHOTANIA

AKTyanbHicTb. BiZioMo, 1110 CTPYKTYpH JaHHX € BU3HAYAIbHUMH JUISL CTBOPEHHS ¢(DEKTHBHUX IapaliejbHUX aJrOPUTMIB i BUCO-
KOIIPOIYKTUBHUX OOYHCIIOBAIBHUX NMPUCTPOiB. ToMy po3poOka MaTeMaTHYHO NOCKOHAIMX 1 TEXHOJOTIYHO IPOCTUX CTPYKTYp Ha-
HUX 3aliMae 6in3bKo 80 BiJICOTKIB Yacy MPOEKTYBaHHS, KOJIU Ha anropuTMu i ix hardware-software xomyBaHHs BUTpavaeThCs OJIHM3b-
ko 20 BiJJCOTKIB 4acOBHX i MaTepiajlbHHX pecypciB. Lle 00yMOBIIIO€ MONIyK TaKMX MPUMITHUBIB CTPYKTYp JAHUX, SIKI CYTTEBO CIIPOC-
TATh TapajeibHi BUCOKOIPOAYKTHBHI alrOPUTMH, IO MPALIOIOTh HAa HUX. [IPONOHYIOTBCS MOZEINI i METOU ISl TECTYBAaHHS Ta MO-
JeTFOBaHHS [IU(PPOBUX CUCTEM, IO MICTITh OKPEMi [epeBaru KBAHTOBOIO KOMIT IOTHHTY B YaCTHHI IMIUIEMEHTALlil BEKTOPHHUX KyOiT-
HUX CTPYKTYp JaHUX B TEXHOJOT1] KIIACHYHUX OOUUCITIOBAIBHHUX MPOLIECIB.

Merta. Po3poOka iHHOBaIiHHOI TEXHOJOTI] KyOiTHO-BEKTOPHOTO CHHTE3Y 1 JEAYKTUBHOTO aHAJi3y TECTiB A iX Bepudikamii Ha
OCHOBI BEKTOPHHUX CTPYKTYp JaHHX, IO iCTOTHO CIIPOIIYIOTh aJITOPUTMH, SIKi MOXKYTh OyTH BOynoBaHi sik komnoneHTd BIST B muo-
POBI CHCTEMU Ha KPHCTANaX.

MeTtoa. BukopucroByeThest IefyKTHBHE MOJICIIOBAHHS HECIIPABHOCTEH JUIs OTPUMAaHHS aHAIITHYHUX BUPa3iB, OPiEHTOBAHUX Ha
TPAHCHOPTYBAaHHS CITHCKIB HEeCIpaBHOCTEH depe3 (yHKI[IOHaNbHHI abo JIOTIYHUMK eJIeMEHT Ha OCHOBI XOr-oreparii, sika BUKOHYE
POIb BUMIpHHKA TOAIOHOCTI-BIAMIHHOCTI MK T€CTOM, (YHKIII€IO 1 HECTIPaBHOCTAMH, 3aJaHUMH OJJHAKOBO B OTHOMY 3 (popmariB —
Tabnuuero, rpadom, piBHAHHAM. [IpornoHyeThCsl ABIMKOBHI BEKTOp SK CaMHil TEXHOJIOTIYHHMH HPHMITHB CTPYKTYpP JaHUX MU 3a-
BaHHs JIOTIYHOT (DyHKLIOHAIBHOCTI 3 METOO MapasieIbHOro CHHTE3y Ta aHawi3y nuppoBux cucreM. [lapanenizm pimeHHs komOiHa-
TOPHHMX 3a/a4 € (i3n¥Ha BIACTHBICTh KBAHTOBOTO KOMII IOTHHTY, 110 B KIIACHYHOMY KOMII FOTHHTY, JUISl IapaJIeIbHOIO MOJEIIIOBaH-
HS Ta IlaTHOCTYBaHHS HECTIPABHOCTEH, 3a0e3Meuy€eThCs YHITAPHO-KOAOBAHUMHE CTPYKTYpaMH JaHUX, 3aBISKH HAIUIIKOBIN TaM’sITi.

PesyabTaTn. 1) Po3pobieHo MeTO aHATITUYHOTO CHHTE3Y NeIyKTUBHOI JIOTIKH s (yHKIIOHATBHUX €JIEMEHTIB BEHTHIIHHOTO
PIBHS 1 pIBHS PEricTPOBUX Iepesad. 2) 3alpornoHOBaHO ACAYyKTUBHUI IIPOLECOp IS MOAECIIOBAHHS HECIIPAaBHOCTEH HAa OCHOBI TpaH-
CIIOPTYBaHHS BXIJHHUX CITHCKIB 200 BEKTOPIB HECIIPABHOCTEH Ha 30BHIIIHI BUXOAU IU(ppPoBUX cxeM. 3) OnucaHo KyOiTHO-BEKTOPHY
(dopMy 3aBIaHHS JOTIKM Ta METOJM KyOITHOrO CHHTE3y JNEeNyKTHBHHX PIBHSHB JUIS MOJENIOBAHHs HecnpaBHocTel. 4) Po3pobieno
KyOITHO-BEKTOPHHUI METOJI CHHTE3y TECTiB, 0 BUKOPHCTOBYE IOXIiJHi, SIKi OOUHCIIOIOTHCS 32 BEKTOPHMM HOKPUTTSIM JIOTIKH. 5)
Bukonano Bepuikaiito Moeneil i MeTo/IiB Ha TECTOBHX HPHKIIaAax B IMPOrpaMHiil peanisailii CTpyKTyp i aropuTMiB.

BucnoBku. HaykoBa HOBH3HA MoJisirae B HOBIM mapagurMi TEXHOJIOTIT cuHTe3y AeaykTuBHOi RTL-70riku Ha OCHOBI METPHYHOTO
PIBHSHHS TECTYBaHHSA, IO (POPMY€E XOr-BiTHOCHHU MK TeCTOM, (QYHKLIEIO i HECIPaBHOCTSIMU. BBoauThCs BekTOpHA popma omucy
CTPYKTYD, SIKa Ja€ MOKJIUBICTh 3aCTOCYBATH BiJIOMi TEXHOJOTIi CHHTE3Y Ta aHANi3y TECTiB JIOTIYHUX CXeM IS e(hEeKTHBHOTO BUPi-
IICHHS 3aBJIaHb TECTYBaHHS rpadOBUX CTPYKTYp i aBTOMAaTHUX MoJeNel 1uppoBHX NpUCTPoiB. [IpakTHYHA 3HAUYMMICTD BiJIOUBAETH-
Csl B IIPHUKJIaaX aHATITHYHOTO CHHTE3y AEAyKTUBHOI JIOTIKH /IS (DYHKI[IOHAIBEHHUX €JIEMEHTIB BEKTOPHOTO PiBHS 1 PIBHS PETiCTPOBHX
nepenad. [IpornoHyeTbCs IeMyKTHBHUN MPOLECOp Ul MOJAENIOBAHHS HECIPaBHOCTEH, SKMil Opi€eHTOBaHMII HAa IMIUIEMEHTAMI0 SK
3aco0y BIST, 1110 BUKOPHUCTOBY€ETBCS B PEXKHMMI OHJIAIH TECTyBaHHS, MOJICIIOBAHHS 1 JIIarHOCTYBaHHS HECIPaBHOCTEH JUIsl IU(PPOBUX
cucreM Ha Kpucrtanax. [IponoHyeTbes KyOiTHO-BeKTOpHa (hopMa omucy HU(PPOBHUX CHCTEM, sKa IEPEBEpIIye ICHYIOUi CIOCOOH 3a-
BIaHHs 00YHCITIOBANLHUX MPUCTPOIB 32 METPUKOIO: TEXHOJIOTIYHICTh, KOMIAKTHICTh, IIBUAKO/IS 1 sikicTh. P03pobieHo nporpaMunit
3aCTOCYHOK, KU peaizye OCHOBHI CepBiCH TECTYBaHHS, MOJICIIIOBAHHS Ta JAIarHOCTYBAHHS, I1J0 BUKOPHCTOBYIOTHCS B HABYAJIEHOMY
MpoIIeci AJIsl BUBYCHHS IepeBar KyOiTHO-BEKTOPHHUX CTPYKTYP IaHUX i anropuTMiB. HaBOASATECS OMIHKH 00YHCITIOBANBHOI CKITaHOC-
Ti IPOLIECIB CHHTE3Y TECTIB 1 JeAYKTUBHHUX (HOPMYJT IJISL JIOTIKH 1 IX BUKOPHUCTAHHS IIPU MOJIEIIOBAHHI HECTIPABHOCTEH.

KJIIOYOBI CJIOBA: RTL norika, cuHTe3, TeXHIYHA AiarHOCTHKA, MOJIETIOBAaHHS IU(PPOBUX cxeM, X-(yHKIis, MeTPHUKa MOJi-
OHOCTI-BIIMIHHOCTI, Ie[yKTHBHA (YHKIisl, METpHKa PIBHSIHHS TECTYBaHHS.

ABPEBIATYPU ML — mammHHe HaBYaHHS;
Al — mITy4HUH 1HTEIEKT; RTL - register transfer level (piBeHb perictpoBux Ie-
BIST — BOynoBane caMoTecTyBaHHS; penay);
Design — npoeKTyBaHHS; SoC — cucrema Ha KpucTali;
FC — fault coverage (IOKpUTTS HECIpaBHOCTEH); Testing — TecTyBaHHS;
FD — fault detected (BusiBIICHI HECIIPaBHOCT1); AJII — apumMeTHKO-JIOTIYHUIA TPUCTPIH;
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JIH® — ni3’roHKTIBHAs HOpMaJbHa opma.

HOMEHKJIATYPA

C=(G,GC,...,G;,...,C,)) — TabIMLA ICTUHHOCTI;

C; ={X;Y;} — cykynHicTI0O BXiJHMX JABIIKOBHX BEK-
TOpiB X;, KO)KHOMY 3 HUX CTaBUTbCS Yy BIJIOBIAHICTB
CTaH BHXOAy Y;;

D(a,b) — MeTpuKa BiIMIHHOCTI 1BOX 00 €KTIB a 1 b ;

d.

; — Bigcranp XeMMiHra MDK JBOMa MOJIEISIMU

00’€KTIB;
F — ¢yskis;
G — opienToBaHuii rpad;
H — mMarpuns nepecTaHoBKY;
k — 4yucio ABIMKOBHX 3MIHHHX;
L — HecmipaBHICTE;
L; — JIeZlyKTUBHA MATpPUL JUIsl NApaielIbHOTO aHai3y

OZIMHOYHUX KOHCTaHTHHX HECIPaBHOCTE;

1 — PO3MIPHICTh TaOJHIN ICTHHHOCTI;

N — KUIbKIiCTh BepiivH rpada;

N; (Ng) — uucno BepLIMH B 001acTi BiAIpaBIeHHA
(npuOyYTTS) PO3IIISTHYTOT BiIIOBIIHOCTI;

Q -norika — JOriKa, 10 ornepye Ky0iTaMu (BEKTOpHH-
MU (hopMaMHu YHITApHOTO KOJIYBaHHsS YHIBEpCYMY 3 7
MIPUMITHUBIB);

QO -TIOKPUTTS. — BEKTOP CTaHIB BHXimHOI 3MiHHOI Ta0-
JIAL 1ICTHHHOCTI;

{O,E,H,J} — cuMBOIM yHUBEpCYyMa IIPUMHTHBIB, 110
TeHepyIoTh OyJreaH;

S(a,b) — meTrpuka noiOGHOCTI ABOX 00’ €KTIB @ 1 b ;

T —TecT;

T;,T;» — 3Ha4eHHs BIINOBIAHMX BXIIHUX 3MIHHHX Ha
TECTOBHX HabOpax;

U — 4ucio 3MiHHHX yIPaBJIiHHS;

V; — BepmmHa rpada;

Vg — omucy rpada;

Vl‘ — 3aBJJaHHA TECTY,

Vy — BEKTOp HECIIPaBHOCTEH;

X.

1

X1,X, — BXimHi criucku ab0 BEKTOPH HECIPaBHOC-

— BXIJIHUH IBIHKOBHIA BEKTOP;

TeH, SIKi TPaHCIIOPTYIOTHCS HA BUXiJ €JIEMEHTA;
Y=(1,%,....Y;,....,Y,) — BeKTOp CTaHiB BUXOAY JIOTi4-

HOTO €JIEMEHTA;
Y; -

f cTa” BUX1THOT 3MIHHOT Ha

i-Habopi TecTy.

BCTYII
[Tapagurma CTBOPEHHS KBAaHTOBOT'O PHHKOBOTO KOM-
m’I0Tepa, 10 BUKOPHUCTOBYE KBAHTOBY JIOTIKY Ha OCHOBI
KyOITHUX CTPYKTYp JaHHX, € CyMHIBHOIO. MeTpuuHi mij-
craBu: 1) Q-norika, sk 1 3Buuaiina, creoproe 10 90 Bigco-
TKIiB BCiX Ipo0JIeM, OB’ A3aHUX 3 TEXHOJIOTIEO 11 anapat-

HOi peadi3amii, NMPOAYKTUBHICTIO, SKICTIO, HaJIHHICTIO,
TECTyBaHHsIM, J1arHOCTYBaHHSIM Ta peMOHTOM. 2) Bu-
KJIFOYCHHS KJIACMYHOI Ta KBAHTOBOI JIOTIKH 3 KOMIT FOTEepa
Jla€ MOXJIMBICTD NEpeiTH Ha OUIbII BUCOKHMH PiBEHb apXi-
TEKTYPU KOMIT IOTHHTY, sIkKa BUKOPHUCTOBYE TUIBKH pEry-
JSIpHY TIaM’ATh JUIsl 30epiraHHs i JIOTIYHOTO TEePeTBOPEH-
HA paumx. 3) Ilpu 1pOMy yCyBaroThCsl HENOJIKH,
TOB’SI3aHI 3 BHUKOPHUCTaHHSAM OOOB’S3KOBHUX CBHOTOJHI
omokiB AJIII Ta mWWH AaHUX, SKi B IECATKH pa3iB CIIOBi-
JTBHIOIOTH o0umcroBaNbHI mpouecu. 4) IlepcnekTnBHOIO
cTae apxitekrypa (-KOMII'IOTEpa, IO BHKOPHUCTOBYE
TITBKH CTPYKTYPY €JNEKTPOHIB SIK MaM’ ATh i TpaH3aKIil
MK HUMH Ha OCHOBI kepoBaHuX (oToHiB. 5) IlIBuakonis
3BEPHEHHS JI0 EJIEKTPOH-TIaM’sIT1 1 BUKOHAHHS TpaH3aKIii
Ha Hil BU3HAYA€THCS INBUIKICTIO CBITJA, 10 POOHTH Ta-
Kl Q-KOMII'IOTEp PUHKOBO NPUBAOJIMBUM 1 YHIKAIBHUM
JUIs BUPIIICHHS KOMOIHaTOpHUX 3aBlaHb. 6) TexHiuHi i
TEMIIEpaTypHi YMOBH JJIsl peajtizanii KBaHTOBOIO 004YHMC-
JIOBaya € MOKH HerepeOOpHHM OOMeXyBadeM Uil HOTro
MacoBOI IMIDIEMEHTaIlii B iCHYIOUHIA KiOepIpocTip.

[Ipote, nani TPOMOHYIOTHCS MOZIETI 1 METOAU AJIS Tec-
TYyBaHHS 1 MOJENMIOBaHHS HMU(POBUX CHUCTEM, IO MICTATh
OKpeMi mepeBarn KBAaHTOBOTO KOMIT IOTHHTY B YaCTHHI
IMIUIEeMEHTalil BEKTOPHUX KyOITHUX CTPYKTYp AaHHX B
TEXHOJIOTIi KJIACHYHUX OOYMCIIOBaJbHUX TpoleciB. Bi-
JIOMO, L0 CTPYKTYPH JaHHX € BU3HAYAIBHUMH JJISI CTBO-
peHHS e()eKTHBHUX NapajelbHUX aJTOPUTMIB 1 BHCOKO-
MPOJYKTUBHHUX OOUYMCIIOBAILBHUX NPHUCTpoiB. Tomy po3-
poOKka MaTeMaTHYHO JOCKOHAIUX 1 TEXHOJIOT1YHO IIPOC-
THUX CTPYKTYp IOaHUX B «PO3yMHHX» KOMIIaHISX 3alimMae
O0mm3pko 80 BIICOTKIB Yacy MPOEKTYBaHHS, KOJIU Ha ajro-
putmu Ta ix hardware-software KoayBaHHS BHTpadaeThC
6mm3pK0 20 BiZICOTKIB YaCOBHX 1 MaTepialbHUX PECYPCiB.

