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ABSTRACT 

Context. The circular polarization of radio waves is used in various electronic systems. This includes, for example, space 
communications stations, some radio relay communication systems, radar stations, data transmission systems and others. The 
characteristics of radio wave propagation are studied by using electromagnetic waves separated by circular orthogonal polarization in 
radiomonitoring and radiocontrol systems. Compared to other antenna types, circularly polarized antennas, such as rings, have 
superior design simplicity and excellent electrodynamics properties. 

Objective. The objective of this study is to analyse the characteristics and application of directional microstrip couplers for 
supplying power to ring antennas. 

Method. To better the performance of microstrip ring antennas, the reasons for their limited operating frequency range are 
analysed. These causes include the frequency-dependent parameters of the coupler, errors in calculating the directional coupler 
circuit, and radiation from asymmetric strip lines. To understand how supply lines, affect antenna characteristics, correlations 
between radiation fields determined in both its coordinate system and that of the primary axis are taken into account. 

Results. An analysis of the dependence graphs of the main characteristics of ring microstrip antennas with intricate power supply 
circuits for directional couplers and comparison with similar characteristics for simple circuits revealed that the shape of the radiation 
pattern in the higher radiation hemisphere became symmetrical about the axis, especially when symmetrically supplying the ring with 
branch-line couplers. The frequency band has also widened, at which there was an acceptable degree of deviation in the ellipticity 
coefficient from unity. 

Conclusions. The simulation results of microstrip ring antennas with power lines connected to directional couplers of different 
types showed that supplying the ring antenna with electricity via the directional coupler ensures circular polarization for the emitted 
electromagnetic waves. Additionally, the range of operating frequencies where there is only a small discrepancy in ellipticity 
coefficient remains at an acceptable level of –3 dB is quite broad. By utilizing directional branch-line couplers to power a ring 
antenna, it is possible to simultaneously emit both right and left circularly polarized waves with the same antenna. 

KEYWORDS: microstrip ring antenna, directional microstrip coupler, supply lines, ellipticity coefficient, main coordinate 
system, individual coordinate system. 
 

ABBREVIATIONS 
AA is an antenna array; 
RHCP is right-handed circular polarization; 
VSWR is the voltage standing wave ratio. 
 

NOMENCLATURE 

effklC 30  is the constant value for the emitter; 

F (θ, φ) is the directivity characteristic of linear 
conductors in the main coordinate system; 

Fθ(θ) and Fθ(φ) are directivity characteristics of the 
ring antenna in different planes; 

F (α, β) is the directivity characteristic of linear 
conductors in the individual coordinate system; 

0I  is current amplitude of the ring antenna at φ = 0. 

s.lI  is the complex amplitude of the current flowing 

around the emitter; 
 sin0J ,  sin1J ,  sin2J  are Bessel functions of 

the 0th, 1st and 2nd order;  
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 2k  is the wave number; 
Ke is the ellipticity coefficient; 

0l 


 and 0m  are unit vectors of the rectangular 

coordinate system l′01m′; 
leff is the effective length of the linear emitter;  
m is the ratio of the meridional component of the field 

intensity to the azimuthal value; 
q is the radiation efficiency factor of the strip line 

transmission; 
α, β, ρ are coordinates of the individual spherical 

coordinate system; 
α0, β0, ρ0 are unit vectors of the individual spherical 

coordinate system; 
θ, φ, r are coordinates of the main spherical coordinate 

system; 
θ0, φ0, r0 are unit vectors of the main spherical 

coordinate system; 
λ is the length of the electromagnetic wave. 

fc   is the ratio of the speed of electromagnetic 

wave propagation in free space to the speed of wave in 
the strip line. 

ρ is the distance from the phase center 01 to the 
observation point M. 

ψ is the phase shift of the emitter current s.lI  relative 

to the current phase of the ring antenna in the cross-
section of the conductor with the coordinate φ = 0; 

 
INTRODUCTION 

The circular polarization of radio waves is used in 
various electronic systems. This includes, for example, 
space communications stations, some radio relay 
communication systems, radar stations, data transmission 
systems and others. The characteristics of radio wave 
propagation are studied by using electromagnetic waves 
separated by circular orthogonal polarization in 
radiomonitoring and radiocontrol systems. Compared to 
other antenna types, circularly polarized antennas, such as 
rings, have superior design simplicity and excellent 
electrodynamic properties. 

The ring antenna stands out for its uncomplicated 
construction and excellent electrical features when it 
comes to sending and receiving circularly or rotational 
polarized electromagnetic waves. It is composed of a 
conductor twisted in a loop, usually about the same length 
as the wavelength of an electric current. An antenna of 
this type can separate the wave that hits it into two 
components with circular polarization [1, 2], a 
phenomenon which is crucial to understanding the 
polarization properties of the radiation field. However, 
when it comes to actually constructing a ring antenna, it 
can be difficult to develop and construct the appropriate 
supplying device. One potential way of constructing the 
necessary circuitry for supplying the ring antenna is 
through using directional couplers. 

Considering the current trend toward the prevalent 
utilization of PCB technology to make ring radiators and 
their supplying systems, this study examines the 

principles of constructing microstrip ring antennas on 
couplers with electromagnetic coupling and branch-line 
couplers. 

The object of this study is the process of separating 
an electromagnetic wave into two components with 
different directions of circular polarization orientations. 

The subject of this study is the method for 
constructing directional couplers for the power circuit of a 
microstrip ring antenna. 

The objective of this study is to analyse the 
characteristics and application of directional microstrip 
couplers for supplying power to ring antennas. 

 
1 REVIEW OF THE LITERATURE  

Scientific papers provide information on a wide 
variety of ring antenna designs. The article [3] considers a 
basic slotted microstrip antenna with a capacitive as an 
element to generate radiation with circular polarization. 
Articles [4, 5] discuss a slotted ring antenna array (AA), 
which can switch between the S- and C-bands or between 
the S, C, and X bands, respectively. The 2x2 AA diagonal 
supplying process is used when operating in C-band 
mode. This technique offers the maximum level of 
decoupling for both vertical and horizontal polarizations. 
The article [6] presents a dual-band annular slot AA for 
both L and C bands. The aperture of the L-band slot 
antenna can be transformed into a 2×2 AA for the C-band 
using pin diodes. The design presented in the study [7] is 
a broadband single-layer ring antenna with a low level of 
cross-polarization. The ring elements can be combined 
into an AA to address different issues, such as measuring 
electromagnetic field parameters. In the paper [8] a 
double annular-ring microstrip antenna, split into six 
sectors, is proposed to achieve multiband operation with 
high gain and impedance bandwidth. The gaps on the 
driven and parasitic patches excite resonant frequencies 
that are located in the Ku-, K-, and Ka-bands thus making 
the antenna capable of these multiband applications. In 
the article [9] the design process of an annular ring 
microstrip antenna using graphene material for dualband 
applications is proposed. The microstrip antenna is 
modified using graphene-based annular ring microstrip 
layers for patch and ground plane with FR-4 epoxy 
substrate in between. The design process applied the 
short-pin technique for the estimation of the return loss, 
which leads to the analysis of the resonant frequency and 
the dual-band directions. Meanwhile, paper [10] outlines 
the principles of constructing the AA using ring elements. 

It is widely recognized that a directional coupler, 
when connected to an electromagnetic wave transmission 
line, extracts a specific amount of electromagnetic energy 
from the transmission line and separates the incident and 
reflected waves in a predetermined power ratio. This 
property of the directional coupler can be applied to feed 
the ring antenna or receive electromagnetic waves while 
separating them in a circular orthogonal polarization 
basis. 

Studies [1, 2] indicate that during the receiving mode, 
the electrical processes in the conductor of the ring 
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antenna can be regarded as two waves that move towards 
each other. These waves run around the antenna in a 
circular orthogonal polarization basis, with one wave 
rotating in a clockwise direction and the other in a counter 
clockwise direction. Consequently, the ring antenna can 
be considered as a transmission line in which the incident 
and reflected waves propagate during the receiving mode. 
To select the wave with the appropriate right or left 
direction around the ring antenna, it is recommended to 
use a directional coupler. 

 
2 PROBLEM STATEMENT 

Fig. 1 depicts a directional coupler with 
electromagnetic coupling where the conductor segment of 
the ring represents the primary line of the device. The 
primary line (numbered 1–2 in Fig. 1) is connected to the 
secondary line (numbered 3–4). Since the coupler formed 
by the stripline segments of the transmission lines is 
backward, a voltage is generated in shoulder 3 that is 
proportional to the current wave running counter 
clockwise around the ring. To ensure proper operation of 
the directional coupler, port 4 must be loaded with an 
impedance equal to the wave impedance of strip 3–4. 

The operational principle of the circuit suggests that it 
is advisable to utilize the directional coupler with 
electromagnetic coupling only in the mode of receiving 
radio waves. This is due to the device’s low efficiency, as 
a portion of the energy supplied to lines 3–4 is lost at the 
matched impedance of port 4. 

 
Figure 1 – The ring antenna with supplying by a directional 

coupler with electromagnetic coupling 

 
In contrast, the branch-line directional coupler is a 

more efficient option, as depicted in Fig. 2. 

 
Figure 2 – The ring antenna with supplying by a branch-line 

directional coupler 

Ports 1 and 3 of the branch-line directional coupler are 
electrically isolated, enabling the supply of current to both 
ports from two generators of identical frequency in the 
antenna transmission mode. This allows for the formation 
of a radiation field with any desired ellipticity coefficient. 
During the receiving mode, voltages are generated in 
ports 1 and 4, which are proportional to the intensity 
vectors of the electric fields rotating in the right and left 
directions. When the ring antenna is powered by a single 
generator connected to port 1 in the transmission mode, 
port 3 is loaded with a matched impedance. However, 
with the correct construction of the coupler, no energy 
enters or is absorbed into a load of port 4. Consequently, 
the efficiency of the device approaches unity. 

The devices shown in Fig. 1 and Fig. 2 were studied 
using a specialized simulation program in the radiation 
mode of electromagnetic waves with right-handed circular 
polarization (RHCP). For the study, the operating 
frequency of f = 1.2 GHz (λ = 0.25 m) was selected, and 
the substrate for microstrip models was a dielectric with 
relative permittivity of εr = 4.4, a dielectric loss tangent of 
tgδ = 0.002, and a substrate thickness of h = 1.6 mm. 

The results of the simulation are illustrated by the 
radiation patterns in two planes (Fig. 3), and the 
frequency dependence of the wave ellipticity coefficients, 
as shown in Fig. 4. In both cases, the voltage standing 
wave ratio (VSWR) within the operating frequency band 
did not exceed 1.5. Moreover, the directivity factor for the 
investigated right-handed circular polarization (RHCP) 
type was not less than 4 dBi. 

Based on the results obtained from modelling ring 
antennas connected by directional couplers with an 
electromagnetic oscillation generator, the following 
conclusions can be drawn: 

1. Supplying the ring with the directional coupler 
facilitates the study of electromagnetic waves on a 
circular orthogonal polarization basis. For the directional 
branch-line coupler to provide circular polarization with 
the directional branch-line coupler, it is necessary to 
design it with a power division factor of 3 dB. 

2. The acceptable range operating frequency with a 
permissible deviation of the ellipticity coefficient from 
unity is significantly wide. This range can fulfill the 
requirements for the ellipticity of radiated waves in 
communication systems in certain cases. 

3. Supplying a ring antenna with devices constructed 
using directional couplers allows for the creation of 
antennas with controlled polarization characteristics of the 
radiation field. This observation pertains to power devices 
constructed on branch-line directional couplers. 

4. The simple power schemes, depicted in Fig. 1 and 
Fig. 2 tend to limit the operating frequency range of the 
ring antenna. This outcome is undesired, particularly 
when using these antennas for metrological purposes. 
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a 

 
b 

Figure 3 – Radiation patterns of ring antennas in two planes  
(φ = 0 and φ = 90º): a – powered by a directional coupler with 

electromagnetic coupling; b – powered by a branch-line 
directional coupler 

 

 
a 

 
b 

Figure 4 – Dependencies of the ellipticity coefficient of ring 
antennas on the operating frequency in the direction θ = 0: a – 

powered by a directional coupler with electromagnetic coupling; 
b – powered by a branch-line directional coupler 

 

To enhance power devices and improve their 
properties, it is essential to examine the primary factors 
that contribute to the narrowing of the operating 
frequency range of the antenna. The most significant 
factor that influences the frequency response of the ring 
with the power supply is the frequency dependence of the 
parameters of the directional coupler. It is therefore 
evident that it is necessary to use coupler designs that 
ensure the stability of the primary parameters within 
specific frequency ranges. 

The second significant factor is the accuracy of the 
directional coupler circuit calculation. Since one of the 
directional coupler components is the ring segment, 
determining the wave impedance of this segment poses a 
challenge. The radiation of electromagnetic waves by an 
annular strip line complicates the calculation of wave 
impedance. 

The third factor that affects the structure of the 
radiation field of the ring antenna is the radiation of 
asymmetric strip lines [11, 12], which are utilized in 
constructing the power supply devices for the ring. The 
radiation intensity of strip lines is usually negligible, so in 
most cases, this can be neglected. However, when 
designing measurement antennas with stringent 
requirements for metrological characteristics, it is 
necessary to consider possible deformations of the 
radiation field structure due to the superposition of the 
fields of the ring antenna and segments of strip lines. 

 
3 MATERIALS AND METHODS 

As is known [1], the radiation field of the ring antenna 
is analytically described in the spherical coordinate 
system r, θ, φ, the polar axis of which coincides with the 
circle axis and the 0z axis of the rectangular coordinate 
system x, y, z. The antenna itself is located in the x0y 
plane of the rectangular coordinate system. Both 
coordinate systems are considered primary. Without 
considering the specific power supply system of the ring 
antenna, it is assumed that the radiation of the 
transmission line segment, which is part of the power 
supply system, is similar to the radiation of a short linear 
dipole. When the output impedance of the directional 
coupler is fully matched with the wave impedance of the 
ring, the current flowing through the elements of the 
power supply is determined uniquely through the current 
in the conductors of the ring. 

To utilize the dipole radiation field formula, it is 
necessary to assign a coordinate system (both spherical 
and rectangular) to the power supply element, in which 
electromagnetic processes in the dipole are analysed. 
Consequently, the polar axis of this coordinate system, 
designated as 01l, must coincide with the axis of the 
supply line. Since the axis of the segment of the power 
circuit element, as well as the element itself, is in the x0y 
plane of the main coordinate system, it is advisable to 
place another coordinate axis in the same plane, for 
example, the 01m axis, in the coordinate system associated 
with the radiating element, and the third axis 01n parallel 
axis 0z (θ = 0). The new coordinate systems are denoted 

9
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as follows: rectangular l, m, n and spherical ρ, α, β, where 
01l is the polar axis (α = 0). In spherical coordinate 
system, α is the meridional angle, β is the azimuth angle. 
Such coordinate systems are considered to be the 
emitter’s own coordinate systems. The mutual position of 
the coordinate systems is shown in Fig. 5. 

The origin of the main coordinate system (point 0) 
coincides with the phase center of the ring antenna, and 
point 01 is the phase center of the interference emitter, 
that is, a segment of the strip line of the power device. In 
the general case, the axis of the interference emitter will 
not be parallel to the axes 0x and 0y, therefore, Fig. 5 
shows the axes 01l' and 01m', which are parallel to the 
axes of the main coordinate system and are shifted from 
the corresponding axes of the own coordinate system by 
an angle Δ. 

Fig. 5 also shows the observation point M, the position 
of which in the main coordinate system is defined as M(r, 
θ, φ), and in the emitter’s own system as M(ρ, α, β). 

 
Figure 5 – The mutual position of the main and individual 

coordinate systems 
 

The intensity of the interference electric field at point 
M in its coordinate system is written as 

  


 iks.l
int еF

IqC
E ,0

 .                 (1) 

To evaluate the impact of such field on the ring 
antenna radiation, it is necessary to determine the vector 

0


 from expression (1), and the angles α and β using the 

quantities 0


, 0


 and r, θ, φ. To accomplish this, the 

polar axis in its individual coordinate system must be 
altered, with the 01n axis designated as the polar axis. The 
meridional angle will be measured from the 01n axis, 
while the azimuthal angle τ –will be measured from the 
01l axis (Fig. 5 and Fig. 6). 

In the own coordinate system ρ, α, β, the unit vector 

0


 is determined by the coordinates of the rectangular 

coordinate system m, n, l, which can be expressed as: 
 

 cossinsincossin 0000 lnm


.    (2) 

 

In the ρ, σ, τ system, the value of the unit vector can 
be determined using the following expression: 

 cossinsincossin 0000 nml
 .     (3) 

 

Figure 6 – The mutual position of two coordinate systems 
m, n, l and m′, n, l′ with angular shift Δ 

 
As the right parts of expressions (2) and (3) represent 

the same value, it is possible to find the relation between 
the angles α, β and σ, τ. So 

 













.cossincos

;cossinsin

;sinsincossin

                (4) 

From the equations system (4): 































.
sincos1

cos
sin

;
sincos1

sinsin
cos

;sincos1sin

;cossincos

22

22

22

               (5) 

Transforming to the rectangular coordinate system m, 
n, l, the expression for the unit vector 0


 in the own 

coordinate system can be written as follows: 

.sinsincoscoscos 0000  lnm
        (6) 

Equations (5) and (6) determine the values of the 
vector 0


 in the new coordinate system, where the polar 

axis aligns with the 01n axis: 
 

 
 

.

sincos1

sincoscos

sinsincos

sincos1
22

0

0

2
0

2

1
22

0

























l

n

m





    (7) 
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After shifting the coordinate system by an angle Δ 
(Fig. 6), the new coordinate system can be obtained with 
axes 01l′ and 01m′ parallel to the axes 0x and 0y of the 
main system, by using the following equations: 

 











.cossin

;sincos

000

000

mlm

mll



              (8) 

 
Using relation (8), the dependence of the vector 0


 

(7) on the unit vectors of the coordinate system l′01m′ can 
be found: 

 

 
 

 
 

 
 

.
sincos1

cossincos

sincos1

sinsincossin

sincos1

coscoscossin

22
0

22

2

0

22

2

00
















n

m

l







        (9) 

 
The spherical coordinate system ρ, σ, δ is combined 

with the rectangular coordinate system (Fig. 6). To 
express the formula (9) in the spherical coordinate 
system, the formula (9) is substituted with the values of 

orts 0l 


, 0m  and 0n


 expressed in terms of the coordinates 

and orts of the system ρ, σ, δ: 
 















.sincos

;cossincossinsin

;sincoscoscossin

000

0000

0000







n

m

l

 

After substituting and rearranging the expressions, we 
obtain: 

 

 
 

 
 

.
sincos1

sin

sincos1

coscos

22
0

22
00
















            (10) 

 
So, the vector 0


 in the spherical coordinate system 

ρ, σ, δ has two mutually perpendicular components that 
are orthogonal to the vector 0


. One component is in the 

meridional plane and the other is in the azimuth plane. 
The impact of the interference field (1) on the field of 

the ring antenna can be estimated only by determining the 
relationship between the values ρ, σ, δ included in the 
formula (1) and the values r, θ, φ of the main coordinate 

system. To establish this connection, it is necessary to 
refer to Fig. 5, where the position of the phase center of 
the interference source in the main coordinate system is 
denoted by x1 and y1. The distance between the phase 
centers of the ring antenna and interference sources is 
defined as: 

 
2
1

2
1 yxd  . 

The distance between the phase center of the ring 
antenna and the observation point M in the main 
rectangular coordinate system can be expressed as: 

 

222 zyxr  ,                        (11) 

where x, y, z are the coordinates of point M. 
The distance from the phase center of the interference 

source 01 to the observation point M can be calculated as 
follows: 

 

    22
1

2
1 zyyxx                 (12) 

In the spherical coordinate system, the coordinates of 
the observation point M can be expressed as follows: 







.sinsin

;cossin

ry

rx
                         (13) 

The position of the phase center of the interference 
source in the spherical coordinate system is as follows: 








.sin

;cos

11

11

dy

dx
                          (14) 

Using relations (11), (15) and (16), the right-hand side 
of equation (12) can be simplified to the following form: 

 1
22 cossin2  drdr  

or 

 1

2

cossin21 







r

d

r

d
r .       (15) 

If the observation point is in the far field, then rd   
and the formula (15) can be written as follows: 

 1cossin  dr                   (16) 

In the case when the distance ρ is used in the 
calculation of quantities in which the slight difference 
between the distance ρ and the distance r can be 
neglected, it can be assumed that 

r .                                  (17) 

Therefore, the value ρ from formula (16) should be 
taken into account in the exponent in expression (1), and 
in other cases, the approximate value (17) is used. 
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To establish a relation between the meridional angles 
θ and σ can be found through the expression: 

  zarccos .                           (18) 

Since the z-coordinate in the main coordinate system 
is equal to 

 cosrz ,                                (19) 

then expression (18), in which relations (15) and (19) are 
used, becomes a function of the meridional angle σ of the 
coordinate system ρ, σ, δ which depends on the 
parameters θ and φ of the main coordinate system: 

  






























1

2

cossin21

cos
arccos

r

d

r

d

 

or it can be written approximately that  . 
The azimuthal angle δ of the observation point M in 

the main coordinate system can be determined as shown 
in Fig. 7: 

    11arctg xxyy  .               (20) 

As depicted in Fig. 7, the meridional planes passing 
through point M in both coordinate systems intersect at an 
angle Ω. Therefore, it can be written that: 

 .                                (21) 

 

Figure 7 – The mutual position of two coordinate systems 
x, y, z and l′, m′, n 

 
Since the angle φ can be determined through the 

coordinates of the observation point as  yxarctg , 

then the value of the angle Ω can be found as the 
difference between the angles φ and δ:  

      11arctgarctg xxyyyx  .      (22) 

By using expressions (15) and (14), it is possible to 
represent expression (22) in terms of the observation 
point’s coordinates in the basic spherical coordinate 
system as follows: 

 
 



1

1

cossin

sin
arctg

dr

d
,           (23) 

where 0  if 1A ; 1  if 1A  and 0tg  ; 

1  if 1A  and 0tg  ; 

1

1

coscossin

sinsinsin
tg





dr

dr
А . 

If the inequalities 1yy   and 1xx   are valid, it 

can be assumed that: 

 .                                  (24) 

The spherical surfaces constr  and const  

intersect at point M as shown in Fig. 7. As a result, the 
tangent planes at point M are not parallel to each other. 
Only at significant distances from points 0 and 01, where 
condition (20) is satisfied, it can be assumed that the 
planes θMφ and σMδ coincide. In this case, the 
corresponding unit vectors of the polar coordinate system 
in the plane tangent to point M (Fig. 8) will be displaced 
from one another by an angle Ω. 

 

Figure 8 – The shift of unit vectors of the spherical coordinate 
system 

In this regard, expression (10) in the coordinates θ and 
φ can be rewritten as follows: 

  AA 000


,                       (25) 

where 
 

 
 
 

;
sincos1

coscoscos

sincos1

sinsin

22

22










A

 

 
 

 
 

.
sincos1

sincoscos

sincos1

cossin

22

22










A

 

The directivity characteristic is another factor present 
in expression (1), and its content is dependent on the 
chosen coordinate system. To determine the directivity 
characteristic, the reasons for the radiation of the power 
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supply elements must be considered and specified. The 
traveling wave mode is established in the transmission 
line segments with the correct construction of the device. 
When asymmetric strip lines are used for energy transfer, 
surface waves arise, leading to the generation of a 
radiation field. The directivity characteristic of linear 
conductors with a traveling wave of current is known and 
can be expressed as follows for our case: 

 
 

 





 


cos

2

cos
2

sin
cos,

kl

kl

F .             (26) 

Formula (26) needs to be modified in the general case 
to account for the screen effect.To transform this formula 
into the dependence of the noise field intensity on the 
coordinates of the main polar coordinate system, we can 
use expressions (5), (17), (20), (21), (23), or (24). 

Since the strip lines are designed to minimize or 
eliminate radiation, the value of q in formula (1), which 
represents the radiation efficiency coefficient, is much 
less than unity. Therefore, the efficiency coefficient 
characterizes the losses in asymmetric strip lines due to 
the radiation of electromagnetic energy. 

Considering all the obtained relationships between the 
coordinates of the individual and the main coordinate 
systems, the radiation field of the interference source can 
be expressed as follows: 

    ikri
s.lint еeFqCIAAE 

  ,00


 . 

For the ring antenna, the radiation field is defined as: 

     ikr
ring е

r

I
FiFE 



 0

00
30

 , 

where     sinctg2 1JF ; 

      sinsin 20 JJF . 

In the meridional plane, the electric field intensity of 
both the antenna and the interference is equal: 

 

tiii
intring eеEеEEE 





  ,          (27) 
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;   
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In the horizontal plane, the sum of the intensities is 

determined as follows: 
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The ellipticity coefficient can be calculated using the 

following formula: 
 





2

0
2

2
0

2

sin)/1(cos2sincos

cos)/1(cos2sinsin

mm

mm
Kе , 

where  EEm ;  0 ; 
1

cos2
2tg

2
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


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The polarization of the wave due to the interference 

radiation will not be circular in the direction of the polar 
axis (θ = 0) as it can be inferred from expressions (27) 
and (28), where   EE  and 1 EE . In case q has a 

significantly small value (q<<1), the ellipticity coefficient 
of the radiation along the annular antenna axis will be 
close to unity, satisfying the polarization requirements in 
communication lines. However, for metrological 
purposes, more stringent requirements for circular 
polarization quality should be met, and additional circuit 
or design solutions must be employed to reduce 
interference radiation. 

 
4 EXPERIMENTS 

The radiation in the direction of the ring axis of the 
ring antenna can serve as a standard reference for 
studying polarization characteristics of antennas. In such 
instances, the waves emitted by the power devices should 
be compensated. This can be achieved by designing the 
power supply circuit in such a way that its identical 
components form an anti-phase system of emitters. As a 
result, waves of equal intensity but opposite phases will 
be emitted in the direction of the ring axis, resulting in 
almost complete suppression of the interference intensity. 
Fig. 9 depicts the circuit diagram for supplying the ring 
antenna with two directional couplers placed 
symmetrically around the center of the circuit. 

As shown in the diagram, all directional coupler 
elements are symmetrical in pairs concerning point O and 
are fed in an antiphase. The diagram indicates the phase 
shifts of the currents, and the arrows indicate the 
directions of the current wave propagation in the strip line 
segments. 
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Figure 9 – The ring antenna with feeding by two branch-line 
directional couplers 

 

The emission of interference radiation can also be 
mitigated through partial shielding of the power supply. 
Fig. 10 illustrates the ring antenna diagram with the 
opposite directional coupler’s primary line placed behind 
the ring strip. In this configuration, the surface 
electromagnetic wave that may occur during the current 
wave propagation along the primary line will be contained 
within the dielectric layer between the two strips, there by 
considerably reducing unwanted radiation. 