3BificH BWIUIMBAaE€ TPOCTHII BHCHOBOK — HEOOXiTHO
3HAWTH Taki HPUMITHBH CTPYKTYp HAHUX, AKI CYTTE€BO
CHPOCTSITh MapajeibHi BHCOKONPOAYKTHBHI aJrOPHTMH,
0 MPAIlOI0Th Ha HHUX. BUXOMI4M 31 CKa3aHOro, Iai
MPOIIOHYETHCS ABIAKOBHI BEKTOP, K CAMHI TEXHOJIOTiY-
HUHA TPUMITUB CTPYKTYp IAaHUX JJIsL 3aBJaHHS JIOT14HOT
(hyHKIIIOHATBHOCTI 3 METOIO ITapajIe]bHOTO CHHTE3y Ta
aHaizy mudpoBux cucteM. Ilapamenizm pimreHHS KOMOi-
HAaTOPHHX 3aJ]1a4 € (i3uYHa BIACTHBICTH KBAHTOBOTO KOM-
II’IOTUHTY, K€ B KIACHYHOMY KOMIT IOTHHTY, JJIS Iapa-
JIEPHOTO MOJEJIOBaHHA HecrpaBHOcTel (parallel fault
simulation) 1 pgiarHocTMKKM  HecmpaBHocTed  (fault
diagnosis), 3a0e3medyeTbcss YHITAPHO KOJOBAaHHMHU CTPY-
KTYpaMH JTaHWX, 3aBJISIKM HA/IJTMIIKOBI# mam’siTi [1].

O0’eKT J0CHiTAKEeHHSI — IPOLEC MapalebHOTO CHH-
Te3y Ta aHaI3y UU(PPOBUX CUCTEM.

[penver fmocaimkeHHsT — METOMU  KyOiTHO-
BEKTOPHOTO CHHTE3Y 1 IeAYKTUBHOTO aHali3y TECTiB Ta iX
Bepuikalis Ha OCHOBI BEKTOPHHUX CTPYKTYP JaHUX.

Merta mociifKeHHSI — 3alpONOHYBATH iHHOBAIiHHY
TEXHOJIOTiI0 KyOiTHO-BEKTOPHOTO CHHTE3Y 1 IETyKTHBHO-
TO aHaIi3y TeCTiB AN iX Bepu(ikaiii Ha OCHOBI BEKTOp-
HHUX CTPYKTYpP JaHHUX, IO iCTOTHO CIPOIIYIOTH aJTOPUT-
MH, Ki MOXyTh OyTu BOymoBaHi sk komrmorneHTH BIST B
1 QpoBi CUCTEMH Ha KpHCTallax.
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1 IOCTAHOBKA 3AJIAUI
IHHOBaIII{HA ines U1 BUPIIIEHHS IPOOJIeM TeCTyBaH-
Hs1. PUHKOBa MeTprKa KBAaHTOBOTO KOMIT FOTHHTY — Tapa-
JeTi3M  pO3B’si3aHHS KOMOIHATOPHUX 3a]ad, 3aBISAKH
CTPYKTypaM JaHUX, [I¢ TIPUMITHBOM € KyOiT, 10 OJJHOYa-
cHo mae nBa ctann X = {0,1} . L{i cranu MOKHa yHiTapHO

3aKOyBaTH AJIs1 KJIACHYHOTO KOMIT FOTEpa SIK CYNEpIIo3H-
uito — 00’eHanHs 1Box cuMBodiiB 11 = {10, 01} Bigmnoai-
nHo. [lpupomHo, MOXKHA MPHIYMAaTH OylIb-sKE KIHICBE
YHCIJIO CUMBOJIIB, 1[0 OJIHOYACHO CTBOPIOIOTH OJIMH, OLIBII
CKJIaJHUH YOTUPHOXKOMIOHEHTHHH KyOiT-CTaH, Hampu-
knag, Y={0Q,FE,H,J}—>1111= {1000, 0100, 0010,
0001} [18, 23, 24, 25, 27, 29, 30]. 3actocyBaHHS KyOiT-
HOCTI (BEKTOPHOCTI) A0 JIOTIKHA TaKOK Ma€ CEHC Mapajelri-
3My. Tabmuiro iCTHHHOCTI XOr-eJleMeHTa MOXKHa 300pa-
3UTH, HATIPUKIAJ, y BUTJSAI YHITAPHUX KOJIB BXITHHUX
Habopis: 00001 1,10 1, 11 0 — 1000 0, 0100 1, 0010 1,
0001 0. [Tani xkogu moxHa monapuo (1,4 i 2,3) cymeprmo-
3ilioHyBaTH ab0 MIHIMI3yBaTH J0 HACTYITHOTO BUIJIAIY:
1001, 0, 0110 1. [IpupoaHO, JOCUTH MATH TUTEKH OJUH 3
HUX 70 ineHTudikanii GyHKOil (CTpyKTypH), 3BaXKal0dn
Ha 1X gomatkoBocti, Hanpukian, 0110 1. Lle € He Tinbku
pe3ynpTaT MiHiMi3alii, ane me i kopotkuit 3ammc JHO.
BigkuHYBIIM OCTAHHIO OJMHUIIO, AEAYKTHBHO BUXOIUTH
BekTop BuximHuX craHiB 0110, skuit TyT i gani igeHTHI-
Ky€eTbcst a00 BU3HAYAETHCS KyOITHUM.

Jis mocATHEHHS TIOCTaBIICHHOT METH Tpeda BUPILINTH
HACTYIIHI 3a1a4i:

1) po3poOUTH METOA aHATITHYHOTO CUHTE3Y ACAYKTH-
BHOT JIOTIKH U1l (PYHKIIOHAIBHUX €JIEMEHTIB BEHTHJIbHO-
ro pieas (gate level) i piBHS perictpoBuX Iepenad
(register transfer level) [25];

2) 3aIporoHyBAaTH JEAYKTHBHHUN MPOLIECOp JUIs MOJIe-
JIIOBaHHS HECIIPaBHOCTEH HAa OCHOBI TPaHCIOPTYBaHHS
BXIJHAX CITUCKIB a00 BEKTOpIB HECTIPABHOCTEH Ha 30BHi-
ITHI BUXOIH TUPPOBUX cxeM [27];

3) omucatu KyOiTHO-BEKTOpHY (DOpMY 3aBIaHHS JIOTi-
KM Ta METOIH KyOITHOTO CHHTE3y ACAYKTUBHHUX PiBHSIHb
JUTSI MOZICITIOBaHHS HecnipaBHocTed [ 18];

4) po3pobuTH KyOITHO-BEKTOPHHUII METOJI CUHTE3y Te-
CTiB, 10 BUKOPHCTOBYE IIOXiJIHI, SKi OOYMCIIOIOTHCS 3a
BEKTOPHUM MOKPUTTSM JIOTIKH [29];

5) BuKOHaTH Bepudikalilo Mojeell i MeTO/IIB Ha Tec-
TOBHMX NPHKIAJaX B IPOTrpaMHiil peamizamii cTpyKTyp i
anroputMis [24].

2 0TJIsL g JIITEPATYPU

Tematnka cTaTTi BUKIMKAa€e TEBHUH iHTepec 3 OOKy
JOCIITHUKIB, IO 3aMArOTHCSA TECTYBaHHSIM IMPOEKTIB [1]
i Bepuikamiero mU(POBUX CUCTEM HA KPUCTAJI 3 TOUKU
30py TEXHOJIOTili HAHOENEKTPOHIKH, IO 3’ SBIISIOTHCS.
CyOGaroMHUii piBeHb JeTanizalii MikpocxeM BUMarae po-
3p00OKM HOBUX MiIXOIB B 00JIACTI CHHTE3Y TECTIB, MO/Ie-
JIIOBaHHSI HECIIPABHOCTEW 1 JIarHOCTHKU 3 METOI CTBO-
PEHHS TECTOIPUTOIHUX 1 BIIMOBOCTIMKHMX OOUMCITIOBAIIb-
HuXx cucteMm [2—17]. Ile miaTBepIKyeThCS YHCICHHUMH
myOJTiKamissMi B 00J1aCcTi TEXHOJIOTIH MPOEKTYBaHHS 1 TeC-
TyBaHHs. a came: B Oibmioreni IEEE Xplore mo maniit Temi

3Haiineno 175920 myOumikauiid, cepen SKHX HampsSMOK,
OB’ I3aHUH 3 MOJIENIIOBaHHIM HECIPAaBHOCTEH, CTAHOBUTH
osm3bko 25% (43028) ony6uikoBanux pooit. Kpim toro,
BIiJIIOBIZHA OLIIHKA ABOX 3raJaHuX 00JacTel IOCIiHKEHD
Oyna 3poOieHa BUAaBHULTBOM Springer, 1e ommyOikoBa-
Ho BinnosigHo 182717 1 15603 moHorpadiii. Knacudika-
miss TexHomoriii mopemoBanHa (Fault Simulation) wHe-
CIpaBHOCTEH MoOXe OyTH IpeICTaBlieHa BiIXHOIICHHSIM
CTPYKTYp maHux, moxaeneir (Models), meroni (Methods) i
tuniB HecripaBHoctel (Fault models) (puc. 1) [18].

| Fault Simulation |
I |

[ Methods H H Modsls |
| Hardware |—~| Parallel |— — Gale Level |-~[ Analytical |
| Quantum HH Deductive | <2 - RTleval HH Tabular |
[ somware LI concumrent | ™ | system Levell L rapn (B0D)|

| criticatPa 1 serialFs | —| FSpecif. [—| Finsertion |
—f FE Propag. H F d‘rsi:ardingl
—| Functional H Multiple !

—{Seq. Delay F|—| Oscilaton |

| Critical PPA {-—| HES |
| eidgrg | Swcka H
| wpa | Emanglement|—

|G;ne Delay FHTran.q‘nan DF'——

Fault Models _HCorceptsH Unit Under Test I—

—!Patn Detay F|—| Linc Delay F/

[ 7v-phabet | Hayes-Aiph. | — || Fantauzzi AL 16v-Alphabet
Pucynok 1 — Kinacudikamist TEXHOJIOTii1 MOAETIOBaHHS
HECIPaBHOCTEH

3rigHo 3 pucyHkoM 1, 0ok, mo Tecryerbes (Unit Un-
der Test), Moxe OyTH NpeICTaBICHUH MOAEISIMHU BEHTH-
npHOTO piBHS (Gate Level) un piBHS pericTpoBuX Iepe-
nad (RT Level), ananitnuanmu (Analytical), Tabnuanumun
(Tabular) un rpadiuaumu (Graph, BDD) monemnsamu, mo-
JIeNsIMH Ha cucTeMHOMY piBHI (System Level). [lo meto-
IiB MOJIICTIFOBaHHS HECIIPABHOCTEH MOXKHA BiJJHECTH: ama-
parai (Hardware), mporpamui (Software), kBaHTOBI
(Quantum), mapanensHi (Parallel), mexyxrusni (Deduc-
tive) Ta coineHi (Concurrent) Meromu, amapaTHe BOYIO-
Bane mogemoBanns (HES), meronu akrusizauii kputnd-
Hux nuisixiB (Critical PA) ta mapHoi akTuBizauii KpuTH-
Hux npiaxiB (Critical PPA), mocnizoBHE MOAETIOBaHHS
HecripaBHocTed (Serial FS). IcHytoTs HacTymHi Moneni
HecrpaBHOCTeH: ¢yHKIioHanbHI (Functional), MHOXXUHHI
(Multiple), moctukogi (Bridging), koncrantHi (Stuck-at),
ctpymioBi (IDDQ), HecripaBHOCTI THITY «IIEpeIUTyTYBaH-
v (Entanglement), HecipaBHOCTI, TIOB’s13aHi 3 3aTpUM-
kamu BeHTWISA (Gate Delay F), mmaxy (Path Delay F),
nepexony (Transition DF), minii (Line Delay F) ta cerme-
HTa (Seg. Delay F), HecnipaBHOCTI, OB’ s13aHi 3 OpSA3KOTOM
curnaiy (Oscillation), MoJenb HECIIPaBHOCTI y CEeMHU3HA-
yHoMmy (7v-Alphabet) ta micrHaausgTuzHauHOMy (16v-
Alphabet) andagitax MoaentOBaHHS NEPEXiAHUX MPOLE-
ciB, a TakoX Yy JeB’situ3HayHOMy andasiti Xeifeca
(Hayes-Alph.) Ta y mictHagustiusHaunomy andasiti Pa-
Hro3u (Fantauzzi Al.) mis MopenroBaHHS TepexiJHUX
nporeciB. B¢l MeTonu MoAeOBaHHs ONEpPYIOTh HACTYII-
HuMu noHsATTsMH (Concepts): crierudikariisi HecripaBHOC-
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teit (F Specif.), BBenenns HecrnpaBHocteld B cxemy (F
Insertion), mpocyBaHHsI HeCIpPaBHOCTEW Bill BXOJIB 10
BuxoniB (FE Propag.), ckunanHs 1UISXiB akTHBi3awii He-
cnpasHocreii (F discarding).

OcHoBHI npo0yeMH B Trajiy3i MOZAETIOBAHHs HECIIPaB-
HOCTEH CIIiJ] BU3HAYMTH HAacTymHMM 4nmHOM. 1. Bucoka
o0YHCITIOBANIFHA CKIIAJHICTh KOMOIHATOPHHUX ANTOPUTMIB
aHaJli3y HECTIpaBHOCTEH Ha BEHTIIIFHOMY DiBHI 1 piBHI
pericTpoBuX mepenad ommcy Mmomem [2, 5, 8, 11, 14].
2. CKIIaZHICTh aITOPUTMIB MOJENIOBAHHS Ta aHANI3y pe-
3yNbTaTiB MOJETIOBaHHS IOCTIJOBHHUX CXEM, sKa IOB’s-
3aHa 3 HemepeadadyBaHOIO KUIBKICTIO iTepamii [1, 2, 6, 7,
10, 13, 14, 15]. 3. 3HauHuii 00CAT CTPYKTYp JAHUX VIS
aHayizy nu(QpoOBUX CHUCTEM HAa KPUCTAJi, 10 HEraTUBHO
BIUIMBAE Ha MPOJYKTUBHICT METOJIB MOJICIIOBAHHS He-
cmpaBHOcTel 1 cumHTedy TtectiB [1, 3, 5, 9, 18, 20].
4. CxyaHiCTh aHalli3y 1 CHHTE3y TECTiB JUISl JIOTiKH BEJH-
KOT pO3MIPHOCTI 1 IX CTPYKTYpHa CKJIaJHICTh, IOB’s3aHa 3
PEKOHBEpPTreHTHHMI po3raimyxenHsmu [1, 4, 8, 9, 11, 18].
5. INapamrensHe BUpIMIEHHS 3a/1a4 TECTYBAaHHS Ta MOJE-
JoBaHHs nupoBux npuctpois [1, 7, 18 — 30].

3 MATEPIAJIU TA METOIH

Po3risiHeMO METpHKY TecTyBaHHS HU(PPOBUX CHCTEM.
Henyxkiist (deductio) — yoriuHe OTpUMaHHS BHCHOBKY Bif
3arajbHOTO JI0 KOHKPETHOTO, /¢ TPaBHJIbHICTh TapaHTy-
€TBCSl ICTHHHICTIO ITOCHIJIOK-aKCiOM, IO TPHU3BOAATH IO
ICTHHHOCTI HachinkiB-teopeM. [Haykiis (inductio) — Jo-
riYHe OTPUMaHHS BUCHOBKY BiJl YaCTKOBOT'O JIO 3arajbHO-
ro, Jie MPaBUIIbHICTh TaPaHTYEThCS JOCTATHBOIO 400 BU-
YEepITHOIO KUTBKICTIO (PaKTHYHHUX JaHUX. AKCioMa KOHBO-
momii testing mpocTtopy: «XOr-BiTHOIICHHS BiACTaHEH
MiX KiHIIEBIM YHCJIOM 3aMKHYTHX B ITUKJi KOMIIOHCHTIB
3aBxau nopiBHIOE Hymro» [18]. OueBmaHIicTH 1i€i akcio-
MH JIEMOHCTPYETHCS Ha PHC. 2, ¢ IUKIIYHE 3’ €IHAHHA
KIHIIEBOT MHOXXHHHU MOJEJeH 00’€KTIB 3aBXKIU CTBOPIOE

HyJIbOBY CyMy Bincraneit: @/ d; = 0.

1000 @
0010 &
1010 =
0000

PucyHnok 2 — MeTprka KOHBOJIOLIOHHOTO 3aMHUKAHHS BiJICTaHEH

TyT ckiIajaHHs BCiX KOIB-BIICTAHEH KOHTYPY Ja€ pe-
symerar  1000® 1010©@ 0111 = 0000. IIpupomuo, IO
akcioma BipHa Juis1 OyIb-SIKOTO KiHIIEBOTO YHCTIA CIIEMEH-
TiB, IO CTAaHOBJIATH KOHTYp abo Iuki. CHiCTBO: SKIIO
BiJOM1 JIB1 BIZCTaHi, TO 3a XOIr-BiAHOIIEHHSIM MK HHUMU
3aBXKIM MOYKHA BHU3HAYMTH TPETIO. BUKIIIOYHOIO BIACTH-
BICTIO CYKYIHOCTI B3a€MOIIOB’SI3aHUX KOMIIOHEHTIB —
¢ynkuis (function), Tect (test) 1 HecripaBHicTh (fault) — €
TOH (paKT, IO OJJHOYACHO BOHHM SIBIISIOTH COOOIO BiJCTaHi-
BIJTHOCHHHM MDX yciMa ITapHHMH CIIOJYYEHHSIMHU B CTPYK-
Typi iX TpUKYTHOI Xor-B3aemoyii (puc. 3).

Crnix mMaté Ha yBasi, mo GopMaTu TecTy, QYHKII i
HECTIPaBHOCTEH MOBHWHHI OyTH OnHi€T po3mipHOCTI. Tomy

MOJIESIb 3aBJAHHS OJMHOYHOT HECHPABHOCTI IOBHHHA
30iraTucs 3 CyMapHOI KUIBKICTIO BXITHHMX 1 BHXIJTHHX
3MIHHHUX.

Fault Test

Fault Test

Functlon Ful"lCtIO!’l |

B B

S 3, AND

\ /D \ &/ D

“Function Function

Fault ~ Test

( Function |'

A OR <
@ Q} ({b‘) [}

Function
Pucynok 3 — Merpuka Xor-BiTHOCHH:
function-test-fault (GpyHKIIis-TeCT-HECTIPABHICTD)

Hanpuknan, mis and-or-Jorikd BiJ TPhOX 3MIHHHX
HECIIPaBHICTh MEPIIOr0 BXOAY MAaTHME BUIJIAJ BEKTOpa
(1001). Ile o3Hayae, IO HECHPABHICTH MEPIIOTO BXOIY
pOOUTH ICTOTHHMI BIUIMB Ha CTaH BUXOJY, IOB’S3aHOTO 3
koopaunatoro 4. Test-Bexktop 0100 (0000), Fault-BekTop
1001 i Function-Bextop 1111 (0101) nns 3and i 3or sori-
KU BiJIIOBIIHO TIPEJCTaBIIEH] B JPYroMy 1 TPEThOMY TpH-
KyTHUKY. BimHocuHM mpencraBieHi peOpamMu TPUKYTHOT
rpagoBoi cTpykTypu. Ilpu 11bOMy BEpIIMHH € BEKTOPH
(Tabmuii) BiTHOCHH.

[HIIMME citoBamu, B TPUKYTHIN CTPYKTYpi € BEpIIMHU
(BekTopH-Tabimii), sKi MMO3HAYAIOTh (YHKIIi-TeCTH-
HecrpaBHOCTI. OJHAK KOXEH 3 WX KOMIIOHEHTIB CTBO-
PIOE BiTHOCHHHU MK JBOMA iHIIMMH 3a JOTIOMOTOIO XOf-
omepariii. Ile o3Havae, MO XOr-BiTHOIICHHS MK Hecmpa-
BHicTio (Fault) i Tectom (Test) € ¢pynkuis (Function), mix
HecripaBHocTiO (Fault) i ¢ynkuero (Function) € Tect-
BigHomeHHs1 (Test), mixk Tectom (Test) Ta Qyrkimieto
(Function) € HecnipaBHicTh-BigHOmeHHs (Fault) [18].

TpukyTHa cTpyKTypa Tabmuie ictuHHOCTI (Function),
tectiB (Test), HecnpaBrocteit (Fault) mist moriunoTO ene-
MeHTa 2and [03BOJIS€ BUPIOIyBaTH BXKE KOMOiIHATOpHI
3a/avi: CHHTE3y TECTiB, MOJEIIOBAHHS HECIIPABHOCTEH 1
thopmyBanHs Tabnuri ictuHHOCTI (puc. 4) [18, 28].

Fault Test

Function
Pucynok 4 — Merpuka TabmimyHuX Xor-BimHocHH: function-test-
fault (¢pyHKIIA-TeCT-HECTIPaBHICTB) i 2and-10riku
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B npomy BUManKy TpUKyTHA CTPYKTYpa BITHOCHH MiX
TECTOM, HECIIPaBHOCTSIMH Ta (DYHKIII€IO, TOJaHUX TaOJIH-
LEI0 ICTUHHOCTI, CIYXHTh MIa0JOHOM-CTaHAAPTOM JUIS
Bepudikamii OTpUMaHHUX BiTHOCHH MiX 3raJlaHUMHK 3HaH-
JICHUMH KOMITOHEHTaMH.

VY xomnonenTi Faults oguHMIsIME TOKa3aHi Hecrpas-
HOCTI (aKTHBHOCTI JiHIiH), IO TPaHCIIOPTYIOTHCS HA BU-
xomu eneMenTa. [lepmmit ky6 001 — mepeBipka Hecmpas-
HOCTI BUXOny, Apyruit kyo 101 — akTuBizamis mepmoi Ta
BuUXimHOi 3MiHHOi, Tpetii 011 — TpaHcmOpTyBaHHS He-
CIPaBHOCTEH Ipyroio 3MiHHOIO Ha Buxia, 111 — Tpancmo-
pTyBaHHS HECIIPAaBHOCTEH 3 ABOX BXOJIB Ha BHXiA. [HTe-
pec TakoX MpeNCTaBiIse CXeMOTeXHIuHa (hopMa BiTHOCHH,
sKa J]a€ MOXIIMBICTH CTBOPIOBAaTH LHU(POBI CTPYKTypH
JUIs BUpILIEHHS 3a1ad TecTyBaHHs (puc. 5). OmgHak, sk
npaBuiio, obuncioBansHa NP-ckmamHicTh 3amad Tecty-
BaHH: [1, 11] moB’s13aHa 3 HAABHICTIO MIOYATKOBHX YMOB —
¢ynkuii (Function) y Burisiai: Tabnuii icTHHHOCTI, piB-
HSHHS 200 aNbTePHATHBHUX TpadiB.

Faults Faults

Test Function

Function Test

Function

Faults

Test
Pucynok 5 — CxemorexHiuHa opma BiTHOCHH IJIsI PIBHSAHHS
TECTYBaHHS

[Tpn upomy HeoOxinHo 3HaiiTu Tect (Test), a morim
Horo BepuGikyBaTH Ha KJIaci OJMHOYHUX KOHCTAHTHHUX
HECIIpaBHOCTEH, 110 O3Haudae 1MoOy yBaTH JiBa BiJCYTHIX
KOMITIOHEHTa B TPHUKYTHUKY pIBHSHHS TECTYBaHHS

(puc. 6).

Pucynok 6 — Merpuka TabJIMYHUAX XOr-BiTHOCHH:
function-test-fault (pyHKUisA-TeCT-HECTPABHICTD)

Axkcioma: «Y cBiti Design and Test Hemae HidoroO,
kpim ¢yHKOi# F, TectiB T 1 HecmpaBHOCTEH L, Xor-
BIJTHOCHHH SIKMX JOpIBHIOIOTH Hymo: FOT@®L=0»
[18]. Imma cmpaBa, mO0 I TPHBIadbHICTH 1 ICTHHHICTH

JIaHOT METPHUKH HE 3aBXKIM IPOIJISJIAETHCS Yepe3 MpU3My
CKJIaJIHUX MOJEJEH, METOJIIB 1 allrOPUTMIB MPOEKTYBaHHS,
BUPOOHMILITBA Ta EKCIUIyaralii TeXHIYHHX BUpOOIB, Ha-
MPanbOBaHUX JIFOJCTBOM 32 ocTaHHi 100 pokis. JliHifHMIA
XapakTep B3a€MOJii Ja€ MOJMJIMBICTh BH3HA4YaTH Oy/Ib-
SKMHA 3 33JaHUX KOMIIOHEHTIB Yepe3 XOr-BiJHOIICHHS
JIBOX aTpuOyTiB, mo 3anumunics. [IpupoaHo, mo cykyn-
HICTh HECTIPAaBHOCTEW NesAK0l (DyHKIIIOHAIBFHOCTI Ha Tec-
TOBHX HabOpax MOXKHA BU3HAYUTHU 32 JOIIOMOTOI0 BHpa3y
L=T@®F , sixe BUPOIKYETHCS B TPYILy BiIOMUX METOJIIB
MOJICTIFOBaHHSI HECHPAaBHOCTEH, TaKWX SK JEIyKTHBHI,
napaiesibHi, CIIUTbHI, OIMHOYHI.

JleTyKTUBHE MOJICIIOBAaHHSI HECTIPAaBHOCTEH MOJXKHA
CTPYKTYPYBaTH Ha JIBi IOCTiTOBHI (ha3m.

1. CunHTe3 AenyKTUBHUX (GOPMYNT L LTS JIOTIYHUX abo
(hyHKIIOHATFHUX e1eMeHTiB F' koMOiHaIiiHoi cxemu [18,
22, 25], oo 3amexarpb BiJ TECTOBUX BXimHUX HaOopiB 7 i
soriku komroHentiB L = (T, F).

2. MojemoBaHHSI HECIIPABHOCTEH JIOT1YHOI KOMOiHa-
LifHOT CXeMH HIISIXOM BUKOPHUCTAaHHS JAEAYKTHBHHX (ho-
PMyJI Ha TECTOBHX BXIHMX mociinoBHOCTsX [27, 30]. Sk
MPaBUJIO, PO3TIIAJAIOTHCS TIOOANHOKI KOHCTaHTHI HECTIpa-
BHOCTI BXIJJHUX, BHYTPIIIHIX 1 BUXiTHUX JiHIA CXeMH, SKi
MOKPHUBAIOTh 10 95% BCIX MOXIIMBHX HECTIPaBHOCTEH.
CyTHIiCTh A€AYKUii IS OTPUMaHHS aHAJITUIHUX BUPA3iB,
OpIEHTOBaHHMX Ha TPAHCIIOPTYBAaHHS CIHCKIB HECIIPABHO-
cTeil uepe3 (QyHKIiOHANbHUI abo0 JIOTIYHHIN eJIeMeHT,
noJjsira€ y BUKOPHCTaHHI Xor-onepauii uist GpopMyBaHHs
OCHOBHOT'O KOHBOJIIOIIIMHOTO JIIHIHOTO PIBHSHHS TECTY-
BaHHSI 7 @ F @ L =0 . [laHa piBHICTH OMHCY€E BC1 MOKITH-
Bi TPOIECH, TTOB’SI3aHi 3 CHHTE30M TecTiB 1 =F@®L i
¢dyHKIioOHaNTBPHUX omuciB F =7 @ L, aiarHOCTYBaHHAM
HECIIPaBHOCTEH, BKJIIOYAIOYM BHU3HAUCHHS BUXIJAHOTO
CIIMCKY HECIIPaBHOCTEH, OJIEpKYBAHOTO ILIIXOM JIEIyK-
TUBHOI (TEOPETUKO-MHOXKMHHOT) B3a€MOJII{ CIMCKIB BXif-
HHUX HECIPaBHOCTEH, 110 TPAHCIIOPTYIOTHCS Yepe3 JIOTiu-
Hull enemenT: L=T@®F . Tyr © — omepauis BUKOHYE
rmoGansHy poibk BHUMipHHKa (apOiTpa) momiOHOCTI-
BIIMIHHOCTI MDK TpiaJ[0l0 KOMIIOHEHTIB: TeCT, (QDyHKIIis,
HECTPABHOCTI, SIKi MOBHHHI OyTH OJHAKOBO 3ajJaHi B
Oyabp-sKOMY 3 BiJoMHX (OpMATIB OMKCY NaHMX: TaOJUII],
rpadu, piBHSAHHSA. TakuM YMHOM, MAlO4M JIBa BiOMHX
KOMITOHEHTa B pIBHSHHI TECTYBaHHS, 3aBXIU MOXKHA
orpuMatd Oynab-SKMH TpeTiH MIISIXOM CHHTE3y XOI-
B3a€EMOJIIi MDX JBOMa MNEpPIIMMH. [CTHHHICTH PiBHSHHS
TECTyBaHHS MOJXKHa IIPOJIEMOHCTPYBaTH Ha MPOCTOMY
MIpPUKIIAAi JIOTi{9HOTO iHBepTOpA:
F=01)@T=(10)® L=(1)=(00).

Po3risiHeMo TaOMMYHO-BEKTOPHI MOJIENI AJIsl ONHCY 1
aHaJi3y CTPYKTYp i QyHKIiH. MeTa — CTBOpEHHS yHiBep-
CaIbHOI BEKTOPHOI MOJEIi OMHCY CTPYKTYp 1 (yHKIii
JUIsl pO3poOKH e(DeKTHBHUX MapasIeIbHUX METO/IB CHHTE-
3y Ta aHami3y, TECTyBaHHS 1 MOJAETIOBAHHS KOMITOHEHTIB
SoC. IlocraBneni HacTynHi 3aBgaHHA. 1. OOrpyHTYBaHHS
KyOiTHO-BEKTOPHOI (OPMHU OMHCY CTPYKTYpP 1 (PyHKIIIH.
2. BukopucTaHHS BeKTOpHOI (hopMH A7 OnHCy TpadoBuX
Mojenei. 3. 3acToCyBaHHS BEKTOPHOI (hOPMH IS OTHCY
TaOJIMIb NePeXOiB I KiHIEBUX aBToMariB. 4. Bukopu-
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CTaHHs KyOiTHO-BEKTOPHOT ()OpPMHU AJIsl pO3POOKH BEKTO-
PHO-OpPIEHTOBaHUX METOIB CHUHTE3y TECTIB 1 MOJEIIO-
BaHHs HECIPaBHOCTEH rpadoBUX CTPYKTYP.

[IpakTiuHMii 1HTEpEC NPeACTaBIsE IOMIYK MPOCTOi,
TEXHOJIOTIYHOI Ta yHiBepcanbHOi (OpMHU JJIsl OIHCY Tpa-
¢iB 1 QYHKIIH, arOPUTMIB 1 CTPYKTYp, MOAENEH 1 MeTo-
IIiB, sIKa /A€ MOJKJIMBICTH 3aCTOCOBYBATH HAaIpaIlbOBaHI
BUCHUMH Teopil Ui e(eKTHBHOTO BHPIMICHHS 3aBIaHb
MPOEKTYBAHHS 1 TECTyBaHHS, CHHTE3y Ta aHaJizy mugpo-
BHUX cHCTeM. Po3rismaroum aHaTiTHYHI, TaOIWYHI i Tpa-
¢dosi momemi [1, 11, 14, 18, 24, 28] MoxxHa TPUHTH 10
TaKMX BHCHOBKIB. 1. AHaJITHKa, BOJIOZIIOYH IIEBHOIO
KOMITAaKTHICTIO, ~ NOTpeOy€e  CKIAaIHUX  aJTrOPUTMIB
poO3B’si3aHHs piBHAHB. 2. Tabmuili abo MaTpuIll MarwTh
HEJIOJIK, TIOB’A3aHUH 3 PO3MIPHICTIO MOJEINEeH st JIoTiu-
HUX CXeM Bija Bemukoro yucna (> 20) 3minaux. 3. I'pado-
Bi Mojenmi 3py4Hi IS Bi3yaJbHOTO CIPHHHSTTS JIFOIH-
HOIO, aJieé BaXKKi Jis iX Jemm@pyBaHHS i HOIAIBIIOTO
CTPYKTYPHOTO CHHTe3y ImdpoBoro obumciroada. Ilpo-
MTOHYETHCS CepeHAA BeKTOpHA (KyOiTHa) Popma ommcy,
yHIBEpCAJIbHO MPHIATHA JUIs 3aBJaHHS (YHKIN 1 CTPyK-
Typ, sIKa Mae: 1) KOMIIAKTHICTh MOPIBHAHO 3 TaONHIAMUY;
2) IPOCTOTY OIMHUCY MOPIBHSAHO 3 JIOTIYHUMH PiBHSHHIMU;
3) TEeXHOJOTIYHICTh 1 mapaseni3M BHpILICHHS 3aBIaHb
aHaiizy Ta cuHredy; 4) ¢hopMyBaHHS HOBOI OOUYMCIIOBA-
JIHOI TEXHOJIOT11, 3aCHOBAHOI Ha BUKOPUCTAHHI IIBUIKO-
JUI0Y0T MaM’aTi 1 BUKIIOUYCHHS TPAJAMIIAHOI JIOTIKK 31
CKJIaJly YHIBEpCaJIbHOTO KOMII'I0Tepa; 5) MoAaIbLIy opie-
HTALII0 JITOPUTMIB 1 CTPYKTYp JaHUX Ha KBaHTOBI 004M-
cimoBadi. HemonikoM i ogHOYacHO mepeBaror BEKTOPHOI
(dhopmu onucy QYHKIIH i CTPYKTYp € aapecoBaHICTh HOTO
0iTiB, KA Ta€ MOXKJIMBICTH IIBHIKO (32 OIWMH IMKII 3BEp-
HEHHSI 10 T1aM’SITi) 3HaXOIUTH PIlICHHS,

Jani po3risaatoreest 1Bi Gpopmu onucy: Tabauil i Be-
KTOpH, 1HBapiaHTHI JJisl 3aBJIaHHS MPUMITUBIB QYHKIIH i
CTPYKTYP.