Output Rload

 

Figure 10 – The ring antenna in which the primary line of the 
directional coupler is located behind the ring strip 

 

5 RESULTS 
After analyzing the model shown in Fig. 9, the 

radiation pattern in two planes (as shown in Fig. 11) and 
the relationship between the wave ellipticity coefficient 
and frequency (as demonstrated in Fig. 12) were obtained. 
The VSWR did not exceed 1.4 within the operating 
frequency band. Moreover, the gain for the examined 
RHCP was not less than 6 dBi. 

 
Figure 11 – The radiation patterns of ring antennas in two planes 

(φ = 0 and φ = 90º) when supplied by two branch-line 
directional couplers 

 
Figure 12 – Dependence of the ellipticity coefficient of ring 

antennas with supplying by two branch-line directional couplers 
on the operating frequency in the direction θ = 0 

 
The study results of the ring microstrip antenna with 

front electromagnetic coupling (as illustrated in Fig. 10) 
are presented in Fig. 13 and 14. The radiation pattern and 
the ellipticity coefficient as a function of frequency are 
shown in these figures, respectively. The VSWR value 
within the operating frequency range was not more than 
1.1, and the gain for the investigated RHCP was at least 
4 dBi. 

 
Figure 13 – The radiation patterns of ring antennas, in which the 
primary line of the directional coupler is located behind the ring 

strip, in two planes (φ = 0 and φ = 90º)  
 

 
Figure 14 – Dependence of the ellipticity coefficient of ring 

antennas, in which the primary line of the directional coupler is 
located behind the ring strip, on the operating frequency in the 

direction θ = 0 
 

6 DISCUSSION 
An analysis of the dependence graphs of the main 

characteristics of antennas with complex power supply 
circuits for directional couplers (Figs. 9 and Fig. 10) 
compared to similar characteristics for simple circuits 
(Fig. 1 and Fig. 2) showed that the radiation pattern shape 
in the upper radiation hemisphere became symmetric, 
especially when using a symmetrical supply of the ring 
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with branch-line couplers. Furthermore, the acceptable 
level of the ellipticity coefficient deviation at    – 3dB has 
been maintained over a broader frequency range. 

The branch-line directional coupler has another 
advantage over the coupler with electromagnetic 
coupling. This is the supply of the ring emitter with the 
full power of the power source with an efficiency close to 
unity. However, unlike the coupler with electromagnetic 
coupling, the branch-line coupler is more complex to 
calculate and design, and also occupies a large area on the 
printed circuit board. Therefore, it is sometimes advisable 
to use a ring antenna power supply circuit with two 
directional couplers with electromagnetic coupling, which 
are located symmetrically with respect to the ring axis. 

 
CONCLUSIONS 

The outcomes of the microstrip ring antenna modeling 
with power supply devices on directional couplers 
confirm the feasibility of constructing circularly polarized 
electromagnetic wave emitters that satisfy current 
technical standards. 

The paper discusses factors that can have a 
detrimental effect on the frequency characteristics of ring 
antennas and the polarization purity of electromagnetic 
waves. The study also focuses on the mode of current 
wave propagation in supply lines. It was found that 
directional couplers with electromagnetic coupling can be 
utilized in the construction of receiving ring antennas, 
which prioritize efficiency over other parameters. 
Additionally, these antennas can be useful for polarization 
analysis of radiation fields. 

The branch-line directional couplers, by dividing the 
output powers equally, enable the ring to be supplied with 
the maximum power from the high-frequency current 
generator, resulting in a highly efficient power supply for 
the ring. 

The scientific novelty. The study has revealed that 
using a single-directional coupler in power circuits does 
not guarantee axial symmetry of the radiation field in the 
front half-space. The paper elucidates the underlying 
factors causing this phenomenon. It is demonstrated that 
symmetrical power supplies and shielding can overcome 
this issue and enhance the operating frequency range, as 
determined by the radiation field ellipticity coefficient. 

The practical significance. After modelling 
prototypes of microstrip ring antennas, the results showed 
that the microstrip power line matched well with the 
radiating ring. The VSWR did not exceed 1.4 in the 
operating frequency band in all cases, and the gain for the 
type of polarization studied (RHCP) was not less than 
4 dBi. The cross-polarization component’s radiation was 
not higher than 15 dBi for sophisticated power supply 
circuits. The radiation pattern in the forward half-space 
became symmetrical concerning the antenna axis, 
especially with a symmetrical power supply. 

Prospects for further research. Future research will 
focus on mathematical modeling and experimental study 

of the utilization of symmetrical branch-line coupler 
circuits to power ring microstrip antennas for constructing 
antenna arrays. 
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АНОТАЦІЯ 
Актуальність. В різних радіоелектронних системах застосовують радіохвилі з коловою поляризацією. Наприклад, це станції 

космічного зв’язку, деякі системи радіорелейного зв’язку, радіолокаційні станції, системи передачі даних і т.д. Електромагнітні 
хвилі, розкладені в коловому ортогональному поляризаційному базисі, використовують у системах радіомоніторингу та 
радіоконтролю, при дослідженнях особливостей поширення радіохвиль. Серед антен, які створені для приймання і випромінювання 
електромагнітних хвиль з коловою або обертовою поляризацією, за простотою конструкції та за електродинамічними 
характеристиками вигідно відрізняється кільцева антена. 

Мета роботи – дослідження особливостей побудови та використання мікросмужкових спрямованих відгалужувачів для 
живлення кільцевих антен. 

Метод. Для удосконалення пристроїв живлення мікросмужкових кільцевих антен та покращення їх властивостей 
розглядаються основні фактори, які викликають звуження робочого діапазону частот антени: частотна залежність параметрів 
спрямованого відгалужувача, коректність розрахунку схеми спрямованого відгалужувача, випромінювання несиметричних 
смужкових ліній. Обґрунтування впливу елементів живлення на характеристики кільцевої антени використовується зв’язок між 
полем випромінювання, аналітично визначене у власній системі координат, і полем випромінювання антени в основній системі 
координат. 

Результати. Аналіз графіків залежностей основних характеристик кільцевих мікросмужкових антен з ускладненими схемами 
живлення спрямованих відгалужувачів і порівняння з аналогічними характеристиками для простих схем показало, що форма 
діаграми спрямованості у верхній півсфері випромінювання стала симетричною відносно осі, особливо у випадку симетричного 
живлення кільця шлейфовими відгалужувачами. Також розширився діапазон частот, у якому відхилення коефіцієнту еліптичності 
від одиниці знаходиться на допустимому рівні. 

Висновки. Результати моделювання мікросмужкових кільцевих антен з лініями живлення на спрямованих відгалужувачах 
різних типів показали, що збудження кільця за допомогою спрямованого відгалужувача забезпечує випромінювання 
електромагнітних хвиль колової поляризації. При цьому діапазон робочих частот, у якому залишається на допустимому рівні –3дБ 
відхилення коефіцієнту еліптичності досить широкий. Живлення кільцевої антени пристроями, побудованими на шлейфових 
спрямованих відгалужувачах, дає можливість за допомогою однієї кільцевої антени одночасного випромінювання хвиль з правим 
та лівим напрямом обертання вектора напруженості електричного поля. 

КЛЮЧОВІ СЛОВА: мікросмужкова кільцева антена, спрямований мікросмужковий відгалужувач, лінії живлення, коефіцієнт 
еліптичності, основна система координат, власна система координат. 
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ABSTRACT 
Context. The authors of the article have developed a new mathematical model that allows taking into account frequency and 

phase distortions that occur in a three-fragment signal during the transition from one fragment to another, when the rate of frequency 
modulation of the signal changes. The object of research is the process of formation and processing of radar non-linear frequency 
modulation signals. 

Objective. The purpose of the work is to develop and research a mathematical model of current time for a signal with non-linear  
frequency modulation, which consists of three linear frequency modulated fragments. 

Method. The article provides a theoretical justification of the need to develop a mathematical model in the current time for a 
three-fragment signal with non-linear frequency modulation, capacity for work of the created model is demonstrated on the example 
of several radio signals that differ in frequency parameters. With the same signal parameters, the obtained results were compared 
with the results of the known model, for which known methods of spectral and correlation analysis were used. A distinctive feature 
of the proposed model is the consideration of jumps in the instantaneous frequency and phase of the signal that occur during the 
transition from one linear-frequency modulated fragment to the next. Such jump-like changes in frequency and phase in known 
models of signals with non-linear frequency modulation are not compensated for, which causes distortion of their spectra and an 
increase the side lobes level of auto-correlation (mutual-correlation) functions. 

Results. A comparative check of the developed and known signal models indicates a decrease the side lobes level of the 
autocorrelation function by 3 dB or more, depending on the given frequency-time parameters. 

Conclusions. The application of the proposed mathematical model makes it possible to form and process radar signals, which 
include three linear-frequency modulated fragments. Compensation of jump-like changes in frequency and phase leads to a decrease 
in the degree of distortion of the spectrum and, as a result, an increase in its effective width, which ensures a narrowing of the main 
lobe and a decrease the side lobes level of the auto-correlation function. 

KEYWORDS: radar signal; non-linear frequency modulation; autocorrelation function, side lobe level; mathematical model. 
 

ABBREVIATIONS 
ACF is a autocorrelation function; 
LFM is a linear frequency modulation; 
ML is a main lobe; 
MM is a mathematical model; 
NLFM is a non-linear frequency modulation; 
PSD is a power spectral density; 
PSLL is a peak side lobe level; 
RM is a radar mean; 
RFM is a rate of frequency modulation; 
RRD is a receiving device; 
WP is a weight processing. 

 
NOMENCLATURE 

nf  is a frequency deviation of the nth signal frag-

ment, Hz; 

enf  is a final frequency of the nth signal fragment, Hz; 

)(tU  is a complex signal amplitude, V; 

)(tf  is a instantaneous signal frequency, Hz; 

)(tfn  is a neural network model structure; 

)(t  is a instantaneous signal phase, rad; 

)(tn  is a instantaneous phase of the nth LFM signal 

fragment, rad; 

|)(| tU  is a complex signal amplitude module, V; 

n is a sequence number of the signal fragment (n=1, 
2, 3); 

t  is a current time, s; 

0f  is a initial signal frequency, Hz; 

nf0  is a initial frequency of the nth signal fragment, 

Hz; 

mnf  is a frequency jump when moving from the 

1 nm th signal fragment to the nth, Hz; 

mn  is a phase jump at the transition from the m th 

signal fragment to the nth, rad; 

12f  is a total deviation of the frequency of the first 

and second signal fragments, Hz; 

sT  is a total duration of the NLFM signal, s; 
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12T  is a total duration of the first and second signal 

fragments, s; 

nT  is a duration of the nth signal fragment, s; 

)(t  is a cyclic frequency of the signal, rad; 

n  RFM of the nth LFM signal fragment, Hz/s. 

 
INTRODUCTION 

The widespread use of solid-state (transistor) trans-
mission devices causes certain limitations regarding the 
peak power of probing signals, the designers are forced to 
use signals of increased duration, which leads to a deterio-
ration of the range resolution. 

In order to overcome the contradiction between the 
need to increase the duration of probing radio pulses and 
maintain the necessary resolution of RM, signals with 
intra-pulse frequency (phase) modulation (manipulation) 
have become widely used [1–6].  

Historically, LFM signals were the first to be used due 
to the ease of implementation of devices for their forma-
tion and processing. However, a significant disadvantage 
of such signals is the relatively high PSLL of their ACF, 
which is approximately –13 dB [1, 2], which in some 
situations requires raising the detection threshold in sys-
tems for stabilizing the level of false alarms and, in gen-
eral, worsens the potentially achievable detection charac-
teristics signals reflected from targets.  

One of the most common methods of reducing PSLL 
is the application of WP in the time or frequency domain 
(time or spectral windows) [7–9]. It is possible to achieve 
an even greater reduction of PSLL by using NLFM of the 
probing signal followed by traditional WP in RRD [2, 10, 
11]. In [2, 12, 13], it is proposed to use a signal consisting 
of three NLFM fragments adjacent to each other in time 
with a successive increase or decrease in the instantane-
ous frequency as such an LFM signal. The peculiarity of 
this signal is that the extreme fragments have a smaller 
value of the PSD due to the fact that they have a larger 
RFM n , which is determined by the ratio of the devia-

tion of the frequency of the n-th LFM fragment nf  to its 

duration nT , nnn Tf / . Such a decrease in the PSD 

at lower and upper frequencies leads to a rounding of the 
resulting spectrum, as a result of which there is a decrease 
the PSLL [2, 13] with the expansion the ML of the ACF 
due to a decrease in its effective width. The expansion the 
ML leads to a decrease in the resolution of the RM from a 
distance, which is not always acceptable. 

The traditional approach is to choose a compromise 
solution, that is, to achieve the required PSLL value with 
a slight permissible deterioration of the specified resolu-
tion.  

The approach based on the use of different types of 
signals in accordance with the tasks of the RM has poten-
tially greater advantages. 

This work is devoted to the development of a mathe-
matical model of a three-fragment NLFM signal with 
concoct of three LFM fragments, with the possibility of 

further implementation of such signals in existing RM 
and those under development. 

The object of study is the process of formation and 
processing of radar NLFM signals. 