Taomuus

icruaHocti  C =(Cy,C,,...,C;,...,C,), ne

C; ={X;Y;}, npexcraBieHa CyKyIHICTIO BXiIHHMX [IBiM-
KOBHX BEKTOpIB X, e KO)KHOMY 3 HUX CTaBUTBCS y Bifl-
HOBiIHICTb CTaH BUXOAY Y;.

Inma iHTeprperauis: TabAMLS ICTUHHOCTI € BEKTOp
Y=1.%,...,Y;,..,Y,),CTadiB BHXOAYy JIOTIYHOTO ee-
MEHTa, JI¢ aJpecor0 KOMIpKH BEKTOpa € JBIMKOBUH BXif-
HUH HaOIp.

Tpets iHTepIpeTarist: TabauIg iICTHHHOCTI € OpPi€EHTO-
BaHuii rpad G, mpeACTaBICHUH MOBHOIO CYKYIIHICTIO IyT
napamu  BepmmH G = (V,V,,... V... V,),  ne

Vi :{ViX,ViY}, a HasBHICTH (BIACYTHICTB) IYr'M MIX

JIBIHKOBO KOJIOBAHUMH BEPIIMHAMHU BiJ3HAYAETHCS OJIU-

HUYHUM (HYJIHOBUM) 3HAUCHHSM CTaHy BHXOLY ;.
UYetBepTa iHTepHpeTamis: TabauIs iCTHHHOCTI Tpada €

Bekrop Y =(1,Y>,....Y;,....Y,,), HagBHOCTi-BiJiCyTHOCTI

JIyT, 1€ aJpecoro KOMIpKH Y; BeKTopa € mapa JBIHKOBHX
KOMIB BEepIINH BHUTOKY 1 CTOKY {V,-X ,V,-Y }. Ipu upomy

PO3MIpHICTh TAOJHIN ICTHHHOCTI 71 = 2% sapxan mae
(YHKIIOHATBHY 3aJICXKHICTH Bif yucia 3MiHHAX k . Yuc-
JO JABIMKOBHX 3MIHHMX Kk /sl TaOJIMYHO-BEKTOPHOTO
orucy rpada € QpyHKUi€ro BiJ Hi0T YacTHHU Jiorapudma
Juis  Kitbkocti N BepmmH  rpadoBOi  CTPYKTYpH
k=2x ]log2 N [, OKpyTIeHoi B Oinpmwmii Oik. Hampukman,
IUTS IBOX BepminH rpada (puc. 7) umcino 3MiHHHX Oyne
JIOPIBHIOBATH JBOM k = 2 X ]log2 N[ =2.

E=01—0100

Q=00—1000 n n

H=10—-0010
Pucynok 7 — I1oBHuii rpad 3 ABOX BEPIIUH i YOTUPHOX AYT

[Ipu mpomy icHye 16 MOXIHMBHX BapiaHTiB rpadoBuX
CTPYKTYp, SKi BU3HAUAIOTHCSI KOMOIHAIIIMU BekTopa Y ,
noganumu y tabmuii 1. Tyt dopmyna noaBoeHHs 4ucia
3MIHHUX YHEMOXKIIUBIIIOE iX HEMapHy KUIBKICTH, III0 Xapa-
KTEPHO [UIS BIJHOLICHHS, 10 3a/Ia€ThCs IEKapTOBUM KBa-
JIpaToM BEPIIHH rpada.

Opnak icHye crenuika BiTHOIICHHS-BIAMOBIIHOCTI,
sKe (OPMYETBCS IEKAPTOBUM TOOYTKOM OKPEMO KOIOBa-
HHUX BEpIIWH, [0 ONTHMI3y€ YHCIIO 3MIHHUX y OiK MiHi-
MYMY 1 CTBOPIOE HETapHE YUCJIO 3MiHHHX, SIK€ BU3Haya-
etecst popmynow: k= ]10g2 Nl[x]logz Ny [, K TiI-
MHOJKHMHA IEeKapToBa J00YTKY JBOX MHOXKHH.

[lo crocyeTbcsi MapKyBaHHS IIEPEXOJIiB, XapaKTEPHO-
rO ISl KOJyBaHHS rpag-cXxeM aJITOPUTMIB 200 KEPYHOUUX
aBTOMATIB, TO TYT TaOJHIS iICTUHHOCTI IPUPOCTAE 3MiH-
HUMH YIpaBIIiHHA 1 He OlIbIIE TOTO.

Henonixom Takoi ¢opMu onmcy aBTOMaTHHX MEpeXo-
IIiB € PO3MIPHICTh TaOIHIl, sIKa €KCIOHECHINIaTbHO 3alIe-
JKUTB BiJI YKMClIa 3MIHHUX ynpasiiHas U 1 3MiHHUX KOay-
BaHHsI CTaHIB aBTOMATa:

C =2 Jlogy N[+ U x22Jloe MU

OpHak po3MIpHICTh BEKTOPA aBTOMATHUX MEPEXOJIIB €
NPUAHATHOIO /IS BUPILICHHS 3a/lad CHHTE3y Ta aHalli3y,
TECTYBaHHSI 1 IIaTHOCTYBaHHSI, BU3HAYAETHCS OLIHKOIO:

=22 MU g g 2 Jlog, N[+U pas menme Ta6-

JINII ICTUHHOCTI.

Tabnuus 1 — BapianTtu rpagoBHX CTPYKTYP
vV olYyr | y2 3456|789 10|11 |12]| 13|14 15|16
0 0 0 0 ]0j]0O]O]JO]O]O]1 1 1 1 1 1 1 1
0 1 0 0O JjJ]ojO|1l]|]1]|1]|]1]O0O] O 0 0 1 1 1 1
1 0 0 0 1111001 ]1]0]0 1 1 0 0 1 1
1 1 0 1 O(1]0f1]O0]1]O0] 1 0 1 0 1 0 1
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Posrnsinemo noriuni QyHKUii BUMiproBaHHs. Sk He
JIMBHO, ajie B MPHUPOL ICHYIOTb JIMILE Bl JOTIYHUX (yH-
KIIii /11 BUMIPIOBaHHS TPOIIECIB 1 SBUIII, IO CKJIAJA0Th
rpyny X-ynxuiii: xor and not-xor [18, 22]. Im crapnsTh-
Cs y BIATIOBIAHICTH TINMBKA JTBA TOHSATTS: BIAMIHHOCTI i
MOIOHOCTI TPOIIECiB 1 SBUII, SIKi MMOKJIAICHI B OCHOBY
BCIX BHUMIpIOBATGHUX KOMII FOTUHTOBUX TEXHOJIOTIH,
Bkiarouaroud ML 1 Al. MerpuyHa yHIKaabHICTh AaHUX
(yHKIIA BU3HAYAETHCS 1X BIACTUBOCTSIMH HEMIHIMi30Ba-
HOCTi (HE3MIHHOCTI), 110 UTFOCTPYETHCS HACTYIHUMHU TO-
noJioriuHuMu miarpamamMu KapHo 1X TaOJuilb iCTHHHOCTI
BiZl OJHIET, IBOX, TPHOX 1 YOTHPHOX 3MIHHHX, SKI Tpe-
CTaBJIcHI Ha puc. 8.

X \X2X
papy  EEEOODO

nn . = 0 1 0
01 - T 0|41 01

| X;\XpX; 10001 1110 |
Eﬂﬂ ?? 0 e an [ (G
10 . BilE 1 0 1.0

Pucynok 8 — Tabmuui icturHOCTI X-yHKIi#H

Takux Xxor-()yHKIi BCHOTO JABiI BiJl OYyAb-SKOTO KiH-
LIEBOTO YHCJa 3MIHHUX: BiJl OXHI€T 3MiHHOI (ITOBTOPIOBAY
1 IHBEpTOp) HA TJIi 3araJIbHOI KIIBKOCTI, PIBHOT YOTHPHOM;
iX BCBOTO JBi BiJl IBOX 3MIHHHMX Ha TJIi IIICTHAAIATH (IO
BUKJIIOYa€e a00, omepailis eKBIBaJICHTHOCTI); JB1 Bil TPhOX
3MIHHHMX Ha T 256; NBi Bil YOTUPHOX 3MIHHHMX Ha TIi
yucna 65536, mo BU3HAYAE iX 3aranbHy KUIBKICTh. Peky-
peHTHHI cuHTe3 X-(DyHKIIH BiJ JOBUIBHOTO YMCIa 3MiH-
HUX JIOCHTh MOBHO mpenctabineHuid B [18, 22]. Cnin 3a-
YBa)KUTH, IO TaOJHIIA ICTUHHOCTI, 3aITUCaHa B CYCITHBO-
My KOJi, CTAHOBHTh I€BHHH iHTepec ISl CHUHTE3y (Tec-
TiB), aHaNI3y, MiHIMI3aIii TUPPOBUX CXEM.

PosrnsHeMo mporiecc BHMIpIOBaHHS BEKTOPIB OIUCY
npoteciB 1 sBut. 11lo cTocyeTbcss METPUKH BUMIPIOBAHHS
MPOIECIB 1 SBUII, MPEICTABICHUX IBIHKOBUMH (JHCEIB-
HMMH) BEKTOpPaMH MapaMeTpiB, TO TYT QirypyroTh IBi
ouinku (similarity-difference) [27], siki B3a€eMHO JOTIOB-
HIOIOTh OJIMH OJIHOTO 10 HOPMH-YHIBEpCyMy, IO AOPIB-
Hioe 1. CTpyKTypHO, METpUKa IOAiOHOCTI-BiIMIHHOCTI
JIBOX TIPOIIECIB, SABUII, 00 €KTiB, KOMIOHCHTIB BUKOPHUC-
TOBY€e 1B opMynH, sIKi OonepyroTh B OiHapHil anreOpu
JIOTIKHM JIBOMa MapalielibHUMH ormepaitisimu and, Xor st
OTPUMAHHS PE3yJIbTYIOUNX BEKTOPIB:

(@,b)=a; A by D(a,b)y=a; © b;.

i=ln i=l,n

Hopmosana metpuka moaiOHOCTI-BiaMiHHOCTI [16, 17]
BUKOPHCTOBYE JiBi ()OPMYJIH, 110 TAKOXK ONEPYIOTh B a-
reOpi JIOTIKK JIBOMA MapajeabHUMHU OINEPALlisIMH, ajie J0-
HOBHEHI apH()METHKOIO MiApaxyHKy OJUHHYHHUX KOOPIH-
HAT, OTPUMAHHUX B Pe3yJIbTaTi BUKOHAHHS JIOTIYHUX OIle-
pamiii. KpiM Toro, 3’sIBIS€ETbCS CHITbHUN 3HAMEHHHUK Y
BUTJSII 13 IOHKIIIT OJTHORMEHHHUX KOOPAUHAT BEKTOPIB,
SIKMI CITY)KHTh IHTEPATOPOM PO3PI3HEHHX CTPYKTYp Ja-

HUX, TPOLECIB, MO OepyTh y4yacThb, B 3arajbHUI BEKTOP
ICTOTHUX KOOPJWHAT, IOJO0 SKUX BUKOHYETHCS HOPMY-
BaHHA noaioHocTi (S) Ta BigminHocTi (D):

n n
DG 2 bi i1 Qf) b
i=ln | i=l,n
S(a,b) = ; D(a,b):n—.
. .a; Vv b; . .a; Vv b
i=1%0 . i i=1%i . i
i=l,n i=ln

PosrisiHeMO [Ie[yKTHBHOE MOJICTIOBAHHSI, & CaMe CHH-
T€3 Ta aHaji3 JIeNyKTUBHOI JIorikk. ba3oBe piBHSHHS BU-

3HAYAETHCS HACTYITHOIO (hopmyI0I0 [1, 18]:
L=f(T,F)=T®F, mo BHUIUIMBAE 3 TOTOXHOCTI
(FOLO®T =0).

Hexait € OymeBa ¢yHKIiS Big »#n 3MIHHHEX:

Y = F(x1,X5,..X;,..X,;) . 3riTHO 3 0a30BUM pIBHSIHHSIM,

JIelyKTUBHA (DYHKIIISI MOXKe OyTH 300parkeHa y BUIIISIAL:

F=L@T—)F(XI,XZ,...)CZ',...X")=(X1 ®TI7X2 @Tz,
X, DT, X, OT,)®Y,.

Tyr x;,=X;®T;(F=L®T) — BU3HAUCHHS BXiAHOI
3MIHHOI X; JIOTi4HOI (hyHKIII uepe3 XOr-B3a€MOJII0 CIIUC-
Ky a00 BEKTOpa BXiAHMX HECIPAaBHOCTEH X; 3 TECTOBUM
sHaueHHaM T; . IIpu npomy F @Y; € Xor-BzaeMozis QpyH-
Kmii 3 i TecTOBMM 3HAYeHHSAM. SIKIO, HampHUKIa,
x;=0,T; =0 gna noriuHoro enemeHta ‘“‘and”, TO
X; =0, x@X;®T; =0. Ane saxmo
x; =0,7; =1, TO 3anNMIIAETBCSA €IUHE X;=1. Le
O3Hayae, 110 TECTOBHM HaOIp, SIKUI IMEepeBipse€ Heclpas-

HICTh, MOBHHEH OYTH NPOTWIIC)KHMM 32 3HAYCHHSIM [0
CTaHy BXiJHOI 3MiHHOI X; Jorignoi ¢yHKuii. BipHo 1 Te,

OCKIIbKHU

10 TPHOX OJUHHUIIL HE MOXKE OYTH B KOMIIOHEHTaX PiBHO-
cti. Bci MokITHBI BapiaHTH TOBU3HAYCHHS KOMIIOHCHTIB B
TOTOXHICTE F @ L@ T =0: Bci Hyni ab0 JIBI OMUHMII 3
TPBOX.

3apxau TUIBKW JIBI (YHKIIi BiJ KIHIICBOTO YHCIA
(n=123,..,k) 3MiHHUX (XOr, not-XOr), siKi CKIaJal0Th
cimeiicTBo X-(byHKIiif [22], MalOTh BIACTHUBICThH TPAHCIIO-
PTYBaHHS HECIPABHOCTEH, iHBapiaHTHY IO BiTHOIICHHIO
JI0 TECT-BEKTOPY, IO POOWTH Hi (PYHKIIOHATHHOCTI YHi-
KaJIbHUMHU.

TakuMm YWHOM, TPaBWIO NEAYKIlii, camMe B BHUIJIII
F=L®T nns cuHTe3y BiAMOBIHOI JIOTiKH, BUKOPUCTO-
By€ Aesky (yHKIi0 F, sika akCilOMaTW4HO 1 Imapajokca-
JBHO € BiZICTAaHHIO MiX TecToM [ 1 HecmpaBHOCTSIMH L .
o crocyerbcss  GyHKmiK  Big  OAHi€l  3MiHHOL
Y =x1,Y =x;, T0 iX IeAyKTUBHUH aHAIII3 IPU3BOJUTH 10
TPUBIAILHOTO PE3yJIbTATY, KU MOKa3y€e IHBAPUAHTHICTh
TPaHCIIOPTYBaHHSI BCIX HECHpPaBHOCTEH Ha BUXiJ IOJO
OyAb-SIKOTO TECTOBOTO HAbOPY:
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F=L®T:x =(X,®T;)®Y, =
=x[(X; ®0)®O0]v x[(X; DD ®1] = x; X v x X = X].
F=L®T:x =(X,®T;)®Y, =
= x[(X] ®0) @ 1]v x|[(X] ® ) 0] = x, X} v x X = X.