The subject of study is mathematical models of 
NLFM signals. 

The purpose of the work is to theoretically substanti-
ate the need to develop and design a MM of an NLFM 
signal consisting of three LFM fragments, as well as to 
test its workability.  

 
1 PROBLEM STATEMENT 

Among the MMs of three-fragment NLFM signals, the 
most commonly used are the MMs in which the input 
values are the current time t , the duration of the frag-
ments nT , and the deviation of their frequency nf , 

which is equal to the difference between the final and 
initial frequencies of the corresponding n-th LFM frag-
ment and is a fixed value. It is determined by the product 
of the RFM of the n-th LFM signal fragment n  and its 

duration nT . 

 

nnnenn Tfff  0 . 

 
In general, the complex signal amplitude is repre-

sented as: 
 

 )(exp|)(|)( tjtUtU   . (1)

 
To simplify the following, we assume 1|)(| tU . 

The functions of changing the instantaneous frequency 
and phase of the signal for each n-th fragment are differ-
ent, the change occurs during the transition from one 
fragment to the next.  

The instantaneous frequency is proportional to the 
speed of the frequency-modulated n-th fragment and is 
linearly dependent on time: 
 

ttf nn )( , 

 
and the instantaneous phase, in turn, has linear and quad-
ratic components and is determined by the dependence: 

 










 


2
2)(

2

0
t

tft n
nn . 

 

The total duration of the NLFM signal is defined as 
the sum of the durations of the LFM fragments: 

 





3

1n
ns TT , 

 

2112 TTT   – total duration of the first and second sig-

nal fragments. 
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Well-known relations interconnect the instantaneous 
frequency and phase [1–2]: 

 

 dttft )()( ; 

dt

td
tf

)(
)(


 . 

 
To make the formulas more compact, we introduce the 

notation of the total frequency deviation of the first and 
second signal fragments: 
 

2112 fff  . 

 
Further analysis will be carried out by graphically 

comparing the realizations of signals in the time and fre-
quency domains, their ACF, and the dependence of the 
instantaneous frequency and phase of signals on time. The 
signals will be compared by the level of their PSLL at a 
fixed WP width, or by comparing the degree of WP ex-
pansion at a constant level of PSLL. 

 
2 REVIEW OF THE LITERATURE 

Many publications have been devoted to the formation 
and processing of NLFM signals in various fields of ap-
plication, with the most extensive studies of such signals 
in the field of air target radar [14–18]. In works [15–16], 
the potentially achievable PSLL of the ACF is estimated 
for a three-frame-segment NLFM signal, the range resolu-
tion of the RM is analyzed in detail [17], and the effect of 
the Doppler frequency shift on the characteristics of the 
ACF is studied [17–18]. 

Another area related to the use of NLFM signals is 
meteorological localization, with the peculiarity that the 
main research direction in this area is to study the prob-
lem of reducing the PSLL [19]. A similar problem with 
respect to RM with a synthesized antenna aperture is dis-
cussed in detail in [20–23]. 

A distinctive feature of papers [14, 24–25] is that to 
minimize the PSLL, it is proposed to use only NLFM 
signals, or to combine their use with additional WP in the 
RDD [2, 17, 19]. 

Papers [11, 19, 26–27] use mathematical models of 
NLFM signals of the current time with a smooth (poly-
nomial) change in the frequency modulation law. 

The formation of NLFM signals from three LFM 
fragments was proposed in [2, 12, 13], where the MM is 
presented, in which the argument (time) changes symmet-
rically in the middle of the radio pulse. Subsequently, to 
represent such signals, a mathematical technique is used 
in which each subsequent fragment starts from a zero time 
reference (from the zero phase), that is, each time the time 
is shifted to the zero mark [16, 18, 24, 25, 28–30]. 

Research has shown that the introduced MM do not 
fully reflect the peculiarities of the formation of NLFM 
signals, namely, they do not take into account the phase 
structure of the signal at the junctions of fragments. 

In authors propose to consider the MM of a three-
fragment NLFM signal developed by the authors, which 
is a further development of the MM presented in [2, 12, 
13, 31]. Unlike the existing ones, the model more ade-
quately takes into account the phase change at the junc-
tions of LFM signal fragments, preventing the appearance 
of instantaneous frequency and phase jumps, which al-
lows us to obtain a lower PSLL. 

 
3 MATERIALS AND METHODS 

Further analysis is performed using a common MM of 
a three-fragment NLFM signal introduced in [16, 18, 24, 
25, 28–30]. The peculiarity of this MM is that the deter-
mination of the instantaneous amplitude (1) for all LFM 
fragments starts from zero time by shifting the time scale 
by the duration of the previous signal components. For 
example, for an NLFM signal consisting of three LFM 
fragments, the complex signal amplitude is described in 
accordance with (2). 

 
 
 
 







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
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|)(|)(

123

12

1
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.

;

;0

12

121

1

sTtT

TtT

Tt





   (2)

 
In the future, to record the expressions of the phase 

and frequency of the NLFM signal fragments, we assume 
that time intervals similar to (2) are applied to them. 

The instantaneous phases of the signal (2) can be 
found by expressions [16, 18, 24–25, 28–30]: 
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12120

1
2

2
110
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1

0
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Ttff

tTt
Ttff

t
tf

t    (3)

 
By differentiating the expressions of the instantaneous 

phase (3), the ratios for the instantaneous frequency of the 
corresponding signal fragments are found [16, 18, 24–25, 
28–30]: 

 















).(

);(

;

)(

123120

1210

10

Ttff

Ttff

tf

tf  (4)

 
A significant drawback of MM (3) – (4) is that due to 

the shift of the time scale to zero for each subsequent 
fragment, this model is not sensitive to abrupt changes in 
instantaneous frequency that occur at the moments of 
increase or decrease in the RFM (at the junctions of frag-
ments).  

The graph of the signal frequency versus time for (4) 
is shown in Fig. 1. 
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From the analysis of Fig. 1 and (4), it follows that the 
initial frequency of the second LFM fragment has the 
value of 10 ff  , when in fact it is equal to 02f . Ac-

cordingly, the initial phase of the second fragment has a 
zero value, while the final phase of the first fragment is 
equal to 1101 )(2 Tffe  . That is, at the moment 

1Tt   there is an abrupt change in the instantaneous fre-

quency and instantaneous phase of the signal. 
 

 
Figure 1 – Graph of changes in the frequency of the NLFM 

signal consisting of three LFM fragments 
 

The same situation is observed at the junction of the 
second and third fragments at 21 TTt  , the initial fre-

quency of the third fragment is equal to : 
 

21003 ffff  , 

 
and its actual value is 03f  with a “minus” sign. 

For further consideration, we obtain analytical ex-
pressions that determine the values of frequency and 
phase jumps for the time instant 1Tt  . 

The final value of the frequency of the LFM signal of 
the first fragment at time tTt  1 , under the condition 

0t  is described by the expression 
 

1101 Tffe  , 

 
and the initial frequency value for the second signal 
fragment at time tTt  1  is 

 

12002 Tff  . 

 
Thus, the frequency jump at this point in time is 

equal to their difference: 
 

.)( 11210212 Tfff e   (5)
 
By integrating, we find the corresponding signal 

phase jump: 

.)(
2

1
)( 2

112
0

11212

1

TdtT
T

   (6)

 
The next jump in the frequency-phase parameters of 

the signal occurs when we move to the third LFM frag-
ment. Let’s extend the line segment (Fig. 1), which dem-
onstrates the change in the frequency of this fragment, to 
the intersection with the abscissa axis and mark the inter-
section point as 03f , i.e., this is the conditional initial 

frequency of the third fragment. From the analysis of Fig. 
1, it turns out that the frequency jump at the moment of 
transition from the second signal fragment to the third 

23f , similar to (5), is:   

 

1232211023 TTTff  . 

 
After simplification, we get: 
 

.)()( 22311323 TTf   (7)
 
By integrating over the appropriate time intervals, 

similar to (6), we find the expression for the phase jump: 
 

.)(
2

1
)(

2

1 2
223

2
11323 TT   (8)

 
Thus, based on (5)–(8), it can be concluded that the 

process of forming a NLFM signal consisting of three 
LFM fragments is accompanied by a jump-like change in 
the instantaneous frequency at the moment of transition 
from one fragment to the next, which causes a corre-
sponding jump in the instantaneous phase of the signal. In 
the MM with a time shift (3)–(4), these jumps are not 
taken into account, which is its essential drawback. For 
further use, it is proposed to introduce a new MM of the 
NLFM of a signal in the current time, which takes into 
account the jumps in instantaneous frequency and phase. 

To record the values of the instantaneous phase of a 
three-fragment NLFM signal in the current time, we use 
the well-known model of three LFM fragments [16]. The 
formula uses the same time intervals as in (2): 
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By differentiating the expressions (9) for the instanta-

neous frequency, we have the following: 
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For further consideration, firstly, we obtain an inter-

mediate MM by compensating for the frequency jump 
taking into account (5) and (7), MM (9) takes the form: 
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and the signal frequency changes as: 
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To compensate for phase jumps (6) and (8), we add 

the corresponding components to (10) and obtain the final 
MM of the current time for the three-fragment NLFM of 
the signal: 
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whose frequency changes in accordance with (12). 

It should be noted that the transition from the first 
LFM of a fragment to the second is accompanied by a 
decrease in the RFM, so the additional phase shift has a 
positive value, and during the next transition the RFM 
increases, and therefore the phase shift is negative. 

To verify the adequacy and reliability of the devel-
oped model, simulation modeling was carried out in the 
MatLab application package. 

 
4 EXPERIMENTS 

The MM of the three-fragment NLFM signal was veri-
fied for the following LFM parameters of the fragments: 

00 f , 16531  ff  kHz, 4002 f  kHz, 

2031 TT µs, 1002 T µs. 

The simulation was performed sequentially in accor-
dance with (3) – (4), (9) – (10), (11) – (12), and (13). The 

simulation results are displayed in the form of graphs of 
frequency changes and time realizations in the current 
time, their spectra, and ACF. 

 
5 RESULTS 

The results of mathematical modeling using (3)–(4) 
are shown in Fig. 2. The graph of changes in the fre-
quency of the NLFM signal (Fig. 2a) and its oscilloscope 
frame |)(|)( tUtU   (Fig. 2b) are plotted in the same time 

interval.  
 

 

 

 

 
 

Figure 2 – Graph of instantaneous frequency change (a), oscil-
loscope (b), spectrum (c), ACF (d) of the NLFM signal with 

parameters 16531  ff kHz, 4002 f kHz, 

2031  TT µs, 1002 T µs 
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The analysis of the graphs shows that abrupt changes 
in the instantaneous phase of the signal (Fig. 2b, the 
enlarged scale of the phase jumps is shown in the foot-
notes) occur at the moment of transition to the next LFM 
fragment (Fig. 2a). The spectrum of the NLFM signal 

)( fS  (Fig. 2c) has dips at the transition frequencies  

(Fig. 2c), which indicates the presence of phase jumps at 
these frequencies, as evidenced by the pulsations on the 
spectrum slopes. The ACF signal )(R  is shown  

in Figure 2d. The PSLL of the ACF is –15.59 dB, the 
width ML of the ACF is 1.9 μs. There is a sharp change in 
the PSLL ACF in the time intervals corresponding to the 
signal region with a higher RFM value, which is also a 
sign of the presence of phase distortion. 

In the course of modeling according to (9)–(10), the 
results of which are shown in Fig. 3, it was found that the 
signal frequency change graph in Fig. 3a, in contrast to 
Fig. 2a demonstrates the presence of instantaneous fre-
quency jumps at the moments of change RFM (Fig. 3a); 
these moments correspond to jumps in the signal phase 
(Fig. 3b) with a clear increase in the frequency of oscilla-
tions at the beginning of each new fragment.  

Due to the frequency jumps between signal fragments, 
its spectrum (Fig. 3c) has three separate components and 
clearly expressed pulsations of the steeples. A sharp drop 
in the PSLL ACF (Fig. 3d) with a sharp change in the 
frequency and level of the lateral lobe pulsations addi-

tionally indicates the presence of significant frequency 
and phase jumps in the signal. 

The ACF parameters for this MM were not evaluated 
because of the obvious discrepancy between the obtained 
results and the expected ones. The obtained results prove 
the validity of (5)–(8) and the need to compensate for 
frequency and phase jumps during the transition to each 
new section of the NLFM signal. 

The results of the next experiment allow us to com-
pare the work of (3)–(4) and (11)–(12), since (4) and (12) 
demonstrate a complete coincidence of results, the graph 
of (12) is not shown.  

The results of the modeling according to (11) are 
shown in Fig. 4. Despite the coincidence of the simulation 
results according to (4) and (12), the waveform in Fig. 4b 
shows a different character of the signal phase distortion 
during changes in the RFM  with compared to Fig. 2b. 
The difference in phase jumps is evident in the spectra of 
Figs. 2c and Fig. 4c, the PSLL ACF in Fig. 4d is –17.31 
dB, and the width of the ML of the ACF is 1.8 μs. Given 
that (3)–(4) are not sensitive to frequency jumps, and 
(11)–(12) compensate for frequency jumps, these models 
demonstrate differences in other signal features. 

 
 

 

  
a b 

 

 
 

 

 
c d 

Figure 3 – Graph of instantaneous frequency change (a), oscilloscope (b), spectrum (c), ACF (d) of the NLFM signal without com-
pensation for frequency and phase jumps 
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Figure 4 – Waveform (a), spectrum (b), ACF (c) of the NLFM 

signal with frequency jump compensation 
 
Fig. 5 shows the results of modeling only according to 

(12), since the graph according to (11) is similar to Fig. 
2а. In the oscillogram of Fig. 5a, there are no phase dis-
tortions at the moments of transitions from one LFM 
fragment to another, the spectrum of the NLFM signal of 
Fig. 5b is almost symmetrical, and there are no pulsations 
on the slopes. The lateral lobes of the ACF of Fig. 5c de-
cay smoothly, the maximum PSLL is –22 dB, and the 
width of the ML is 1.8 μs. 

In comparison with the classical LFM, the PSLL sig-
nal decreased by 9 dB, but the price for this is the expan-
sion of the ML of the ACF by almost a third. 

 
6 DISCUSSION 

Our studies indicate that the use of the new model 
(12)–(13) provides compensation for jumps in the instan-
taneous frequency and phase of the NLFM signal at the 
moments of transition from one LFM fragment to the 
next, due to which the resulting spectrum becomes sym-
metrical, rounded, i.e., acquires the expected shape, and 
there are no pulsations on its slopes. 

 

 
 

 
 

 
Figure 5 – Waveform (a), spectrum (b), ACF (c) of the 

NLFM signal with compensation of frequency and phase jumps 
 
As a result of the improved spectrum shape, its effec-

tive width has increased, and therefore the ML of the 
ACF has become narrower compared to MM (3)–(4). The 
lateral lobes of the ACF decrease smoothly, which is also 
evidence of the absence of frequency-phase distortions. 

In the known works [16, 18, 24–25, 28–30], the spec-
tra of the studied NLFM signals are not given, but the 
given ACFs demonstrate sharp changes in the level and 
frequency of the lateral lobes, similar to Figures 2d, 3d, 
4c, which indicates the presence of instantaneous fre-
quency and phase jumps. In such circumstances, the re-
duction of the PSLL can be achieved only in some cases 
by selecting the values of nT and nf , which does not 

ensure the stability and predictability of the final result.  
The authors consider it expedient to introduce the 

three-fragment NLFM signal proposed by the MM into 
circulation and to continue research in the direction of 
increasing the number of LFM fragments in order to 
minimize the PSLL. 
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CONCLUSIONS 
The scientific novelty of the obtained results is the 

discovery that frequency and phase jumps during the tran-
sition from the first LFM fragment to the second are in-
cluded as components for determining the magnitude of 
frequency and phase jumps of the next fragment junction. 
Based on this, a new MM of the NLFM signal consisting 
of three LFM fragments is developed. In contrast to the 
known ones, the proposed model uses the current time 
instead of the shifted time and compensates for the jumps 
in the instantaneous frequency and phase of the signal that 
occur at the moments of transition from one LFM frag-
ment to the next. 

The developed model ensures predictability and stabil-
ity of results when the frequency and time parameters of 
NLFM signals change. 

For the characteristics of the LFM fragments adopted 
during the modeling, the PSLL of the ACF of the result-
ing NLFM signal was achieved from –22 dB  
( 12531  ff kHz, 3002 f kHz) to –27 dB  

( 5531  ff kHz, 1002 f kHz), while the duration 

of the LFM fragments did not change and was 
2031 TT μs, 1002 T μs. 

The practical significance of obtained results con-
sists in the possibility of using the proposed MM to de-
velop devices for the formation and processing of radio 
signals in various applications, such as radar systems for 
detecting air targets, aviation and space systems for sur-
veying the earth's surface, meteorology, sonar, ultrasound 
diagnostics, etc., in which NLFM signals can be used to 
reduce the PSLL of the ACF independent-ly or in combi-
nation with the WP in the receiving device. 

Prospects for further research are to improve the 
developed model to expand the possibilities of changing 
the initial frequency and time parameters of the NLFM 
signals, as well as to study the effect of the number of 
LFM fragments on the level of the PSLL. 
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AНОТАЦІЯ 

Актуальність. Одним з напрямків удосконалення існуючих та створення нових радіолокаційних засобів є запроваджен-
ня зондувальних сигналів з модуляцією частоти (фази), так званих складних сигналів, до яких відносяться сигнали з нелі-
нійною частотною модуляцією. Одним з різновидів цих сигналів є такі, що складаються з трьох лінійно-частотно модульо-
ваних фрагментів. Однак широке використання трифрагментних сигналів стримується недостатньою проробкою математи-
чного апарату, який достовірно відображає процеси їх формування та обробки. Авторами статті розроблено нову математи-
чну модель, яка дозволяє враховувати частотні та фазові спотворення, що виникають у трифрагментному сигналі при пере-
ході від одного фрагменту до іншого, коли відбувається зміна швидкості частотної модуляції сигналу. 

Мета роботи – розроблення та дослідження математичної моделі поточного часу для сигналу з нелінійною частотною 
модуляцією, який складається з трьох лінійно-частотно модульованих фрагментів. 

Метод. В статті наведено теоретичне обґрунтування необхідності розроблення математичної моделі у поточному часі 
для трифрагментного сигналу з нелінійною частотною модуляцією, продемонстровано працездатність створеної моделі на 
прикладі кількох радіосигналів, які відрізняються за частотними параметрами. За однакових сигнальних параметрів здійс-
нено порівняння отриманих результатів з результатами роботи відомої моделі, для чого використовувалися відомі методи 
спектрального та кореляційного аналізу. Відмінною особливістю запропонованої моделі є врахування стрибків миттєвої 
частоти і фази сигналу, які виникають під час переходу від одного лінійно-частотно модульованого фрагменту до наступно-
го. Такі стрибкоподібні зміни частоти та фази в відомих моделях сигналів з нелінійною частотною модуляцією не компен-
суються, що спричиняє спотворення їх спектрів та збільшення рівня бічних пелюсток авто-кореляційних (взаємно-
кореляційних) функцій.  

Результати. Порівняльна перевірка розробленої та відомої моделей сигналів свідчить про зменшення рівня бічних пе-
люсток автокореляційної функції на 3 дБ і більше в залежності від заданих частотно-часових параметрів. 

Висновки. Застосування запропонованої математичної моделі дозволяє формувати та обробляти радіолокаційні сигна-
ли, до складу яких входить три лінійно-частотно модульованих фрагменти. Компенсація стрибкоподібних змін частоти та 
фази призводить до зменшення ступеня спотворення спектру та, як наслідок, збільшення його ефективної ширини, що за-
безпечує звуження головної пелюстки та зменшення рівня бічних пелюсток авто-кореляційної функції. 

КЛЮЧОВІ СЛОВА: радіолокаційний сигнал; нелінійна частотна модуляція; автокореляційна функція, рівень бічних 
пелюсток; математична модель. 
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ABSTRACT 

Context. The emergence of the Internet of Things (IoT) has led to the development of various low-power wide area network 
(LPWAN) technologies that are designed to provide transmission of small data packets over long distances with minimal energy 
consumption. The two most well-known LPWAN technologies are LoRaWAN and Sigfox. This study aims to compare the energy 
efficiency of these two technologies to determine their suitability for use in autonomous solutions. 

Objective. The objective of this study is to compare the energy efficiency of LoRaWAN and Sigfox technologies for IoT 
devices. The comparison will help determine which technology is better for autonomous solutions when devices need to operate for 
extended periods of time without frequent battery replacements. 

Method. In this work, taking into account the specifications of the investigated radio technologies, mathematical modeling of the 
time of data transmission or reception is used depending on the payload, and information on the power supply current is taken from 
official datasheets for the components of the investigated devices. 

Results. The results of the study show that both LoRaWAN and Sigfox are energy-saving technologies, but LoRaWAN is 
generally more energy-efficient than Sigfox. In addition, LoRaWAN has adaptive modes and significantly more manual settings, 
which in some cases further reduces the energy per bit of data compared to Sigfox. 

Conclusions. LoRaWAN is the best choice for autonomous solutions where energy efficiency is crucial. This study provides 
valuable information for designers and developers of IoT devices, allowing them to make informed decisions when choosing 
LPWAN technologies for their autonomous solutions. 

KEYWORDS: LoRaWAN, Sigfox, LPWAN, modem, power consumption, autonomy, IoT. 
 

ABBREVIATIONS 
IoT is Internet of Things; 
LPWAN is Low Power Wide Area Network; 
LoRaWAN is Long Range Wide Area Network; 
PA is Power Amplifier; 
SF is a spreading factor. 

 
NOMENCLATURE 

N_p is a payload size; 
N_m is a number of uplink messages; 
t_sleep_mcu, t_sleep_sensor, t_sleep_modem is a time 

to sleep of MCU, Sensor, Modem accordingly; 
 t_meas_sensor is a time to measurement mode of 

Sensor; 
 I_mcu_sleep, I_sensor_ sleep, I_modem_sleep is a 

consumption current to sleep mode of MCU, Sensor, 
Modem accordingly; 

 I_mcu_meas, I_sensor_meas, I_modem_meas is a 
consumption current to measurement mode of MCU, 
Sensor, Modem accordingly; 

 I_mcu_tx, I_sensor_tx, I_modem_tx is a consumption 
current to transmit mode of MCU, Sensor, Modem 
accordingly; 

 I_mcu_rx, I_sensor_rx, I_modem_rx is a consumption 
current to receive mode of MCU, Sensor, Modem 
accordingly; 

 V_mcu, V_sensor, V_modem is a supply voltage of 
MCU, Sensor, Modem accordingly; 

 η is a coefficient that takes into account DC/DC 
converter efficiency (was taken equal to 1.1) 

 Power_bat is a power battery (Wh); 
 α is a battery self-discharge; 
 P_sum_sleep, P_sum_meas, P_sum_tx, P_sum_rx, is a 

summary consumption power per day in sleep mode, in 
measurement mode, in transmit mode, in receive mode   
accordingly; 

 P_sum_total_per_day is a total consumption power 
per day; 

T_symbol is a LoRa symbol duration; 
BW is a Banwidth; 
Number_Characters_in_Pl is a number of characters in 

the payload; 
Payload is a payload size; 
IH is a implicit mode; 
DE is a low data rate optimization; 
CR is a encoding speed; 
T_payl_SF is a payload duration; 
 N_day is a number of day of autonomy.  

 
INTRODUCTION 

The IoT is a fast-paced technology. This is a set of 
sensors that are combined into a single network with 
analytical and/or control systems. Every day more and 
more different devices are connecting to the Internet, and 
this number is constantly growing. When choosing radio 
technology, one of the main factors that consumers 
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consider is the decrease of their maintenance costs, which 
is mainly determined by energy-saving parameters, or 
rather, the duration of the device without charging 
(battery replacement).  New types of LPWAN can solve 
this problem. A technology that was created for wireless 
data transmission over long distances and for connecting 
autonomous devices to the global network. Nowadays, 
there are several popular technologies: LoRa, SIGFOX, 
NB-IoT, etc. LPWAN systems are a reliable system to 
transmit information over long distances (2–40km) and at 
the same time use a minimum of energy costs.  

The development of IoT technology has led to an 
increase in demand for solutions with low power 
consumption and long-range wireless communication. 
Among them, LoRaWAN and Sigfox have become 
popular options due to their ability to support large-scale 
IoT device networks. However, the choice between these 
technologies often depends on their energy efficiency, 
which determines how long devices can operate without 
battery replacement. 

The objective of this comparative study is to compare 
the energy efficiency of LoRaWAN and Sigfox 
technologies for IoT. The study aims to determine which 
technology is better suited for autonomous solutions 
where devices need to operate for long periods without 
frequent battery replacement. The study’s data will 
consist of energy consumption data for LoRaWAN and 
Sigfox technologies, which will be collected from existing 
literature, previous studies, and other official sources. In 
addition, the study will use available specifications and 
technical details of both technologies, such as 
transmission range, payload size, and transmission 
frequency. 

The desired results of this comparative study are a 
quantitative comparison of the energy efficiency of 
LoRaWAN and Sigfox technologies. The comparison will 
be based on key energy consumption indicators, such as 
average energy consumption per transmitted data packet, 
energy consumption per transmitted data packet, and the 
amount of energy consumed per meter of transmitted 
data. 

This study is limited to comparing the energy 
efficiency of LoRaWAN and Sigfox technologies for IoT. 
Other factors that may influence technology selection, 
such as deployment cost, infrastructure availability, and 
ease of integration with existing systems, are not 
considered in this study.  
 

1 PROBLEM STATEMENT 
Using the protocol specification of the two LPWAN 

technologies (LoRaWAN and Sigfox), the message 
transmission time is calculated with different payload 
sizes.  

Considering the current consumption of individual 
nodes of a typical IoT device in different modes (in sleep 
mode: I_mcu_sleep, I_sensor_sleep, I_modem_sleep; in 
measurement mode: I_mcu_meas, I_sensor_meas, 
I_modem_meas; in transmit mode: I_mcu_tx, I_sensor_tx, 

I_modem_tx; in receive mode: I_mcu_rx, I_sensor_ rx, 
I_modem_rx) and battery capacity (Power_bat), the 
battery life of the End Node (N_day) is calculated. 

The autonomy calculation was performed according to 
the algorithm shown in Figure 1. 
 

 

 

 
 

Figure 1 – Algorithm for calculating device autonomy 
 

2 REVIEW OF THE LITERATURE 
The growth of IoT technology has led to a surge of 

interest in low-power wide area networks (LPWANs), 
which provide communication between IoT devices over 
long distances. Two popular LPWAN technologies, 
LoRaWAN and Sigfox, have emerged as leading 
contenders due to their ability to support large-scale 
networks of IoT devices. However, the choice between 
these technologies depends on their energy efficiency, 
which determines the longevity of the devices and the 
need for frequent battery replacement. 