OTpuMaHi JNEAyKTUBHI BUpPa3H HE MAlOTh BXIiTHHX
3MIHHUX (X ), IO CBIYMTH NPO IX HEICTOTHICTh AJIA Tpa-

HCIIOPTYBaHHsI HecmpaBHOCTeH (X|) dYepe3 eneMeHTH:

TIOBTOPIOBAY Ta IHBEPTOP.

PosrisiHemo BekTOpHWH (KyOITHHMIY) METOX CHHTE3Y
JMETYKTUBHUX (PYHKIINA y BUTIIAI i3 FOHKTIBHOI HOpMa-
meHOI opmu (JHD, Disjunctive Normal Form). Meron
OpIEHTOBaHMH Ha JIOTIKY IOBITFHOI PO3MIPHOCTI, fKa 3a-
JIa€ThCsl KyOITHUM BEKTOPOM (DYHKI[IOHAJIBHOCTI, IO PO-
OUTH HOT0 MPAaKTUYHO OPIEHTOBAHUM, 3 OISy Ha TEXHO-
JIOTIYHICTh 1 TPOCTOTY peaiizauii. Sk mpaBuilo, METOIH
CHUHTE3y JNeAyKTUBHHUX (hopMyI Ui HU(PpPOBHUX CXEM 3a-
JIMIIAIOTHCS 32 MEXKaMu MyOJIiKalii, sSKi OMUCYIOTh BUKO-
pHUCTaHHSI BXK€ TOTOBHUX JIOTIYHHMX BupasiB. [lani mpomo-
HYETBCS MX1J A0 OTPUMAaHHS TakuX GopMyII, a TOUHIIIe
MaTpHlb U JCAYKTHBHOTO aHAi3y IH(POBHX CXEM.
Haiirpocrimoro i e(peKkTHBHOIO TEXHOJIOTIEI0 CHHTE3Y
JOEeIyKTUBHUAX (YHKIIH A1 MOJETIOBAHHS HECIIPaBHOC-
Tell € MeToH, SIKUl BUKOPUCTOBYE KyOiTHI a00 BEKTOpHI
TOKpUTTs OyneBux GyHKUid. [lig KyOiTHIM O-TIOKPUTTSIM
PO3YMIETBCSl BEKTOP CTaHIB BHXIMHOI 3MIHHOI TaOmuili
icturHOCTI [18, 23, 28], A¢ KOXHIi KOOpAMHATI BEKTOpa
CTaBUTHCS y BIAMOBIAHICTH JBIMKOBA agpeca, IO OTOTO-
JKHIOETHCS 3 BXITHUM HAOOpOM (hYHKIIIOHAJIBHOTO elIeMe-
HTa. SIKII0 BpaxyBaTH TOH (hakT, M0 ISt KOXKHOTO BXiJ-
HOTO Habopy iCHye BiacHa AEAyKTHBHA (QYHKIIS, TO JUIs
BCIX BXIJIHUX TMOCTIIOBHOCTEH HEOOXITHO IMOOymyBaTH

Martpuio posMipricTio 2" x 2" . Tlponecop cunTesy ae-
nykrueHol Matpuui (Matrix of Deductive Q-coverages)
JUISl TIAPaJIeNbHOTO aHAI3y OJMHOYHUX KOHCTAHTHUX He-
CrpaBHOCTEH Ha OCHOBI Q-mokpuTTs (Q-coverage) QyHK-
LIOHATFHOCTI MICTHTH TUTBKHU JIBI onepaii (puc. 9).

2n

Matrix of
Deductive
Q-coverages

(Deductive 2"
Disjunctive
Normal
Form)

2[1

|

Xor

v
Qubit Ordering

v

2"

Q-test | ‘Q-coverage‘
l

Pucynox 9 — CekBeHCOp CHHTE3Y BEKTOPIB JIe{yKTHBHOI
MaTpHIIi

1) Cunres matpuili J-BEeKTOPIB IEMYKTHBHUX (YHKIIiH
3aJICKUTh Bill JBIHKOBO-JECSATKOBOrO HOMEpa BXiTHOTO
Habopy 1 koopauHat (-Bekropa (Q-test) mist GyHKUIT Bix

: . * m _Ah
n sminaux: L = (0 i_%Qj)j:], m=2". ®akTHIHO

OepeThCest Tepiia KOOpANHaTa KyOITHOTO TIOKPUTTSI (BEKTO-

pa), sKa XOr-B3a€MOJIi€ 3 yciMa KOOpJIHHATaMH ()-BeKTOpa
(byHKUIiOHATBHOCTI Uil ()OPMYBaHHs JIE€IYKTHBHOTO BEK-
Topa mOAO0 nepumoi BXigHoi mocmizoBHOcTi  (Qubit
Ordering). IToTim GepeTbest Apyra KoopauHaTa (J-BEKTOpa,
sKa TaKoXX XOr-B3aEMofi€ 3 yciMa KoopauHaTamu (-
nokputts. Ilporenypa 3akiHUyeTbes IICHS TOTO, SIK BCI
KoopauHaTH (-BeKTopa OyIM XOr-CKJalueHi 3 KyOITHUM
BekTopoM. OOUHCIIOBaNbHA CKIIAMHICTh TAaHOI MPOIEILypH

2 , sIKa MOke OyTH 3MEHIIIeHA 10 /1 IIUIIXOM

Mnapaj€JibHOro BUKOHAaHHA  XOr-

JIOPIBHIOE
arapaTtHOi  peaizarii
oreparii.

2) Ilicns oTpuMaHHS ACAYKTHBHOI MATPHIN JUIA BCiX
BXIZIHUX Ha0OpIiB 1O KyOITHOMY NOKPHUTTIO (DYHKIIIOHAIIb-
HOCTI HEOOXIZTHO BUKOHATH TIPOLEAYPY NEPECTaHOBKH Oi-
TIB B CTOBIIMX OTPUMAHOI MaTpHli 3a IPaBHIIOM:

L,-j = (L* (H i ))’{’}, =1 BIITIOBI/THO /10 HOMEPIB, MOJJAHKX B

MAaTpHIli TIEPECTAaHOBKH H, sika 32 PO3MIPHICTIO JOPIiBHIOE
MaTpulli KyOiTHUX ITOKPHUTTIB IEXyKTHBHUX (DYHKIIIH.

PosrisiHeMO KyOITHO-BEKTOPHHI METOJl CHHTE3y TeC-
TiB. MeTojI CTaHOBHUTH iHTEPEC 3aBISKH CBOIM iHHOBAITiH-
HOCTI, CTBOPIOBAHOI BEKTOPHUMH CTPYKTYPaMH JaHHX, HA
SIKUX BUKOHYETHCSI OOYHCIICHHS TTOXITHUX 332 KOXKHOIO BXi-
JIHOIO 3MIHHOIO JIOTi4HOT cXeMH. TYT IoXi/iHa BU3HAYAETh-
csl BUKOHAHHSAM XOr-oriepallii Haj JIBOIO Ta MPaBOI0 Yac-
THUHAMU KyOITHOTO MOKPUTTsI-BeKTOpa [23, 24, 29]:

k=l,n
o' =of.0f =0 & of.

=l

ANTOPUTM OOYHCIICHHS MOXITHUX 33 3MiHHUMU U1t O-
Bektopa (10001001) storiuHoi cxemu:

1. Xor-cknamanHs cycimHix 0iTiB O-BeKkTopa 3 moja-
JBIINM 3aHECEHHSIM Pe3yJbTaTy B KOXEH i3 cyciiHixX 0i-
TiB:

QX)) =0y @0y, 0'(X1)(23) =0, ® 0,
Q'(X1)(4.5) = 04 ®05,0'(X1)(6,7) = Q6 © 0.
2. Xor-cKiagaHHs CycCiTHIX map OiTiB KyOiTHOTO Bek-

TOpa 3 MOJAIBIINM 3aHECEHHSIM PE3yNbTaTy B KOXKHY CY-
cigHro mapy OiTiB:

0'(X,)(0,1,2,3) = Qg1 @ 053,
0'(X2)(4,5,6,7) = Q45 @ Qg7

3. Xor-cKiIamaHHSA CyCimHIX TeTpaj OiTiB KyOiTHOTO
BEKTOPAa 3 MOAAIBIIMM 3aHECCHHSIM PE3YJIbTATy B KOXKHY
CYCiIHIO TeTpany OiTiB:

PesynbraTi 00YMCIIEHHS MOXIIHUX HpeCTaBieH] Tad-
JHLEIo 2.
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Tabmuns 2 — [oxiaHi 3a 3MiHHEME 11 O-BEKTOpa

(e3{oy Wpa S RS B A T
Q) 10101111
Q(X;) 00010001

4. Came HasiBHICTH BEKTOPHOI CTPYKTYypH IHaHUX PO-
OUTh ePEKTHMBHUM OOYMCIICHHS IOXITHHUX, IO TPU3BO-
JIUTH JI0 TIPOCTOT 3aKJIFOYHOI MPOILEAYPH CHHTE3Y TECTiB,
sKa 3BOJUTBCS JIO BHKOHAHHS HAacTymHOi (opmynu
TQ)= v Q'(X i) IUIsL CTBOPEHHSI BEKTOPHOI CTPYKTY-

i=ln

pu tecty s takoi cxemu (puc. 10). KyGiTHe mokputTs
nuGpoBOi CXEeMH MPEICTaBICHO BEKTOPOM CTaHIB BUXi[I-
Hoi 3miruo1 (100000000000001) mist mricTHAAUATH BXif-
HUX HaOOpiB, A€ OyJin OTpUMaHi 4OTUPU KyOITHUX (BEK-
TOPHHX) MOXITHUX, II0 CTAHOBIIATH TECT HA OCHOBI BHKO-
puctanns supasy T(Q") = v Q'(Xl-).

i=Ln

Pucynox 10 — Cxema 111 CHHTE3Y TECTIiB

CyKynHicTh KyOITHUX MOXiJHUX a0o map BXiTHHX Ha-
OOpiB € TecT AJIs TepeBipKM KOHCTAHTHUX HECTIPaBHOCTEH
pO3MIIsIHYTOT BXifgHOI 3MiHHOI. Takmx map aius KOXHOI
BXITHOT JIiHIi MOKe OyTH KiJbKa, 3Ba)KAIOYHM HA HASBHICTHh
BCEPEIUHI CXEMH IapajieIbHUX JIOTIYHUX MUIAXIB Bif
BXOAY JI0 BUXOJY.

4 EKCODEPUMEHTU
Po3risiHeMO SIK TIPUKIIAJ BiHOIICHHS, ONHCaHe Tal-
JMLEI0 ICTUHHOCTI (BEKTOpOM) 1 BimHOBiAHUM rpadom
(puc. 11).

HHH“DGDOE
HHOGHHOOE
S |
<H-B-8-58

Pucynok 11 — BekropHe i TabiauuHe nogaHHs rpada
BiIIOBIIHOCTI

3BHuUaifHo, maHW rpad MOXKHA TMPEACTABUTH 1 B yHI-
BepcabHIi (OpMi BITHOIIECHHS, K MIIMHOXHAHU JeKap-
TOBa KBaJpara, 10 30UIBIIHUT YUCIO 3MIHHUX JJISL KOAY-
BaHHS BEPIIMH Bifl TphoX 10 miecTd. OHAK Taka HaAMIp-
HICTb Jla€ MOXJIMBICTh He 30epiratu iHdopmaiio mpo
crenuiYHUN PO3MOMALT 3MIHHHMX 1 BEPIIUH HA JBI Iij-

MHOXXUHH, $Ki (QOpMYIOTh BiANoBigHiCTh. [IpHKiamom
aBTOMATHOTO Tpada MOXKE CIYKUTH TaOJIHIS iICTUHHOCTI
(puc. 12).

o o J
© g
o

=

- - - e T - B SR - - <

Vg=(0101001111010010)

01
10
10
10
10
3 T

11

11

11 1

Pucynok 12 — I'pad aBTromaTa 3i 3SMiHHUMH JUIs1 YIIPABITiHHS
epexoaamu

= O O MO0 =m0 O MO O

- BT - T - S - I R - S - AU - B - ¥

Hacrymauii rpad (puc. 13) mokasye egeKTHBHICTH
ormcy B hopmi TabNHUIIl Ta BEKTOPA.

T
0 00 A
00100
00 10 00110
01000
01010
i i 0151000
{155 i s Lo |
1000 1
1001 0
10100
1011 1
Vg=(0100000110010010}& 11000
Vt=(0100000000010010)=
vf={0000000110000000), 11010
11101
3 L G s R

Pucynok 13 — Tabnuis icTHHHOCTI 1 BEKTOp IepexoiB rpada

Lleit BekTOp MOXe OyTH BUKOPHCTAHUIL IS BUPILLIEH-
HS 3aBIaHb TECTYBaHHS, BKIIOYAIOYM CTBOPEHHS MOJEINi
HeCHpaBHOCTeﬁ, CHUHTC3 TeCTiB JJI1 HUX, MOJCIHOBAHHA
HECIIPaBHOCTEH BEKTOPHO-ACAYKTHBHUM MeTonoM. [laHi
TEXHOJIOTIi, OPIEHTOBaHI Ha TaOJMYHY i BEKTOPHY (Gopmy
nofaHHs (YHKIIH 1 CTpyKTyp, ommcaHi IyOmiKaisiMu
[18—20]. Hanpukiaz, KOHCTaHTHI HECIIPaBHOCTI KOOP/IH-
HAT BEKTOpa Y ineHTH(IKYIOTh HECIIPaBHOCTI HAsSBHOCTI-
BiZICYTHOCTI TiepexoiB: 1) koncranta () CTBOPIOE TOMHUJI-
Ky BIZICYyTHOCTI TIEpeX0/ly, KOJIM BiH € B MOJIeli, 2) KOHC-
TaHTa 1 — HasBHICTh NOMMIIKOBOT'O IIEPEXOMY, KOJIH HOro
HacIpas/i Hemae. SIK MPUKJIA] TYT HOAAHI TPH BEKTODPH:
omucy rpada V, , 3aBgaHHA TecTy V;, a TAKOX pe3yiIbTaTr

ix B3aemonii ¥y =V, @V; B Qopmi BeKTOpa HeCTIPaBHO-
CTeil Vy BBEACHOTO Kiacy, sKi MepeBIpsIOTHCS TECTOM

V; . InTeprpeTartis TeCTyBaHHs HECIIPABHOCTEH B BEKTOPI
V= (0000000110000000): mnepesipka BiACYTHOCTI mie-
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pexoniB Mix BepmmHamu 01 — 11 ta 10 — 00, sixi TOBUHHI
Oyt B crienudikoBaHoi Moneni aBromara. Ha puc. 14
300paxeHo rpad mepexoniB RS -Tpurepa, SKuil Mae Tpu
critikux cranu 01, 10, 11, a Takox OOUH HEMOKIUBUI —
00.

Pucynok 14 — Ipad nepexonis RS -Tpurepa

HactymHa Tabmuns ictuaHOCTI (Tab. 3) siBisie co00r0
MIPOMIXHI AaHi U1 GopMyBaHHsS BEKTOPHOI (hopMH OITH-
cy rpada mepexomniB, sSKa 3alliCaHa B MpaBid KOJOHII
Y =(0000011101 110111).

Tabmuus 3 — Tabnuns iCTUHHOCTI

Xl [ X2 | YL [Y2]|Y
0 0 0 0 0
0 0 0 1 0
0 0 1 0 0
0 0 1 1 0
0 1 0 0 0
0 1 0 1 1
0 1 1 0 1
0 1 1 1 1
1 0 0 0 0
1 0 0 1 1
1 0 1 0 1
1 0 1 1 1
1 1 0 0 0
1 1 0 1 1
1 1 1 0 1
1 1 1 1 1

JocuTh MpocTo BU3HAYUTHU IOTYXKHICTH HECHPaBHOC-
Teil MepexoliB, siKi MPHUB’S3yIOThCS O MOBHOTO Tpady,
IO CTAaHOBHUTbH 2%**71 MOIJIMBUX HECHPABHOCTEH, MpO-

TUJISKHHUX 32 3HAKOM BEKTOPY CTaHy TaOJUIl iCTHHHOCTI
Y = (111110001 0001000). TIpupomHo, IO CHHTE30-

BaHMIl TECT MOBMHEH MTOKPHUBATH 3pTeHEPOBAHY MHOKHHY
HECIIPaBHOCTEH.