Several previous studies have compared the energy 
efficiency of LoRaWAN and Sigfox technologies, but 
there is a need for a comprehensive comparative study 
that provides a quantitative comparison of the two 
technologies. For example, research by Atheer Al Ghamdi 
(2022) [1] compared the energy efficiency of Sigfox and 
LoRaWAN for water monitoring and leak detection 
systems and found that Sigfox is more energy efficient 
due to lower energy consumption per data packet 
transmitted. However, this study only considered a 
specific application scenario. Other scientists also dealt 
with the topic of energy efficiency [2–5]. 

An unsolved part of the overall challenge is 
determining which LPWAN technology is best suited for 
stand-alone solutions where devices need to operate for 
long periods of time without frequent battery replacement. 
This requires a comprehensive benchmarking study that 
takes into account various factors affecting energy 
consumption, such as transmission range, payload size, 
and transmission frequency. 

The proposed benchmarking study aims to address 
this gap by quantitatively comparing the energy efficiency 
of LoRaWAN and Sigfox technologies for the IoT. The 
study will use the available specifications and technical 
details of both technologies to evaluate their energy 
consumption under different scenarios. The results of the 
study will help determine which technology is best suited 
for stand-alone solutions where devices need to operate 
for long periods of time without frequent battery 
replacement. 

LoRaWAN, 
Sigfox 

specification 

Calculation of 
transfer time 

Current consumption 
in different modes 

Battery 
capacity 
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of 
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The creator of LoRaWAN is Semtech. Semtech 
Corporation is a leading supplier of high-performance 
analog and mixed-signal semiconductors and advanced 
algorithms for high-end consumer, enterprise computing, 
communications, and industrial end-markets. They have 
nearly 60 years of experience designing and 
manufacturing proprietary platforms differentiated by 
innovation, size, efficiency, performance, and reach. 
Original equipment manufacturers and their suppliers for 
automotive, broadcast equipment, data centers, passive 
optical networks, industrial, IoT, LCD TVs, smartphones, 
tablets, wearables, and wireless infrastructure applications 
[6] use their balanced portfolio of semiconductor products. 

The LoRaWAN network consists of the following 
elements: end device, gateways, network server, and 
application server. The end device is designed for the 
implementation of control or measuring functions. It 
includes a set of necessary sensors and control elements. A 
gateway is a device that receives data from end devices 
using a radio channel and transmits them to a transit 
network.  A network server is created to control the 
network: setting a schedule, adapting speed, storing, and 
processing received data. The application server can 
remotely control the operation of end devices and collect 
the necessary data from them [7]. 

LoRa has three classes of subscriber devices: 
– Class A: after transmitting something on the air, the 

device short time waits for a response from the base 
station, after which it turns off the receiver until the next 
communication session. 

– Class B: the device turns on the receiver according to 
a predetermined schedule. Тhe base station knows this 
schedule and can transmit data to the device according to 
it. 

– Class C: the receiver is always on; the base station 
can transmit data at any time [8]. 

 
 Тable 1 – Specifications of LORAWAN [7] 

Parametr Europe 
Frequency range, MHz 863 – 870 
Maximum number of channels 35 
Spectrum width of radio signal UL, kHz 125/250 
DL channel radio spectrum, kHz 125 
Modulation LORA, GFSK, MSK 
Transmit power UL, dBm 2–14; 20 (option) 
Transmit power UL, mW 1–25; 100 (option) 
Transmit power DL, dBm 14 
SF 7–12 

 
The most popular LoRa Modem is the Semtech 

SX1276. Consider the Specifications of Semtech SX1276 
[9]:  

– 168dB maximum link budget; 
– +20dBm – 100 mW constant RF output vs. V supply; 
– +14dBm high efficiency PA; 
– Programmable bit rate up to 300kbps; 
– High sensitivity: down to –148dBm; 
– Bullet-proof front end: IIP3 = –11dBm; 
– Excellent blocking immunity; 
– Low RX current of 9.9mA, 200nA register retention; 

– Fully integrated synthesizer with a resolution of 
61Hz; 

– FSK, GFSK, MSK, GMSK, LoRa and OOK 
modulation; 

– Built-in bit synchronizer for clock recovery; 
– Preamble detection; 
– 127dB Dynamic Range RSSI; 
– Automatic RF Sense and CAD with ultra-fast AFC; 
– Packet engine up to 256 bytes with CRC; 
– Built-in temperature sensor and low battery indicator. 
Physical Layer Frame: At PHY layer, a LoRa frame 

starts with a preamble. Apart from the synchronization 
function, the preamble defines the packet modulation 
scheme, being modulated with the same SF as the rest of 
the packet. Typically, the preamble duration is 12.25 Ts. 
The preamble is followed by a PHY Header and a Header 
CRC that together are 20-bits long and are encoded with 
the most reliable code rate of, while the rest of the frame is 
encoded with the code rate specified in the PHY Header. 
The PHY header also contains such information as 
payload length and whether the Payload 16-bit CRC is 
present in the frame. Specifically, in a LoRa network, only 
uplink frames contain payload CRC. PHY payload 
contains MAC Frame. 

MAC Layer Frame: The packet processed in the MAC 
layer consists of a MAC Header, a MAC Payload, and a 
Message Integrity Code (MIC).  MAC header defines 
protocol version and message type, i.e., whether it is a data 
or a management frame, whether it is transmitted in uplink 
or downlink, whether it shall be acknowledged. MAC 
Header can also notify that this is a vendor specific 
message. In a join procedure for end node activation, the 
MAC Payload can be replaced by join request or join 
accept messages. The entire MAC Header and MAC 
Payload portion is used to compute the MIC value with a 
network session key (Nwk_SKey). The MIC value is used 
to prevent the forgery of messages and authenticate the 
end node (Fig. 1). 

 Application Layer Packet: The MAC Payload handled 
by the Application layer consists of a Frame Header, a 
Frame Port, and a Frame Payload. The Frame Port value is 
determined depending on the application type. The Frame 
Payload value is encrypted with an application session key 
(App_SKey). This encryption is basing on the AES 128 
algorithm.  

 

Тable 2 – Power consumption specification [9] 

Description Conditions Typ Max Unit 

Supply 
current in 

Sleep mode 
 0.2 1 uA 

Supply 
current in 
Receive 
mode 

LnaBoost 
Off, band1 
LnaBoost 
On, band1 
Bands 2&3 

10.8 

11.5 

12.0 

– mA 

Supply 
current in 
Transmit 

mode  

RFOP = +13 
dBm, on 

RFO_LF/HF 
pin 

29 – mA 
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Figure 2 – LoRa Frame Format 
 

Frame Header contains the following information: 
– Device address which contains two parts. The first 8 

bits identify the network, other bits are assigned 
dynamically during joining the network and identify the 
device in a network. 

– Frame Control 1 byte for network control 
information, such as whether to use the data rate specified 
by the gateway for uplink transmission, whether this 
message acknowledges the reception of the previous 
message, whether the gateway has more data for the mote. 

– Frame counter for sequence numbering. 
Frame options for commands used to change data rate, 

transmission power and connection validation etc [10]. 
Now let’s move on to Sigfox technology. 
Sigfox is a French global network operator founded in 

2010 that builds wireless networks to connect low-power 
objects such as electricity meters and smartwatches. 
Founders built a global network dedicated to the Internet 
of Things based on low power, long range and small data 
that offers an end-to-end connectivity service. From the 
inception, Sigfox powers a sustainable and connected 
world, pioneering the next Internet revolution [11]. 

The network is based on one-hop star topology and 
requires a mobile operator to carry the generated traffic 
[12]. The signal can also be used to easily cover large 
areas and to reach underground objects. The existing 
standard for Sigfox communications supports up to 140 
uplink messages a day, each of which can carry a payload 
of 12 octets at a data rate of up to 100 bits per second. 

Sigfox defines an uplink classification for each radio 
configuration, which applies to every device and is 
assessed when passing the Sigfox Ready certification. 
They indicate the RF radiated performance of a device, 
which can have a significant impact on the message 
success rate. They are based on EIRP (effective isotropic 

radiated power) intervals. Simply put, a U0 device enjoys 
a much better message reception than a non-U0 device. 
This means better user feedback and fewer support 
requests for your team. With a good antenna design, you 
can lower the device’s radiated power on purpose from 
U0 to U1 or even U2, thus saving energy. These classes 
are ranked from strongest to weakest: U0, U1, U2, and U3 
[13]. 

Each packet sent can have anywhere between 0–12 
bytes of payload data, with a fixed frame of about 12 bytes 
that contains preamble, device id, and other metadata. In 
total, each packet sent has between 12–24 bytes, with 
some extra bits used for authentication parameters [13]. 

Physical layer. This synthesizes and modules signals 
using DBPSK in the uplink direction and GFSK in the 
downlink direction [14]. 

 
Table 3 – Structure of Physical Layer 

Parametr Uplink Downlink 
Payload Limit (bytes) 12 8 
Throughput (bps) 100 600 
Maximum Messages per 
Day 

140 4 

 
MAC layer This adds fields for device 

identification/authentication (HMAC) and error correcting 
code (CRC). The Sigfox MAC does not provide any 
signaling. This implies that devices are not synchronized 
with the network [14]. 

Frame Layer: Generates the radio frame from 
application data and also systematically attaches a 
sequence number to the frame [14] Sigfox messages can 
carry a payload (your own data) of 12 bytes. That’s 
maximum, but the payload is flexible: you can send any 
data size between 1 and 12 bytes. You can even send a 
payload of 0 bytes, in case you just need a ping message 
[15].  

One of the most popular modems for Sigfox is AX-
SIP-SFEU-1-01-TX30 are ultra−low power, 
ultra−miniature System−in−Package  solutions for a node 
on the Sigfox network with both up and downlink 
functionality. Specifications of AX-SIP-SFEU-1-01-
TX30: 

– Maximum output power 13 dBm; 
– Power level programmable in 1 dBm steps; 
– Supply range 2.1 V − 3.6 V; 
– Deep Sleep mode current: 180 nA; 
– Sleep mode current: 1.2 mA; 
– Standby mode current: 0.55 mA; 
– Continuous radio RX − mode at 869.525 MHz: 
– 14 mA 
– Continuous radio TX − mode at 868.130 MHz: 
– 45 mA @ nominal transmitter power (13 dBm). 
Receiver 
– Carrier frequency of the transmitter 869.525 MHz; 
– Data − rate 600 bps FSK; 
– Sensitivity −125 dBm @ 600 bps, 869.525 MHz, 

GFSK 0 dBm maximum input power. 
Transmitter 
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– Carrier frequency of the transmitter 868.13 MHz; 
– Data − rate 100 bps PSK [18]. 
In effect, the payload bytes have to fit within a certain 

transmission length, predefined by the Sigfox protocol. 
The reason for this flexibility is to optimize transmission 
time and hence save battery consumption at the device 
level. 

Downlink messages have a fixed length too: the 
payload must be 8 bytes long exactly. Hence, if less 
information bits are to be transmitted, padding is necessary 
[13]. 

Uplink frame construction shows Figure 2. 

 

Figure 3 – Sigfox Frame Format  
 

This section deals with formats and functions in 
uplink, from applicative/control level down to physical 
level. 

Uplink message content The content of the uplink 
message may be applicative data or control data. The 
format of an applicative message content is freely defined 
by the application. LI values and UL-AUTH size in 
relation with other message parameters (Table 4). 

Length Indicator (LI) It is a 2-bit field. EP shall set LI. 
Repeated Flag (REP) It is a 1-bit field. EP shall set it to 

0x0. 
Message Counter (MC) It is a 12-bit field taking values 

between 0 and (MCmax-1). 
Identifier (ID) It is a 32-bit field. EP shall load its EP 

identifier bytes in reverse order into the ID field. 
Uplink Authentication (UL-AUTH) It is a variable 

length field. 
Uplink error detection field (UL-CRC) It is a 16-bit 

field. 
Uplink frame type (FT) It is a 13-bit field. 
Uplink preamble (UL-Pr) It is a 19-bit field. 
The uplink only procedure (i.e. U-procedure) is 

initiated by an end-point wishing to send a UL message to 
the SNW, with no onward downlink message. The end-
point chooses the U-procedure on a per message basis. 

The content of downlink message is a fixed-length 
field. It carries applicative data prepared by user’s distant 
application server in response to an uplink message. 
Format of the DL-PAYLOAD field is user dependent [7]. 

Table 4 – Uplink Message Component Size 
UL 

message 
content 
(bytes) 

UL 
message 
content 

LI value 
(MSB, 
LSB) 

UL-
AUTH 

size 
(in 

bytes) 

ULCONT
AINER 
size (in 
bytes) 

empty empty 00 2 8 
0b0 empty 10 2 8 
0b1 empty 11 2 8 
1 message 

content 
00 2 9 

2 message 
content 

10 4 12 

3 message 
content 

01 3 12 

4 message 
content 

00 2 12 

5 message 
content 

11 5 16 

6 message 
content 

10 4 16 

7 message 
content 

01 3 16 

8 message 
content 

00 2 16 

9 message 
content 

11 5 20 

10 message 
content 

10 4 20 

11 message 
content 

01 3 20 

12 message 
content 

00 2 20 

 

Thus, the proposed benchmarking study builds on 
previous studies and the existing specification, providing 
a comprehensive comparison of the energy efficiency of 
LoRaWAN and Sigfox technologies for IoT. The research 
will contribute to the development of LPWAN technology 
by providing insight into the factors affecting power 
consumption. 