Hanmpuknan, naBa  Bektopa «=00111100 i
b =10101010, o MarOTh HECYTTEBI HYJIbOBI OJTHOMMEH-
Hi KOOpAMHATH, aBTOMATHYHO BHKIHOYAIOTHCS 3 HOPMO-
BaHOTrO OLHIOBAHHS, 3aBISKU BPAaXyBaHHIO 1 MiIpaXyHKY
TUTBKH OJJMHHYHUX 3HAYCHb B PE3YJIBTYIOUHX BEKTOpax:

Z?ZI(OOI 11100 A10101010 = 001010000) = 2

S(a,b) = =033
> (00111100v10101010 =10111110) =6

> (00111100®10101010 =10010110) =4

D(a,b) = = 0,66.
> 00111100V 10101010 =10111110) = 6

PosrimssaemMo cuHTte3 Z[eI[yKTI/IBHO-l. J'IOFiKI/I 151 and—
CJICMCHTA.
Y:xl A Xy = X1Xp —)(Xl ®Tl)(X2 @Tz)@Y
L[T =(00,01,10,11), F = (x; Ax2)] = (00v 01v 10 v 11) A
[(X) ®T;)(X, ®T) Y] = L{(x1% v x133 v X1 53 v
vxx)[(X] @ T )(X, @) DY ] = xxp[(X] ©0) A
AX, ®0)D0]v x5 [(X] D 0)(X, D) D O]V Xy A
AL(X] ©1)(X, ®0)®1]v xyx,[(X] BIN(X, D) ®1] =
= x5 (X1 X2) v xpx0 (Xg Xp) v
VXX (X1 X)) v (X v X))
[likaBo, 10 CHHTE3 ACAYKTUBHOI JIOTIKH JUIS XOI-
eJIEMEHTa CTBOPIOE (PYHKIIII0, PIBHY BUXIJHIN:
szl @Xz => (Xl (‘DTl)@(Xz @Tz)@y
L[T = (00,01,10,11), F = (x; ® x,)] = (00~ 01 10/
VIDI(X ®T;) @ (X, ®Tn) DY 1= L{(xxy v
VXX Vxpxg VX 0)[(X T @ X, ©TH)® Y]} =
= X0, [(X] ®0)® (X, ®0)®0]v xx) A
A[(X; ®0)® (X, @)@ 0]V x, 1,[(X; @) @
(X, ®0)®1]v xx,[(X; D) ® (X, D) D] =
= X122 (X1 ® X,) v x1x3 (X] ® X;) v xp 5, (X © X)) v
VX]XZ(XI @Xz)ZX] @XZ =?1X2 VX]E.

AHaNOTiYHHIA Pe3ynbTaT Mae I TUTHKU OHa (QYHKIIis
— not-xor:

Y=x®x,=> (X, 07D (X, ®T,)DY.
L[T = (00,01,10,11), F = x; ® x,]=(00v 01v10v 11) A
A @ T @ (X, ®T5) Y, ] = L{(x1x3 v X133 v
v Vo)X @) @ (X, ®7,) @]} =
=05 [(X, ©0)® (X, ®0)®1]v
VX5[(X] @0)® (X, D)@ 0]v
VXX (X @)@ (X, ®0)D0]v
Vo[ @D e (X, @) @1]=
=312 (X) ® X)) v x5 (X © Xp) v
VX (X © X)) v (X @ X,) =
=X, ®X, = X1 X, v X X,

CuHTe3 JIeyKTUBHOI JIOTIKM L Ha TecTOBUX Habopax
T nnst IBYXBXOOBOTO Or-eJIeMeHTa F TaKoX 3[1HCHIOETh-
cs 3a MIPaBUIIOM F=L®T:

XV =(X; @) v (X, ®TH) @Y.
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[Moganpuri HaWMpOCTIiII NEPEeTBOPEHHS MPHU3BOASATH
JI0 CUHTE3Y JIelyKTUBHOT JIOTIKH:

L[T = (00,01,10,11), F = (x; v x,)] = (00v 01v10v 11) A
AX O Ty v (X, ®T) @ Y;]= L{(x xp v X1, v
VX v oxn)[(X) @ Ty v X, ®T;) @Y1} =
= x1x) A[(X; ®0)v (X, ®0)DO]v
v X5[(X; @0)v (X, @) @1]v
v 5[(X; @) v (X, ®@0)@1]v
vxo[(X; @) v (X, @) @1]=
= x1xp(X) v X) v 0y (X1 X ) v
v xpxp (X X))V xpx (X1 X)),

Jani HaBeneHl NpHUKIaIM OTPUMAaHHS MAaTPHII ACHyK-
TUBHHUX BEKTOPIB 1 BIAMOBIAHUX M (DYHKIIHA IS JIOTIKH
(and, or, xor, not-xor, not, repeater) Ha OCHOBI BHKOpPHC-
TaHHS TUIBKM KyOITHMX TOKPHTTIB (PYHKIHOHAIBHOCTEH
[18,24,27]:

Qand L1 Ly L3 Ly X1Xp Ly Ly Ly Ly
00 0 0 1 1121314 00 ]0 0 0 0
010 0 0 1|2 1435|0100 1 1|
o lo o o 1] [341)2 10]0 1 0 1
11 1 1 of 43211 111 0 0 1
— L =(00)(X;X5) v (01)(X; X5) v
v (10)(X 1 X5) v (11X, v X>).

Qor|Ly Ly L3 Ly XXz |l Ly L3 Ly
00 1 1 1 00 [0 0 0 O
11 0 0 0 ol |1 1 0 0]
11 0 0 0 011 0 1 0
111 0 0 0 11 11 0 0 1

— L =(00)(X; v Xp)Vv(0)(X Xp)V
v (10)(X 1 X)) v (ID(X 1 X5).

Qxor|L1 Lo L3 Ly XiXo|Ly Lo L3 Ly
00 1 1 0 1121314 00 |0 0 0 0O
111 0 0 1|=2[H43]|>] 01 |1 1 1 1|
1|1 0 0 1 3141112 0|1 1 1 1
0l0 1 1 0 4131211 11./0 0 0 0

> L=(00v0lvI10vVI(X X, v X X,y)=
= ()(X1 X v X1 X))

Qunar|Ly Ly L3 Ly _ X1Xo|Ly Ly L3 Ly
1 |0 1 1 0 ! Ii ;‘ 00 O 0 0 O
0 [1 0 0 1|2 slor 1111
0 |1 0 0 1] [33L2 1011 1 1
1 o 1.1 0 4]3]2)1 11 |]o 0 0 0

> L=(00v0lvIOvIX X, v X X,)=
= (x0)(X X, v X X)),

Quot |11 L2 X|L; Ly
10 0
1 1

~ 12|
;

— L=0v1)(XVvX)=(xx)(X).

—

0 |-
1

Qmp L Ly - X|Ly L»
0 [0 1—:-—:-000—:»
1 (1 of 20 [3f1 1

— L=0v)(XVvX)=(xx)(X).

TyT mpouenypa nepecTaHOBKH OiTiB € PEKYPCHBHOIO 1
PEryJISIpHOIO, ajle He € 00UNCIIOBAIBLHO CKIIAIHOIO [28, 29].

V rtabnuii 4 HaBeAeHi: CTaHU BXIJHUX 3MIHHMX, SKi
BiJINIOBiTAIOTh 3HAYCHHSAM KOOPIUHAT KyOiTHOTO BEKTOpa-
MOKPUTTS, OyJeBi MOXimHI, OTPUMAaHUI TecT 00’ €THAHHS
moxigaux (Test) 1 miriManbHM TeCcT-BeKTOP (Tppin)-

Tabmuus 4 — Tabnuus qaHux
Xt [ 11111111

Q [1..... . . ... .. 1
QXplt. ... .. 1. ... .. 1
Q'(Xy)|1 | 1 1
QX . 1. ... . ... .. 1.1
QX1 .. 11

JInist Bi3yasibHOTO CHPUHHATTS TaONUII TAHUX TOYKAMHU
BiZ[3HAYCHI HYJILOBI CTAHW KOOPAMHAT TAOJIHIII ICTHHHOCTI 1
Marpulli MoXinHuX. B pe3ynpTaTi BUKOHAHHS Or-oreparii
HaJl BEKTOpaMn KyOITHUX TOXiTHHX OyJIO OTPHMaHO TECT,
SIKUI MICTHTH 10 BX1IHHX HaOoOpiB
T = (1110100110010111). Bix € TectoM niarHOCTYBaHHS
JUIsL ONMHOYHUX KOHCTaHTHUX HECTIPaBHOCTEH.

[Nomanpma mporeypa MiHiMiI3aIll TeCTy 3MiHCHIOETHCS
Ha OCHOBi IIGOYKTMBHOTO MOJEJIOBAHHSA, 3 ypaxyBaHHAM
CTPYKTYpH CXEMH, LUISIXOM 3HaXO/DKEHHsI KBa3iMiHIMallb-
HOTO TOKPHUTTS (TYT HE PO3IIISAAAEThCS) BCIX 3MIHHHX-
CTOBIII[IB TaOJMI[ HYJILOBUMH | OMMHUYHUMH 3HAYECHHSIMHU
BUSIBJICHHX KOHCTQHTHUX HECIPaBHOCTEN.

BukoHaHHs 1aHo1 mpouenypu GopMye pe3ysbTar 3 1e-
CTH TECTOBHMX HaOOPiB, HABEICHNX B TAOHIII 5.

TyT Toukamu Big3HAa4YEHI KOOPAWHATH 3 HETEPEBipIo-
BaHMMH HectpaBHOCTAMH, FD — Fault Detected, FC —
Fault Coverage, X ={0,1} .

Ta6mums 5 — TectoBi HaGopH

Test 1 2345678 9101112|FD FC
0000111000011 1 1 1 000111 1 0|50 50
ooo111o000010(. . . O . . 1 . . 0 1|16 66
011100001000(. . . . . 1 . . O 112 75
100001110000 |0 1. 0 . 1|16 87
111000000100 . A | . 0 . 1]12 91
111100000001/0 0 0 O . 1 1 1 1 037 100

U= XXXXXXXXXXXX
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6 PE3YJIBTATH

TakuM uuHOM, BeKTOpHa (hopMa OIUCY JTa€ MOMKIIH-
BICTb 3aCTOCYBAaTH HalpalbOBaHI BUYCHUMH TEXHOJIOTI]
CHHTE3Y Ta aHANI3y TECTiB JOTIYHUX CXEM IS CPCKTHB-
HOTO BUpIIICHHS 3aBJaHb TECTYBaHHSA IpadoBHX CTPyK-
TYp 1 aBTOMaTHUX Mojesel InppoBHX MPUCTPOIB.

[Ipu BUMipi BEKTOPIB OMICY IPOIIECIB HEMAE MTOTPedH
o0uncIroBaTH OOWIBI OIIHKH 3a JaHUMHU (HOpMyIIaMH.
JlocuTs BU3HAUUTH OAHY 3 HHUX, a APYTy MOXKHA OTpHMa-
™M 3a ¢opmynoo pomoBHeHHA: D(a,b)=1-S(a,b);
S(a,b) =1-D(a,b).

PesynbraT cUHTE3y JNEIyKTUBHOI JIOTIKU i Oasuc-
HUX eneMeHTiB (and, or, not) opieHTOBaHI Ha amapaTHy
peaiizaliloc METOQy MOJENIOBAaHHS HECHpaBHOCTEH, e
¢irypytoTh BXiHI TecTOBI Habopu B ¢opmarti (xjx; ), a
TAKOXX BEKTOpH a0 CHHCKH BXiTHHX HECHpPaBHOCTEH
(X X, ), mo TpaHCHOPTYIOTHCS HA BHUXIJ JOTIYHOTO €Je-

MEHTY.
3anponoHOBaHU METOJ CHHTE3y NCAyKTHBHHX MaT-
PHLB IS MOJICTIOBaHHS HECTIPABHOCTEH BiIPI3HAETHCS Bif
BIJOMHX aHAJOTIB OPUTIHAJBHICTIO MAaTEeMaTHYHUX pi-
[IeHb, BUCOKHUM pIiBHEM Napajielli3My 1 KOMITaKTHICTIO
CTPYKTYp JAHUX, LIO JO3BOJISIE BHUKOPHCTOBYBATH HOTO
MpOrpaMHy YH arapaTtHy peanizallilo Jjisg CUHTEe3y, aHali3y,
TECTyBaHHsI, Bepudikallii Ta AiarHOCTyBaHHS LHU(POBUX
cucteM Ha Kpuctanax. Jis pos3Butky memory-driven
logic-free  KOMIT'IOTHHTY  3alpONOHOBaHWK  KyOiTHO-
BCKTOPHUIl NEIYKTUBHHUI aHAIi3 € iCTOTHUM BHECKOM B
MPOCKTYBAHHS PEMOHTONPUIATHUX IH(PPOBHX CHCTEM
pericTpoBoro i cucTeMHOro piBHs ommcy [18].

IIpoBeneHi eKcIiepUMEHTH 3 CHHTE3y TeCTiB Ha 16
cXeMmax, 1o MicTITh 4—10 BXiAHMX 3MiHHHX, ITOKa3aJIu:
1) i 90THPHOX cXeM Oy OTPUMAaHi OITUMAIBHI TECTH;
2) mns OBaHANINTH CXEM TECTH BIIPI3HSIHCS Bif OITH-
MaJIbHUX HE Olnmblile, HiXK Ha 25 BIACOTKIB; 3) 004HCITIO-
BaJIbHA CKJIaJHICTh 3aIlPONOHOBAHOTO KyOITHOTO METOIY
CHHTE3Y KBa3iONTUMAJIBHOIO TECTY VISl JOTTYHOT yHKIIi-
OHAJILHOCTI Bifi 7 3MIHHUX BH3HAYA€THCSA OI[IHKOIO, sSKa
(hopMye "acoBi BUTpATH Ha B3ATTSA KyOITHHX MOXiNHUX i

MiHiMmi3arito Tecty: O =2n+ 2 = 2n(n+1).

7 OBI'OBOPEHHSA

OcHOBHE PIBHSHHS TECTYBaHHs, K€ BUKOPHCTOBY€ETh-
csl Uil UM(PPOBUX CHCTEM, TAKOXK TOJEPAHTHO 1 MOXKE
OyTH 3aCTOCOBAHO VIS TECTYBaHHS rpadoBUX CTPYKTYD.
[IpuponHo, BekTop rpada Moxe OyTH TakoX NepeTBOpe-
HUHA 70 MaTpu4yHOi (HOpPMH, SKa BU3HAYAE ITiIMHOKHHY
JCKapTOBOrO KBajpara II0J0 KOJOBHX MO3HAYCHb BEp-
IMH. AJe B bOMY BUIaJKy HEOOXITHO BHKOPHCTOBYBa-
TH BXE IHIN crenudivyai MaTpuyHi METOJM CHHTE3Yy Ta
aHawizy rpadoBUX CTPYKTYP.

BinMiaHICcTIO (POPMOBAHOI OIIHKY BiA BiAcTaHi Xem-
MIHTa € BUKJIIOUCHHS 3 METPUKH 1 CTPYKTYP AAHUX YMOBH
ICHyBaHHS JBOX HYJIIB Ha OXHONMEHHHMX KOOpIHMHATaXx,
IO ICTOTHO MiJBUIIY€E aeKBaTHICTh BUMIPIOBAHHS IIPO-
1eciB.

[HTerpanis orpumanoi JeayKTUBHOI Joriku (puc. 15)
NPEe/ICTaBJIeHa YHIBEpCAJbHUM ACAYKTHBHUM IIPOLECO-
pom [18, 26, 27] nns oOpoOKM JIOTIUHHX cXeM B Oa3uci
(and, or, not), ne ¥ — 3MiHHa BHOOpY THIIy JIOTI4HOTO
eJIeMeHTa Il HOro AEAYyKTUBHOTO MOJETIOBaHHS 3 Me-
TOI0 TPAHCIOPTYBAHHS BXIJHHUX CIHCKIB HECIIPABHOCTEU
Ha BUXIJI.

Pucynoxk 15 — JlenykTuBHUIA TpoLiecop

VY cxemi iHBepTOp BIACYTHIN Yepe3 HOro HEiCTOTHICTh
(He BIUIMB) Ha MPOIIEC TPAHCIIOPTYBAHHS HECIPABHOCTEH.
[Mpouecop opieHTOBaHMI Ha HOro IMIUIEMEHTALIO SIK
3aco0y BIST [1,11], sike Moxxe OyTH BHKOpUCTaHE B pe-
KMMI OHJIAH TECTYyBaHHS, MOJICIIOBAHHS Ta J1arHOCTY-
BaHHS HECIIPaBHOCTEH JUIs HM(POBUX CHCTEM Ha KpPHCTa-
Jlax BEHTWJILHOTO piBHs. Clifl 3ayBa)KUTH, LI0 TeMa MiHi-
Mi3allii JeTyKTHBHOI JIOTIKH JIJIsl CXEM BEJIUKOI PO3MIpHO-
CT1 BIZICYTHS B Cy4acCHHX ITyOJTiKaIlisx.

Bucoka mpoayKTHBHICTh CUHTE3Y NEIYKTUBHHX KyOiT-

_ 2n+l

HUX MOKPHTTIB Q =2x2" € TJCTaBOoO JUIsl Horo

BUKOPHCTAHHS B pekuMi online, OCKUJIBKH pericTpoBa pea-
mi3amist pakTHIHO JBOX OIeparliid: XOr-mopiBHSIHHSA 1 mepe-
CTaHOBKH OITiB, JO3BOJUTH 3BECTU 3TaJIaHy OIIHKY 10 2 —
5 aBromaTHHX TakTiB. Kpim Toro, mBi 3ramadi omeparii
MOKHa 00’€IHAaTH B OJHY NPOLEIYPY, BUKOHYBaHY B OJ-
HOMY aBTOMaTHOMY TakTi. [IpuMiTHO, w0  [UIs
X-byHKIIOHABHOCTI JIOBUIBHOI CKJIaJHOCTI Ipoleaypa
CHHTE3Y TECTiB BIACYTHS, a HOro 3amuc BU3HAYAETHCS
BCIMa OJIMHUYHUMH KOOpAWHATaMu (-BEKTOpa, JTOTIOBHE-
HUMH HYJIhOBOIO KoopauHaToro. TecT mis X-¢yHkmin (3-
xo0r, 3-not-xor) GOpPMYEThCS TAKIM YHHOM:

r=1"v1’

T =V f(T)=1;

T er’ =VT;: f(T;) =0

7(01101001) = (001 v 010 v 100 v 111) v 000;
7(10010110) = (000 v 011 v 101 v 110) v 001.

[ortyxuicte Tecty mia X-pyHkuii Big 7 3MIHHHX
3aBXKAM JOPIBHIOE TIIOJIOBHHI JOBXKHHH KyOITHOTO IIO-

n
KpUTTS TUtoc oauHuLs: Q =1+ % x 22 .

BHUCHOBKHU
B po6oTi po3risiHyTa 3aaua, MoB’si3aHa 3 pO3pOOKOI0
IHHOBAIIHHOT TEXHOJIOTIT KyOiTHO-BEKTOPHOTO CHHTE3Y 1

© XaxanoBa A. B., Xaxanos B. 1., Uymauenko C. B., JIutBunoBa €. 1., Paxuic /1. 1O., 2021

DOI 10.15588/1607-3274-2021-3-7

80



e-ISSN 1607-3274 PapioenexrpoHika, inpopmaTuka, ynpasminas. 2021. Ne 3
p-ISSN 2313-688X Radio Electronics, Computer Science, Control. 2021. Ne 3

JICIyKTHBHOTO aHaJi3y TECTiB JUIsl iX Bepuikallii Ha oc-
HOBI BEKTOPHHUX CTPYKTYp JAHHX, IO ICTOTHO CIIPOIILY-
I0Th AJITOPUTMH, SIKI MOXKYTh OyTH BOY/IOBaHI SIK KOMIIO-
nentd BIST B nn¢poBi cucremu Ha KpucTamnax.

HaykoBa HOBHM3HA OTpUMaHHMX pPE3yJbTATIB MONSATAE B
TOMY, LI0:

1) Bmepie po3pobICHO BEKTOPHY (HOPMY OIHUCY CTPY-
KTyp, SIKa Ja€ MOXJIMBICT 3aCTOCYBATH HalpalbOBaHi
BUCHUMH TEXHOJIOTIi CHHTE3y Ta aHANI3y TECTiB JIOTITYHUX
cXeM asl e(QEeKTUBHOTO BHPIIIEHHS 3aJad TEeCTYBaHHS
rpadOBHX CTPYKTYp Ta aBTOMATHHX Mopenell nugpoBux
TIPUCTPOIB;

2) BIeplie OTPUMAHO HOBY TEXHOJIOTIYHY METPHUKY
XOI-BiTHOIIICHHS B JIOBUILHOMY (hopMati JaHuX: (QyHKIis-
TECT-HECIPABHICTh, SIKa € YTBOPIOBAHOIO ISl (OpMYIItO-
BaHHS BCIX 3aBJ/IaHb, ITOB’S3aHUX 3 CHHTE30M TECTIB, (DYHK-
[IOHAJFHUX OIHUCIB 1 MOJICITIOBaHHAM HecrpaBHocTel SoC;

3) Bmepiie po3po0IICHO HOBHIA METOJ| CHHTE3Y JCIYK-
THUBHHX MaTPHUIb UL MOJICTIOBaHHS HecIpaBHOCTEH LuQ-
poBux cxeM norigHoro i RT-piBHs, skuit BiIpi3HAETHCS Bif
BIJOMHX aHAJIOTiB OPHUTIiHAJBHICTIO MAaTEeMaTHYHUX pi-
II€Hb, BUCOKAM pIBHEM MapaliellizMy i KOMITaKTHICTIO Ky-
0iTHO-BEKTOPHUX CTPYKTYP JaHUX, IO JTO3BOJISIE BUKOPHUC-
TOBYBaTH HMOTO MPOrpaMHy YH arapaTHy peanizalilo s
CHHTE3y, aHali3y, TeCTyBaHHs, Bepudikallii ta 1iarHocTy-
BaHHA SoC;

4) Briepmie po3poOJICHO HOBHH JIEIYKTHBHHI IpoLie-
COp JUIsl MOJICJIFOBAHHSI HECIIPABHOCTEH, SIKUH OpiEHTOBa-
HUH Ha IMITIEMeHTalio sk 3aco0y BIST, BukopucroBysa-
HOTO B PEXXMMI OHJIAifH TeCTYBaHHs, MOJICITIOBAHHS Ta Jia-
THOCTYBAaHHs HeCHpaBHOCTEH i1 HU(POBUX CHCTEM Ha
KpHUCTaJax;

5) BmepIe OTPUMaHO HOBY KyOiTHO-BEKTOpHY (opmy
onucy HU(PPOBUX CHCTEM, SKa MEPEBEpILNyE ICHYIOUI CIO-
coOu 3aBIaHHS OOYMCITIOBATBHHX IIPUCTPOIB 32 METPHUKA-
MH: TEXHOJIOTIYHICTh, KOMIIAKTHICTD, IIBHIKOIS 1 SKICTE.
KyOiTHO-BeKTOpHE TOKpUTTSI € memory-driven ormucoM
(YHKIIOHATIBHOCTI /U1 OUTBII MPOCTOrO PillleHHS 3a/1a4
aHaJi3y, CUHTE3y, TECTyBaHHS 1 MOJENIOBaHHS IHU(PPOBUX
IIPUCTPOIB.

[pakTH4HA LIHHICTE OICP)KaHUX PE3yJIbTATIB BH3HAYA-
€TBCS PO3pOOKOI0 Iporpamuoro noxarka QuaSim Services
(puc. 16), mo peanizye ocHOBHI cepBicu TecTyBaHHS (Test
Synthesis), monemtoBannst (Fault Simulation) Ta miaraoc-
tyBaHHA (Fault Diagnosis), 1m0 BUKOPHCTOBYIOTECS B Ha-
BYAJIBHOMY TIpOLleCi Ui BHBYEHHS IIepeBar KyOiTHO-
BEKTOpHUX CTpyKTyp nanux (Qubit Data Structures) i an-
roputmiB (Algorithms) [18, 26, 29]. Bibmioreka (Library)
Brmouae cxemu (Circuits), noriyni enementr (Elements),
tectH (Tests), B TOMy YHCIIi TAaOIHIIO BUSBICHHS HECIIPAB-
Hocreii (Fault Detection Table, FDT).

CepBicu MaroTh €proHOMIYHUH Bi3yaJIbHUH TpadiuHnit
inrepdeiic (GUI “Qubit” ) [18, 19, 20] nns pygHoro cus-
Te3y LUM(POBHX JIOTIYHUX CXEM, 1€ KOXKEH YHiBepcallbHHUI
€JIEMEHT BU3HAYAEThCSl KYOITHUM IOKPHUTTAM abo ioro
JIECATKOBUM €KBIBAJIEHTOM, IIIO0 ICTOTHO 3MEHIIYE Yac s
BBEZICHHSI CXEMHOTO OIMCY 1 MOJAJBIIOTO JOCIiKEHHS:
CHHTE3 TECTiB, JIarHOCTYBAaHHS, MOJCITIOBAHHS HECIpaB-
HocTei#t Ta cripaBHOT oBeAiHKY (modeling and simulation).

| QuaSim Services |

[ | [

| Algorithms | |Guleata Struduresl [ Library |
[ [ [

| Test Synthesis | | GUI “Qubit” | [ Circuits |
| [ [

|Fau|l€imulaliﬂn| | Modcling | | Elements
[

| Fault Diagnosis ] Simulation | [ Tosts, FOT |

Pucynoxk 16 — CepBicu TecTyBaHHS Ha OCHOBI BEKTOPHUX
CTPYKTYp JaHUX

[lepcrieKTHBH MOJANBIIMX AOCIIDKEHD IOJATAIOTH Y
IMIUTEeMEHTAIlil BEKTOPHUX KyOITHUX CTPYKTyp HOaHUX B
TEXHOJIOTIi KJIACHYHHUX OOYHCITIOBAILHUX MPOIIECIB, a Ta-
KO TOZAJIBIIY OPIEHTAII0 aJrOPUTMIB I CTPYKTYp TaHUX
Ha KBaHTOBI 00YHCITIOBaYi.

NOAAKU

VY naHiif poOOTI BHUKOpHCTaHI pe3yJbTaTH, OTPUMaHi
aBropamu y 2019-2021 pokax Ha kadeapi ABromaru3anii
MPOEKTYBAaHHS OOYMCIIIOBAJIBHOI TEXHIKH XapKiBCHKOTO
HAIlIOHAIEHOTO YHIBEPCHTETY paliOCIeKTPOHIKA. ABTOPH
BISIYHI KOJIeTaM 3a iX aKTHBHY y4acTb y OOTOBOpEHHI Ta
miaTpummi HaykoBoi mkomm «lIpoexkTyBaHHA 1 TexHIUHA
JIiarHOCTHKa IU(POBUX CHCTEM Ha KpUCTallax, KOMII FoTe-
PiB 1 Mepex», pO3yMiHHSI BaXKIIMBOTO 3HAYECHHS PO3BHUTKY
(yHIaMeHTabHUX 1 MPUKIAJHUX JOCIIPKEHb Teopii KBa-
HTOBHUX OOYHCITIOBAJIBHUX IMPOIICCIB T aHAJI3y Kibeprpo-
cTopy. Bci aBTOpH 3asBIISAIOTH, IO HE MarOTh (HiHAHCOBOI
MiATPAMKH.
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AHHOTADNUA

AKTyalbHOCTD. VI3BECTHO, UTO CTPYKTYpBI JAHHBIX SIBISIOTCS ONPENEISIFOLIMMU ISl CO3MaHUs d((QEKTHUBHBIX MapalleIbHBIX
QITOPUTMOB M BBICOKOIIPOU3BOANTENBHBIX BBIYMCIUTEIBHBIX YCTpoiicTB. [ToaToMy pa3paboTka MaTeMaTHYeCKH COBEPIICHHBIX H
TEXHOJIOTHYECKH MPOCTBIX CTPYKTYP AAHHBIX 3aHMMAeT 0KoJio 80 MPOIEHTOB BPEMEHHU NPOEKTUPOBAHMUS, KOTIa Ha alTOPUTMBI U X
hardware-software kogupoBanue 3arpaunBaercsi 0kosio 20 MPOLEHTOB BPEMEHHBIX M MaTePHAIBHBIX PECYpCOB. DTO 00ycCIaBInBaeT
MIOUCK TaKUX HPHUMHUTUBOB CTPYKTYP AAHHBIX, KOTOPBIE CYIIECTBEHHO YIPOCTAT pabOTAOIINE HA HUX MapauIelIbHbIe BEICOKOIIPON3-
BOJHTENbHBIE aNTOpUTMBL. [IpeamaraioTcs MOJeIH M METOBI ISl TECTHPOBAHUS U MOJCTHPOBAHMS IU(PPOBEIX CHCTEM, COJEPIKAIINE
OTZENbHBIE IPEUMYIIECTBA KBAHTOBOIO KOMIIBIOTHHIA B YaCTH MMIIIEMEHTAIMH BEKTOPHBIX KyOUTHBIX CTPYKTYpP JaHHBIX B TEXHO-
JIOTHH KIIACCHYECKHUX BBIYHCIHTEIIHHBIX IPOIECCOB.

Leab. Pa3paboTka MHHOBAIIMOHHOI TEXHOJIOTHH KyOHTHO-BEKTOPHOIO CHHTE3a M JIeIyKTHBHOI'O aHaIN3a TECTOB JUIS UX BEpHU-
(UKaMu Ha OCHOBE BEKTOPHBIX CTPYKTYpP JIAHHBIX, CYIIECTBEHHO YIPOLIAOIINX AJITOPHTMBI, KOTOPBIE MOTYT OBITh BCTPOCHBI B
kadecTBe komroHeHToB BIST B miudypoBbie cucTeMbl Ha KpHUCTaIIaX.

Metoa. Mcnons3yeTcst 1eJyKTUBHOE MOAEIUPOBAHUE HEMCIIPABHOCTEH AT MONydEeHHs aHATUTHYECKUX BBIPAXKEHHUH, OPHEHTH-
POBaHHBIX Ha TPAHCIOPTHPOBAHUE CIIHCKOB HEHCHPABHOCTEH depe3 (YHKIMOHAIBHBIN MM JIOTUYECKUI 3JIEMEHT Ha OCHOBE XOr-
oTlepanuy, KOTOpasi BBINOIHACT POIb U3MEPHUTEIS CXOJCTBA-PA3INIMS MEXKAY TECTOM, (QYHKIWEH M HECIIPaBHOCTSIMH, 3aJaHHBIMHU
OJJMHAKOBO B OJHOM U3 (popmaToB — Tabnume, rpadom, ypaBHenueM. [Ipemaraetcst IBOMIHBIN BEKTOP, KAK CAMBII TEXHOJIOTUIHBIH
MIPUMHATHB CTPYKTYp JaHHBIX IJIS 3aJaHUs JIOTHYECKOH (yHKIMOHAIEHOCTH B IEJIX IMapajuIeNbHOTO CHHTEe3a W aHaIHu3a MU(POBBIX
cucteM. [lapamrenusm penteHHs KOMOMHATOPHBIX 3a7a4 €CTh (PM3NYECKOE CBOWCTBO KBAHTOBOTO KOMITBIOTHHIA, KOTOPOE B KIIACCHU-
YECKOM KOMITBIOTUHTIE, Ul MapauIeIbHOTO MOJEIMPOBAHMS M AMAarHOCTHPOBAHUS HEHMCIIPABHOCTEH, 0OecrednBaeTcss YHUTApPHO-
KOJMPOBAHHBIMU CTPYKTYPAaMH JaHHBIX, OJlarofapsi U30bITOYHOMH aMsITH.

PesyabTtartsl. 1) Paspaboran MeTox aHAIMTHYECKOTO CHHTE3a JeAyKTHBHOM JIOTUKY Tl (QyHKIMOHAIBHBIX 3JIEMEHTOB BEHTHIIb-
HOTO YpOBHS M ypPOBHS PerucTpoBbIX nepenad. 2) Ipennoxken neIyKTHBHBII Mpolieccop A MOAETHPOBAHUS HEUCIPABHOCTEH Ha
OCHOBE TPAaHCIOPTHPOBAHHS BXOIHBIX CITICKOB MJIM BEKTOPOB HEHCIPABHOCTEH Ha BHEIIHHE BHIXOBI NU(POBBIX cxeM. 3) OmucaHsl
KyOUTHO-BEKTOpHasA (hopMa 3aJaHuUs JIOTUKHA M METOJBI KyOMTHOTO CHHTE3a AEAYKTHUBHBIX YPaBHEHHUII JUIT MOJASIUPOBAHUS HEHUC-
npaBHocTe. 4) Pa3paboTaH KyOHTHO-BEKTOPHBIH METOJ| CHHTE3a TECTOB, HCIIOIb3YIOIHMH IPON3BOIHBIC, BEIUUCIIIEMbIE IT0 BEKTOP-
HBIM HOKPBITUSIM JIOTHKH. 5) Bemmonnena Bepudukanms Mojenel 1 METOMOB Ha TECTOBHIX IIPUMEpax B MIPOrpaMMHON pean3aluu
CTPYKTYP M aJrOPUTMOB.