 

3 MATERIALS AND METHODS 
To calculate the battery life, two components are 

needed – the energy source and the consumer. The source 
was Li-ion battery (3.7V, 2000mA / h, 19% self-discharge 
per year). As an energy consumer, a typical solution (use 
case) was taken consisting of a BME280 sensor (Bosch), 
an MCU STM32L073, and an SX1276 modem (for LoRa) 
or AX-SIP-SFEU (for Sigfox). 

Operation of components in different modes shown in 
Figure 4. 
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Figure 4 – Operation of devices in different modes  
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In the work, the message duration was calculated 
depending on the payload size. Since the maximum 
payload size in Sigfox is 12 bytes, then for LoRaWAN this 
value was taken as the maximum (although according to 
the protocol it can be 51–222 byte [16]. 

For our calculations, we will take SF 12 for 
LoRaWAN technology, since it is the least energy 
efficient but has the maximum transmission range. In 
order to put two different technologies (LoRaWAN and 
Sigfox) in the most identical conditions, as far as possible. 
SF is an integer, in the standard it is provided from 12 to 7. 
The higher the SF, the better the noise immunity of the 
line, but the lower the speed and the longer the 
transmission takes on the air. 

For subsequent studies, it is necessary to calculate the 
duration of the preamble. First, let’s find: 
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AirTime represents the duration required to transmit a 

message from an end device to a gateway and depends on 
SF, packet size, coding rate, and other parameters. 
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Next, we calculate the duration of the payload: 
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The calculation of consumption current was carried out 

for each mode individually Sleep, Measurement, Transmit 
(Tx), Receive (Rx).  

 
Table 5 – Consumption Current 

Mode\ 
Component 

MCU Sensor 
Modem 
LoRa 

Modem 
Sigfox 

Sleep 130 0.1 0.2 0.18 
Measurement 230 1.757 0.2 0.18 
Transmit 230 0.1 29 45 
Receive 230 0.1 10.8 14 

 

End node battery life was calculated using the 
following formulas:  
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4 RESULTS 
Figure 6 shows the time on air which shows the 

number of bytes transmitted per second for each SF. 
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Figure 5 – Airtime for each SF  

The results of calculating the power consumption for 
different modes are given in Table 6. 

The paper shows the dependence of the number of 
days of autonomy on the number of messages per day 
(Fig. 6). 

 

Table 6 – Power Consumption Per Day  
LoRaWAN Sigfox 

Parametr 1 
mess/day 

140 
mess/day 

1 
mess/day 

140 
mess/day 

P_sum_sleep, W 
1.725·10–

4 
1.721·10–

4 
1.725·10–

4 
1.72·10–4 

P_sum_meas, W 2.53·10–11 
3.541·10–

9 
2.529·10–

11 
3.54·10–9 

P_sum_tx, W 
2.216·10–

6 
3.103·10–

4 
4.214·10–

6 
5.9·10–4 

P_sum_rx, W 0 (downlink only mode) 
P_sum_total_per
_day, W 

1.748·10–

4 
4.824·10–

4 
1.767·10–

4 
7.62·10–4 

Self-discharge 
per day, W 

1.644·10–4 
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In Fig. 6 shows that for any payload from 1 bit to 12 
bytes, LoRaWAN radio technology is more energy 
efficient for any number of messages per day. At the same 
time, the minimum difference of 5 days of autonomy 
between the considered protocols is observed with 1 
single-bit message per day. And the maximum difference 
was 234 days for 140 12-byte messages per day. 

Figure 7 displays two elements: total power in Sleep 
mode (taking into account battery self-discharge) and total 
power in transmission mode (for minimum and maximum 
payload). For LoRaWAN technology the number of 
messages per day at which these two components are 
equal is in the region of 85 +/–10 messages per day. 
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Figure 6 – Dependence of number of days of autonomy on the 

number of Uplink messages per day  
 

Therefore, to increase the autonomy of the device with 
a small number of messages less frequently (75 messages 
per day), it is necessary to optimize power consumption in 
Sleep mode, in particular, the MCU current, which is two 
to three orders of magnitude higher than other nodes in 
this mode. Consumption in Sleep mode is practically 
independent of the number of messages per day (within 12 
Bytes). 

 

 
Figure 7 –  Endnode power consumption in Sleep mode and  

in Tx mode for LoRaWAN and Sigfox  
 

For Sigfox technology, the number of messages per 
day, when these two components are equal, is in the range 
of about 58 messages per day (+/– 16 messages). 

Moreover, as can be seen from Table 6, the self-
discharge of the battery is proportional to the consumption 
in sleep mode. So, one of the ways to increase autonomy is 
to use a battery with a low self-discharge and ensure the 
optimal operating mode (temperature, humidity). 

In Figure 8 shows the results of the dependence of the 
number of days of autonomy on the size of the payload 
(from 1 bit to 12 bytes) at 1 and 140 messages per. 

From Figure 8, it can be seen that for LoRaWAN, in 
the case of sending 1 message per day, when the payload 

increases, the autonomy time almost does not change (it 
decreases by only 4 days). When transmitting 140 
messages with an increased payload, the battery life will 
decrease by about 85 days (with payload changes ranging 
from 1 bit to 12 bytes). Similarly, for Sigfox, which sends 
1 message per day, the battery life decreases by 18.5 days 
as the payload increases. If you transmit 140 messages, it 
will decrease by about 209 days. In general, it can be seen 
that LoRaWAN maintains autonomy longer than Sigfox. 

When sending 1 message, the autonomy of LoRaWAN 
and Sigfox is almost the same (in Sigfox, only 5 days less 
autonomy), but with increasing payload, the autonomy of 
Sigfox is significantly reduced. 
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Figure 8 – Dependence of a number of days of autonomy on ther 
number of payloads at 1 and 140 messages per day 

 

It should be said that previous results for Sigfox were 
obtained for transmission of each message without 
repetitions (Nrep = 1). In order to increase the reliability of 
message delivery from the end node to the base station, the 
Sigfox standard provides a mode for repeating the same 
message three times. In this case, the autonomy of the 
device will be even lower (Figure 9). 

As can be seen from Figure 9, the reduction in the 
number of autonomous days can reach up to 60% in the 
case of sending 140 12-byte messages per day, and is not 
significant when the number of messages is less than 5 per 
day. 
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Figure 9 – Downtime reduction for Sigfox device when 

using Nrep = 3 instead of Nrep = 1 from number of messages 
per day for different payload sizes  
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5 DISCUSSION 
The results of this comparative study show that 

LoRaWAN technology outperforms Sigfox in terms of 
energy efficiency for IoT. The comparison was based on 
the energy consumption of each technology during the 
transmission and reception of data packets. 

However, it should be noted that the energy efficiency 
of LPWAN technologies can be influenced by various 
factors, such as the number of devices in the network, the 
distance between devices and gateways, the type of data 
transmitted, and environmental conditions. Therefore, the 
results of this study should be interpreted cautiously, and 
their generalization should be limited to specific 
conditions and scenarios in which the tests were 
conducted. 

The practical significance of the obtained results is 
essential, especially for IoT, where there is a requirement 
for end devices to work for a long time without frequent 
battery replacement. Our results show that LoRaWAN is 
the best choice for such applications, as it can extend the 
battery life of devices and reduce network maintenance 
costs. In addition, the feasibility of further research into 
energy-efficient LPWAN technologies is justified by the 
growing demand for IoT solutions in various industries, 
including smart cities, healthcare, and logistics. 

Finally, this comparative study demonstrated the 
energy efficiency of LoRaWAN and Sigfox technologies 
for IoT applications. Although LoRaWAN was found to 
be more energy efficient than Sigfox, the results should be 
interpreted in the context of specific settings and 
scenarios in which the tests were conducted. The study 
provides valuable information for researchers, 
practitioners, and decision-makers in choosing the most 
appropriate LPWAN technology for their IoT 
applications. 

 
CONCLUSIONS 

This benchmarking study aimed to compare the 
energy efficiency of LoRaWAN and Sigfox IoT 
technologies to determine which technology is best suited 
for autonomous solutions requiring long battery life. The 
study showed that the main sources of energy 
consumption were sleep mode and transmission mode. In 
addition, losses from self-discharge of lithium-ion 
batteries were equal to energy consumption in these 
modes. The advantage of sending one large message over 
multiple small messages of the same overall size has also 
been highlighted in terms of energy efficiency. 

The results showed that LoRaWAN outperforms 
Sigfox in terms of energy efficiency. In particular, the 
size of any payload of LoRaWAN radio technology from 
1 bit to 12 bytes was more energy efficient. Moreover, 
LoRaWAN provided additional energy optimization 
mechanisms such as data rate variation, including 
adaptive data rate, class B and C end node capability, and 
a much larger maximum payload size. The obtained 
simulation results agree with the experimental results 
published in [19]. 

It should be noted that, in addition to energy 
efficiency, properties such as immunity to interference, 
maximum network bandwidth, and price policy of 
communication operators are also important for 
consumers. 

Thus, the study found that LoRaWAN is the best 
LPWAN technology for IoT applications requiring long 
battery life. The results of the study can be used in the 
selection of LPWAN technologies for such applications. 
The scientific novelty of the results lies in the 
comprehensive and comparative analysis of the energy 
efficiency of two LPWAN technologies for autonomous 
IoT solutions. 

The practical significance of the results lies in the 
possibility of saving costs and increasing the productivity 
of IoT devices using LPWAN technologies. The results 
can be used to select and optimize LPWAN technologies 
for autonomous IoT applications. 

Further research can be conducted to examine the 
trade-offs between energy efficiency, network bandwidth, 
and immunity to interference in LPWAN technologies. 
Additionally, future research could explore the integration 
of multiple LPWAN technologies to improve 
performance in complex IoT applications. 
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АНОТАЦІЯ 

Актуальність. Поява Інтернету речей (IoT) спричинила розробку різних технологій глобальної мережі з низьким 
енергоспоживанням (LPWAN), які призначені для забезпечення передачі невеликих пакетів даних на великі відстані при 
мінімальному споживанні енергії. Двома найбільш відомими технологіями LPWAN є LoRaWAN та Sigfox. Це дослідження 
спрямоване на порівняння енергоефективності цих двох технологій, щоб визначити їхню придатність для використання в 
автономних рішеннях. 

Мета. Метою цього дослідження є порівняння енергоефективності технологій LoRaWAN та Sigfox для пристроїв IoT. 
Порівняння допоможе визначити, яка технологія краща для автономних рішень, коли пристрої повинні працювати протягом 
тривалого часу без частої заміни батареї. 

Метод. У роботі враховуючи специфікації досліджуємих радіотехнологій використовується математичне моделювання 
часу передачі або прийому даних в залежності від корисного навантаження, інформацію про струми споживання взято з 
офіційних специфікацій на компоненти досліджуваних пристроїв. 

Результати. Результати дослідження показують, що і LoRaWAN, і Sigfox є енергозберігаючими технологіями, але 
LoRaWAN загалом енергоефективний, ніж Sigfox. Крім того, LoRaWAN має адаптивні режими та значно більше ручних 
налаштувань, що в деяких випадках ще додатково зменшить енергію на біт даних в порівняні з Sigfox.  

Висновки. LoRaWAN є найкращим вибором для автономних рішень, де енергоефективність має вирішальне значення. 
Це дослідження дає цінну інформацію проектувальникам і розробникам пристроїв IoT, дозволяючи їм приймати 
обґрунтовані рішення при виборі технологій LPWAN для своїх автономних рішень. 

КЛЮЧОВІ СЛОВА: LoRaWAN, Sigfox, LPWAN, модем, енергоспоживання, автономність, IoT. 
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МЕТОД СИНТЕЗУ РАДІОТЕХНІЧНИХ CЛІДКУВАЛЬНИХ СИСТЕМ 
ВИСОКОЇ ТОЧНОСТІ З РОЗДІЛЕНИМИ ПРОЦЕДУРАМИ 

УПРАВЛІННЯ І ФІЛЬТРАЦІЇ 
 

Ревенко В. Б. – канд. техн. наук, доцент, доцент кафедри електротехніки і електроніки Житомирського вій-
ськового інституту імені С. П. Корольова, Житомир, Україна. 

Каращук Н. М. – канд. техн. наук, доцент, старший викладач кафедри телекомунікацій та радіотехніки Жи-
томирського військового інституту імені С. П. Корольова, Житомир, Україна. 

 
АНОТАЦІЯ 

Актуальність. У комбінованих системах автоматичного управління (САУ) з принципом керування за збуренням вини-
кають труднощі контролю збурень у деяких об’єктах радіотехнічних систем та дещо менша точність. Це особливо помітно, 
коли на об’єкт діє кілька рівноцінних збурень, врахування яких потребує підвищення складності і зменшення надійності 
САУ. А нехтування різко знижує точність системи. Тому є необхідність у розробці методу синтезу радіотехнічних слідкува-
льних систем, який усуває вказані недоліки. 

Мета. Розробка методу синтезу автоматичних слідкувальних систем високої точності із розділеними процедурами 
управління та фільтрації в умовах, коли величина, яка управляється, не вимірюється (вхідний корисний вплив), при наявно-
сті збурень для побудови слідкувальних систем (особливо радіотехнічних, де вхідна корисна дія не вимірюється, а тому 
комбіноване управління не можливе). 