BriBoabl. Hayunas HOBH3Ha 3aKiroyaeTcss B HOBOII IapaJurmMe TeXHOJIOTUH CHHTe3a aeaykTuBHoW RTL-noruku Ha ocHOBe MeT-
PHYECKOr0 ypaBHEHUS TECTUPOBAHMUS, POPMHUPYIOLIETO XOr-OTHOLICHHUS MEXIy TeCTOM, GyHKUMeH U HercnpaBHOCTIMH. BBoauTcs
BEKTOpHas (hopMa OMUCaHUs CTPYKTYp, KOTOpas 1aeT BO3MOXKHOCTh MPHMEHHUTh U3BECTHBIC TEXHOJIOTHU CHHTE3a U aHaJIM3a TECTOB
JIOTHYECKHX CXeM IS 3(pPeKTUBHOTO pemIeHus 3a/ad TECTUPOBAHUS IPaOBBIX CTPYKTYP M aBTOMATHBIX Mozeneil u(ppOBEIX yCT-
poticts. [IpakTHdeckas 3HAYIMOCTh OTPaKaeTCs B IPHMEpax aHATHUTHIECKOTO CHHTE3a JIeTyKTHBHOM JIOTUKH IS (hyHKIIMOHATBHBIX
9JIEMEHTOB BEKTOPHOTO YPOBHS M YPOBHSI PETHCTPOBBIX nepenad. [IpemmaraeTcst 1eXyKTUBHBIN HPOIECCOp UL MOACINPOBAHUS He-
HCTIPaBHOCTEH, KOTOPBII OPHEHTHPOBAH Ha HMINIEMEHTAINIO B KadecTBe cpeactBa BIST, ncrons3yemoe B pexxnme OHIJIAMH TeCTHUPO-
BaHUS, MOJCIMPOBAHUS M JIMAarHOCTUPOBAHUSI HEHMCIIPABHOCTEH s M(POBBIX CHCTeM Ha Kpuctamwiax. [Ipemnaraercst kyOuTHO-
BEKTOpHas (hopMa ONMUCAHMS HUPPOBBIX CHCTEM, KOTOPAasi MPEBOCXOJUT CYLIECTBYIOLIME CIIOCOOBI 33/IaHUSI BBIYMCINTENBHBIX YCT-
POMCTB 1O METPHUKE: TEXHOJIOTHYHOCTh, KOMIIAKTHOCTB, ObICTpOAEiicTBHE M KauecTBO. PazpaboTaHO MpOrpaMMHOE MPHIIOKEHUE,
KOTOPOE peanu3yeT OCHOBHBIE CEPBHCHI TECTUPOBAHHS, MOJAEIUPOBAHUS M JUaTHOCTUPOBAHMUS, HCIIOIb3yeMble B ydeOHOM Mpoliecce
JUISL U3yYEHHS TIPEUMYIIECTB KyOHTHO-BEKTOPHBIX CTPYKTYp JAHHBIX M aJTOPUTMOB. IIPHBOISTCS OLEHKH BBIMHCIUTENBHON CIIOXK-
HOCTH TIPOIIECCOB CHHTE3a TECTOB H AEAYKTUBHBIX ()OPMYI AJISI JIOTHKY M MX UCTIOIb30BAHUS IIPH MOCIHPOBAHUH HEUCTIPAaBHOCTEH.

KJIIOUEBBIE CJIOBA: RTL noruka, cuHTe3, TeXHHYECKass THAarHOCTHKA, MOACIUPOBAHME IU(POBBIX cXeM, X-(QyHKIu,
METpHKa CXOJICTBA-Pa3INYUs, IeAyKTUBHAS (DYHKIINS, METPUKA yPABHEHHUS TECTHPOBAHMSI.
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ABSTRACT

Context. It is known that data structures are decisive for the creation of efficient parallel algorithms and high-performance com-
puting devices. Therefore, the development of mathematically perfect and technologically simple data structures takes about 80 per-
cent of the design time, when about 20 percent of time and material resources are spent on algorithms and their hardware-software
coding. This lead to search for such primitives of data structures that will significantly simplify the parallel high-performance algo-
rithms which are working on them. Models and methods for testing and simulation of digital systems are proposed, which containing
certain advantages of quantum computing in terms of implementation of vector qubit data structures in technology of classical com-
putational processes.

Objective. The goal of the work is development of an innovative technology for qubit-vector synthesis and deductive analysis of
tests for their verification based on vector data structures that greatly simplify algorithms that can be embedded as BIST components
in digital systems on chips.

Method. The deductive faults simulation is used to obtain analytical expressions focused on transporting fault lists through a
functional or logical element based on the xor-operation, which serves as a measure of similarity-difference between a test, a function
and faults which is specified in the same way in one of the formats — a table, graph, equation. A binary vector is proposed as the most
technologically advanced primitive of data structures for setting logical functionality for the purpose of parallel synthesis and analy-
sis of digital systems. The parallelism of solving combinatorial problems is a physical property of quantum computing, which in
classical computing, for parallel simulation and faults diagnostics, is provided by unitary-coded data structures due to excess mem-
ory.
Results. 1) A method of analytical synthesis of deductive logic for functional elements on the gate level and register transfer
level has been developed. 2) A deductive processor for faults simulation based on transporting input lists or faults vectors to external
outputs of digital circuits was proposed. 3) The qubit-vector form of logic setting and methods of qubit synthesis of deductive equa-
tions for faults simulation were described. 4) A qubit-vector method for the tests’ synthesis which is using derivatives calculated by
vector coverage of logic has been developed. 5) Models and methods verification is performed on test examples in the software im-
plementation of structures and algorithms.

Conclusions. The scientific novelty lies in the new paradigm of the technology for the synthesis of deductive RTL logic based on
metric test equation, which forms the. A vector form for structures description is introduced, which makes it possible to apply well-
known technologies for the synthesis and analysis of logical circuits tests to effectively solve the problems of graph structures testing
and state machine models of digital devices. The practical significance is reflected in the examples of analytical synthesis of deduc-
tive logic for functional elements on gate level and register transfer level. A deductive processor for faults simulation which is fo-
cused on implementation as a BIST tool, which is used in online testing, simulation and fault diagnosis for digital systems on chips is
proposed. A qubit-vector form of the digital systems description is proposed, which surpasses the existing methods of computing
devices development in terms of the metric: manufacturability, compactness, speed and quality. A software application has been
developed that implements the main testing, simulation and diagnostics services which are used in the educational process to study
the advantages of qubit-vector data structures and algorithms. The computational complexity of synthesis processes and deductive
formulas for logic and their usage in fault simulation are given.

KEYWORDS: RTL logic, test synthesis, technical diagnostics, deductive fault simulation, X-function, similarity—difference
metric, deductive function, metric test equation.

REFERENCES 6. LiuT., YuT., Wang S. et al. An Efficient Degraded Deduc-

1. Abramovici M., Breuer M. A., Friedman A. D. Digital Sys- tive Fault Simulator for Small-Delay Defects, IEEE Access,
tem Testing and Testable Design. New York, Computer So- 2020, Vol. 8, pp- 204855-204862. DOLI:
ciety Press, 1990, 652 p. 10.1109/ACCESS.2020.3037292.

2. Chang H. Y., Chappell S. G., Elmendorf C. H. et al. Com- Pomeranz 1., Reddy S. M. Forward-looking fault simulation
parison of Parallel and Deductive Fault Simulation Methods, for improved static compaction, IEEE Transactions on
IEEE Transactions on Computers. November 1974, Vol. C- Computer-Aided Design of Integrated Circuits and Systems,
23, Ne 11, pp. 1132-1138. DOI: 10.1109/T-C.1974.223820. Oct. 2001, Vol. 20, Ne 10, pp. 1262—-126. DOI:

3. Takahashi N., Ishiura N., Yajima S. Fault simulation for 10.1109/43.952743.
multiple faults by Boolean function manipulation, IEEE Kinoshita Y., Hosokawa T., Fujiwara H. A Test Generation
Transactions on Computer-Aided Design of Integrated Cir- Method Based on k-Cycle Testing for Finite State Machines,
cuits and Systems, April 1994, Vol. 13, Ne 4, pp. 531-535. IEEE 25th International Symposium on On-Line Testing and
DOI: 10.1109/43.275363. Robust System Design (IOLTS), Rhodes, Greece, 1-3 July

4. Menon P. R., Chappell S.G. Deductive Fault Simulation 2019: proceedings. Rhodes, IEEE, 2019, pp. 232-235. DOI:
with Functional Blocks, IEEE Transactions on Computers, 10.1109/I0LTS.2019.8854426.

Aug. 1978, Vol. C-27, Ne8, pp. 689-695. DOI: Harutyunyan G., Tshagharyan G., Vardanian V. et al. Fault
10.1109/TC.1978.1675175. modeling and test algorithm creation strategy for FinFET-

5. Fujiwara H. Logic Testing and Design for Testability, Cam- based memories, |IEEE 32nd VLSI Test Symposium (VTS),

bridge: MIT Press, 1985, pp. 84—108.

Napa, CA, 13-17 April 2014: proceedings. Napa, IEEE,
2014, pp. 1-6. DOIL: 10.1109/VTS.2014.6818747.

© XaxanoBa A. B., Xaxanos B. 1., Uymauenko C. B., JIutBunosa €. 1., Paxuic /1. 1O., 2021
DOI 10.15588/1607-3274-2021-3-7

84



e-ISSN 1607-3274 PapioenexrpoHika, inpopmaTuka, ynpasminas. 2021. Ne 3
p-ISSN 2313-688X Radio Electronics, Computer Science, Control. 2021. Ne 3

10.

11.

12.

13.

14.

15.

16.

17.

18

19.

20

Zolfy M., Mirkhani S., Navabi Z. Adaptation of an event-
driven simulation environment to sequentially propagated
concurrent fault simulation, Design, Automation and Test in
Europe. Conference and Exhibition, Munich, Germany, 13—
16 March 2001: proceedings. Munich, IEEE, 2001, pp.
1530-1591. DOI: 10.1109/DATE.2001.915173.
Zainalabedin N. Digital System Test and Testable Design
using HDL models and architectures. New York, Springer,
2011, 391 p.

Pomeranz 1., Reddy S. M. Unspecified Transition Faults: A
Transition Fault Model for At-Speed Fault Simulation and
Test Generation, |IEEE Transactions on Computer-Aided
Design of Integrated Circuits and Systems, Jan. 2008. Vol.
27, Ne 1, pp. 137-146. DOI: 10.1109/TCAD.2007.907000.
Ubar R., Devadze S., J. Raik et al. Fast Fault Simulation for
Extended Class of Faults in Scan Path Circuits, Fifth IEEE
International Symposium on Electronic Design, Test & Ap-
plications, Ho Chi Minh City, Vietnam, 13-15 Jan. 2010:
proceedings. Vietnam, IEEE, 2010, pp. 14-19. DOI:
10.1109/DELTA.2010.32.

Reinsalu U., Raik J., Ubar R. et al. Fast RTL Fault Simula-
tion Using Decision Diagrams and Bitwise Set Operations,
IEEE International Symposium on Defect and Fault Toler-
ance in VLSI and Nanotechnology Systems, Vancouver, BC,
3-5 Oct. 2011: proceedings. Vancouver, IEEE, 2001, pp.
164—170. DOI: 10.1109/DFT.2011.42.

Dobai R., Gramatova E. Deductive Fault Simulation for
Asynchronous Sequential Circuits, 12th Euromicro Confer-
ence on Digital System Design, Architectures, Methods and
Tools, Patras, 27-29 Aug. 2009: proceedings. Patras, IEEE,
2009, pp. 459—464. DOI: 10.1109/DSD.2009.129.

Temma S., Sugii M., Matsuno H. The Document Similarity
Index based on the Jaccard Distance for Mail Filtering, 34th
International Technical Conference on Circuits/Systems,
Computers and Communications (ITC-CSCC), JeJu, Korea
(South), 23-26 June 2019: proceedings. JeJu, IEEE, 2019,
pp. 1-4. DOIL: 10.1109/ITC-CSCC.2019.8793419.

Jaccard P. Distribution de la flore alpine dans le Bassin des
Dranses et dans quelques regions voisines, Bulletin de la So-
ciete Vaudoise des Sciences. Naturelles, 1901, Vol. 37, Ne
140. — P. 241-272. DOI: 10.5169/seals-266440.

. Hahanov V. Cyber Physical Computing for IoT-driven Ser-

vices. New York, Springer, 2018, 279 p.

Hahanov 1., Chumachenko S., Iemelianov I. et al. Deduc-
tive qubit fault simulation, 14th International Conference
the Experience of Designing and Application of CAD Sys-
tems in Microelectronics (CADSM), Lviv, 21-25 Feb. 2017:
proceedings. Lviv, IEEE, 2017, pp. 256-259. DOIL:
10.1109/CADSM.2017.7916129.

. Hahanov V., Iemelianov 1., Chumachenko S. et al. Quantum

sequencer for the minimal test synthesis of black-box func-
tionality, IEEE East-West Design & Test Symposium
(EWDTS), Novi Sad, 29 Sept.—2 Oct. 2017: proceedings.
Novi Sad, IEEE, 2017,  pp. 1-6. DOI:
10.1109/EWDTS.2017.81101438.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Hahanov V., Yemelyanov 1., Obrizan V. at al. “Quantum”
diagnosis and simulation of SoC, XI International Confer-
ence on Perspective Technologies and Methods in MEMS
Design (MEMSTECH), Lviv, 2-6 Sept. 2015: proceedings.
Lviv, IEEE, 2015, pp. 58—60.

Hahanov V., Liubarskyi M., Gharibi W. et al. Test Synthesis
for Logical X-functions, |IEEE East-West Design & Test
Symposium (EWDTS), Kazan, 14-17 Sept. 2018: proceed-
ings. Kazan, IEEE, 2018, pp. 1-9. DOL
10.1109/EWDTS.2018.8524863.

Gharibi W., Devadze D., Hahanov V. et al Qubit Test Syn-
thesis Processor for SoC Logic, IEEE East-West Design &
Test Symposium (EWDTS), Batumi, Georgia, 13-16 Sept.
2019: proceedings. Batumi, IEEE, 2019, pp. 1-5. DOI:
10.1109/EWDTS.2019.8884476.

Hahanov V. 1., Hyduke S. M., Gharibi W. et al. Quantum
Models and Method for Analysis and Testing Computing
Systems, 11th International Conference on Information
Technology: New Generations, Las Vegas, NV, 7-9 April
2014: proceedings. Las Vegas, IEEE, 2014, pp. 430—434.
DOI: 10.1109/ITNG.2014.125.

Karavay M., Hahanov V., Litvinova E. et al. Qubit Fault
Detection in SoC Logic, IEEE East-West Design & Test
Symposium (EWDTS), Batumi, Georgia, 13-16 Sept. 2019:
proceedings. Batumi, IEEE, 2019, pp. 1-7. DOI
10.1109/EWDTS.2019.8884475.

Hahanov V., Hacimahmud A. V., Litvinova E. et al. Quan-
tum Deductive Simulation for Logic Functions, IEEE East-
West Design & Test Symposium (EWDTS), Kazan, 14-17
Sept. 2018: proceedings. Kazan, IEEE, 2018, pp. 1-7. DOI:
10.1109/EWDTS.2018.8524619.

Hahanov V., Karavay M., Sergienko V. et al. Similarity-
Difference Analysis and Matrix Fault Diagnosis of SoC-
components, |EEE East-West Design & Test Symposium
(EWDTS), Varna, Bulgaria, 4-7 Sept. 2020: proceedings.
Varna, IEEE, 2020, pp. 1-5. DOI:
10.1109/EWDTS50664.2020.9224740.

Hahanov V., Gharibi W., Litvinova E. et al. Qubit-driven
Fault Simulation, IEEE Latin American Test Symposium
(LATS), Santiago, Chile, 11-13 March 2019: proceedings.
Santiago, IEEE, 2019, pp. 1-7. DOLIL:
10.1109/LATW.2019.8704583.

Hahanov V., Amer T. B., Litvinova E. et al. Qubit test syn-
thesis of the functionality, 14th International Conference
The Experience of Designing and Application of CAD Sys-
tems in Microelectronics (CADSM), Lviv, 21-25 Feb. 2017:
proceedings. Lviv, IEEE, 2017, pp. 251-255. DOI:
10.1109/CADSM.2017.7916128.

Hahanov I., Chumachenko S., Iemelianov I. et al. Deductive
qubit fault simulation, 14th International Conference the
Experience of Designing and Application of CAD Systems in
Microelectronics (CADSM), Lviv, 21-25 Feb. 2017: pro-
ceedings. Lviv, IEEE, 2017, pp. 256-259. DOL
10.1109/CADSM.2017.7916129.

© XaxanoBa A. B., Xaxanos B. 1., Uymauenko C. B., JIutBunosa €. 1., Paxuic /1. 1O., 2021
DOI 10.15588/1607-3274-2021-3-7

85