Метод. Для досягнення мети дослідження використовувалися методи теорії автоматичного управління.  
Результати. Показано, що в слідкувальних САУ, які працюють за відхиленням існує протиріччя між умовами розділь-

ного синтезу фільтра оцінювання (зглажування) і фільтра (регулятора) управління.  
Запропоновано рішення задачі управління і оцінювання в рамках двоконтурних систем, еквівалентних комбінованим си-

стемам. Другий контур можна представити добутком зворотної передаточної функції за помилкою першого контуру на пе-
редаточну функцію регулятора, охопленого позитивним зворотнім зв’язком, а також на зворотну передаточну функцію 
об’єкту управління без інтегруючих ланок. Запропоновано замість розімкнутого регулятора застосувати фільтр оцінювання 
з передаточною функцією замкнутого фільтра для отримання оцінки. 

Характеристичний поліном двоконтурної системи автоматичного управління виключає вплив стійкого фільтра оціню-
вання другого контуру на стійкість всієї САУ. Поліном чисельника передаточної функції за помилкою повинен мати різни-
цю поліномів, що забезпечує досягнення інваріантності.  

Двоконтурна САУ являється еквівалентною комбінованій, так як в ній забезпечується: інваріантність помилки відносно 
задавальної дії без безпосереднього її вимірювання; cтійкість першого контуру при стійкому другому контурі. 

Синтезована двоконтурна САУ, еквівалентна комбінованій. Розрахований та побудований фільтр оцінювання, проведе-
ний аналіз впливу цього фільтра на астатизм САУ (тобто на її точність). 

Висновки. Наукова новизна розробленого методу синтезу автоматичних слідкувальних систем високої точності із роз-
діленими процедурами управління та фільтрації в умовах, коли величина, яка управляється, не вимірюється при наявності 
збурень полягає в тому, що еквівалентність комбінованим системам, на відміну від методів диференціальних зв’язків, дося-
гається не трьома, а двома контурами управління. Практична значущість полягає в тому, що запропонований метод доціль-
но застосовувати для побудови слідкувальних радіотехнічних систем, де вхідна корисна дія не вимірюється при наявності 
зовнішніх впливів та збурень, в системах управління літальними апаратами. 

КЛЮЧОВІ СЛОВА: радіотехнічні слідкувальні системи; висока точність; метод синтезу; системи автоматичного 
управління; передаточна функція; інваріантність; пристрій управління; об’єкт управління; фільтр оцінювання; контур; регу-
лятор. 

 

АБРЕВІАТУРИ 
CАУ – система автоматичного управління; 
ПФ – передаточна функція. 

 
НОМЕНКЛАТУРА 

 pA  – поліном, який впливає на управління; 

 рА1  – поліном чисельника ПФ за помилкою од-

ноконтурної системи (рис. 2) [14]; 
 рАк  – поліном чисельника ПФ еквівалентної 

комбінованій САУ за помилкою цієї ж системи; 
 pВ  – поліном, який впливає на оцінювання; 

 рB 2рег  – поліном ПФ регулятора 2 (рис. 2) [14]; 

 pC  – характеристичний поліном замкнутої слід-

кувальної САУ; 
 рС1  – поліном знаменника ПФ одноконтурної 

системи (рис. 2) [14] ; 
 рСк  – характеристичний поліном системи, екві-

валентної комбінованій САУ;  
 рC 2рег  – поліном ПФ регулятора 2 (рис. 2) [14]; 

 tF  – невідома функція часу; 

 tg  – адитивна суміш задавального впливу  tх  та 

збурення  tf ; 

I  – одинична матриця;  
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 tP11 ,  tP21  – елементи кореляційної матриці по-

милки фільтрації, які визначаються із відомого рів-
няння Рикатті [6];  

  1 API  – зворотна характеристична матриця 
стану, яка виражається через під’єднану матрицю 

 ^API  ; 

 tu~  – нев’язка управління;  

 pWОУ  – передаточна функція об’єкту управлін-

ня; 
 pWрег  – передаточна функція регулятора; 

 pWф  
– передаточна функція фільтра;  

 tх  – оцінка задавального впливу;   
2
f  – дисперсія збурення  tf . 

 
ВСТУП 

Підвищення точності автоматичних систем є одні-
єю із основних проблем теорії автоматичного управ-
ління. Найбільш перспективними в цьому відношенні 
є клас комбінованих систем, в яких одночасно реалі-
зовані принципи управління за відхиленням та за за-
давальною дією. Значні можливості підвищення точ-
ності відтворення в цих системах пояснюються відсу-
тністю протиріччя між умовами інваріантності та 
стійкості. Математичною основою побудови високо-
якісних комбінованих САУ, в яких можливо досягну-
ти незалежності (інваріантності) управляємої величи-
ни від збурення та точного відтворення задавальної 
дії, є теорія інваріантності. Тому досягнення інваріан-
тності без порушення стійкості дозволяє підвищити 
точність відтворення [3, 4, 9, 18]. 

Досягнення інваріантності (високої точності) без 
порушення стійкості систем автоматичного управлін-
ня розглядається в значній кількості робіт, наприклад 
[1–3, 5, 7, 11–13, 15, 17–35]. Проблема адаптивного 
нейронного управління із слідкуванням за зворотним 
зв’язком за виходом для класу невизначених неліній-
них систем, які не перемикаються в структурі нестро-
гого зворотного зв’язку з середнім часом затримки, 
досліджується в [22]. В [23] розглянуто проблему 
адаптивного нейронного управління стійкого до 
відмов для класу нелінійних систем з невизначеною 
комутацією і нестрогим зворотним зв’язком із ди-
намікою та станами, які не моделюються та не 
вимірюються. Адаптивні стратегії навчання нейрон-
них мереж на основі консенсусних стратегій управ-
ління запропоновані в [26]. 

Адаптивне управління потребує вхідного впливу, 
який вимірюється. Також підвищується складність 
реалізації для отримання високої точності. У випадку, 
коли вхідний вплив не вимірюється (невідомий) адап-
тивні алгоритми не завжди доцільні. 

Краще всього подібні задачі розв’язуються в класі 
комбінованих автоматичних систем, що працюють за 
помилкою і задавальним (збурюючим) впливом за 
наявності перешкод [4, 16, 31–35]. Комбінований ал-

горитм управління стендом для випробовування мік-
рогравітаційного середовища літального апарату мо-
же ефективно скоротити час маневру із збереженням 
високоточного управління, враховуючи вимоги мане-
вру під великим кутом, запропоновано в [21]. 

У слідкувальних САУ, які працюють за відхилен-
ням, існують протиріччя між умовами роздільного 
синтезу фільтрів оцінювання та управління [11–14].  

В умовах, якщо зовнішні впливи (задавальний та 
збурюючий) не вимірюються, доцільно використову-
вати теорію САУ, які еквівалентні комбінованим ав-
томатичним системам (з точки зору інваріантності та 
стійкості) та реалізують метод диференціальних 
зв’язків, або оцінювання змінних станів розширеного 
об’єкту. 

Об’єктом дослідження є автоматичні слідкуваль-
ні системи з непрямим вимірюванням зовнішніх дій.  

Предметом дослідження – принципи та методи 
теорії автоматичного управління і обробки інформа-
ції.  

Метою статті є розробка методу синтезу автома-
тичних слідкувальних систем високої точності із роз-
діленими процедурами управління та фільтрації в 
умовах, коли величина, яка управляється, не вимірю-
ється (вхідний корисний вплив), при наявності збу-
рень для побудови слідкувальних систем (особливо 
радіотехнічних, де вхідна корисна дія не вимірюється, 
а тому комбіноване управління не можливе). 

 
1 ПОСТАНОВКА ЗАВДАННЯ 

У [14] отримано умови інваріантності одноконту-
рної САУ (рис. 1). Зокрема передаточну функцію за 
помилкою управління (1) та (2), умову інваріантності 
(3), характеристичне рівняння (4) [14]. Показано за 
допомогою виразів (3), (4), що умова інваріантності 
входить в характеристичне рівняння, тому досягнення 
умов інваріантності пов’язане із зміною характерис-
тичного рівняння, тобто із зміною коренів на компле-
ксній площині p [14]. Тому в одноконтурній САУ не 
можливо досягти інваріантності без зміни стійкості 
системи.  

Відомо, що задача синтезу слідкувальних САУ ча-
сто ставиться як задача оцінювання. Це пояснюється 
наступним чином: 

– на вході слідкувальної САУ разом із задаваль-
ним (корисним) впливом присутні збурення та пере-
шкоди, які необхідно відфільтрувати від задавального 
впливу; 

– враховуючи, що в слідкувальних САУ задаваль-
ний вплив часто безпосередньо не вимірюється, необ-
хідно даний фільтр ставити в замкнутий контур 
управління та синтезувати його за всіма правилами 
теорії оцінювання [6]. 

Структурна схема одноконтурної слідкувальної 
САУ з фільтром оцінювання всередині контуру 
управління показана на рис. 1. 
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     tftxtg   

 tu  

 tx̂  

 t~  

 pWрег  

 pWô      

 pWОУ  

 tu~  

 
Рисунок 1 – Структурна схема одноконтурної 
слідкувальної САУ з фільтром оцінювання 

всередині контуру 
 

Покажемо, що в слідкувальних САУ, які працю-
ють за відхиленням, існує протиріччя між умовами 
роздільного синтезу фільтра оцінювання (згладжу-
вання) і фільтра (регулятора) управління.  

Для цього введемо нев’язку оцінювання 
 

     txtgt
~ . (1)

 
Відношення нев’язки управління  tu~  до вхідного 

впливу  tg  визначимо у вигляді передаточної функ-

ції за помилкою, тобто  
 

 
 

 
 pC

pA

tg

tu


~
, 

dt

d
p  . (2)

 
Відношення нев’язки оцінювання  t~  до вхідного 

впливу  tg  визначимо аналогічно, тобто  

 
 
 

 
 pC

pВ

tg

t


~ , 
dt

d
p  . (3)

 
Із (1) маємо наступний вираз для оцінки 

 
     ttgtx  ~

 (4)
 
яка повинна (відповідно до рис. 1) формуватися за 
нев’язкою управління  tu~ . 

Необхідний процес для отримання  tg  із нев’язки 

 tu~  маємо із (2) 

 

   
   tu
pА

pС
tg ~ , 

dt

d
p  , (5)

 
а аналогічний необхідний процес для  t~  – із (3) з 

урахуванням (5), тобто 
 

   
   tu
pА

pB
t ~~  , 

dt

d
p  . (6)

 
Підставляючи праві частини (5) і (6) в (4), маємо 

 

     
   tu
pА

pBpC
tx ~
 , 

dt

d
p  , (7)

 
звідки передаточна функція фільтру оцінювання на-
ступна 
 

     
 pА

pBpC
рW


ф . (8)

 
З іншого боку, передаточна функція за помилкою 

(нев’язкою управління) буде 
 

 
       pWpWpWpС

pА

ОУрегф1

1


 . (9)

Звідки 
 

           рСpWpWpWpАpА  ОУрегф , 

 

     
     .ОУф

рег pWpWpА

pАрС
pW


  (10)

 
Підставляючи в (10) вираз (8) для передаточної 

функції фільтра, маємо 
 

     
      .ОУ

рег pWpАрС

pАрС
pW




  (11)

 
Із аналізу виразів (8) для фільтра та (11) для регу-

лятора видно, що всі три поліноми  pА ,  рВ ,  рС  

входять в ці структури, що не дозволяє отримати роз-
дільний синтез як фільтра оцінювання, так і фільтра 
(регулятора) управління. 

Навіть якщо при синтезі регулятора будуть задіяні 
тільки два поліноми  pА  та  рС . то для синтезу 

фільтра оцінювання буде залишатися вільним тільки 
поліном  рВ , що недостатньо для побудови оптима-

льного фільтра оцінювання [6]. Тому в слідкувальних 
САУ, які працюють за відхиленням, існує протиріччя 
між умовами роздільного синтезу фільтрів оцінюван-
ня та управління.  
 

2 ОГЛЯД ЛІТЕРАТУРИ 
Відомо ряд робіт про методи синтезу регуляторів 

комбінованих САУ та їх місце розташування в розі-
мкнутих каналах (у зв’язках за задавальним та збу-
рюючим впливами).  

Так, наприклад, задача синтезу систем, яка дозво-
ляє компенсувати дію збурень, сформована Г. В. Щи-
пановим. В. С. Кулебакиним та Б. Г. Петровим вказані 
шляхи практичної реалізації компенсації [1, 7–9]. 

Методи синтезу регуляторів при компенсації зов-
нішніх збурень та відновленні задавальних впливів із 
умов досягнення інваріантності помилки відносно 
даних впливів розглянуті А. Г. Івахненко, Г. Ф. Зай-
цевим, Б. М. Менским для комбінованих САУ, а та-
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кож для САУ еквівалентних комбінованим автомати-
чним системам (з точки зору стійкості). 

Застосування величини, яка управляється (виходу 
системи) для побудови систем, еквівалентних комбі-
нованим потребує додаткових апаратурних затрат та 
вносить додаткові помилки вимірювання величини, 
яка управляється.  

 
3 МАТЕРІАЛИ І МЕТОДИ 

Відомо, що слідкувальна система – автоматична 
система, мета якої полягає у формуванні величини, 
яка управляється згідно з невідомою вхідною функці-
єю часу: 
 

    допст),()(  tytxtFtx , 

 
де  tF  – невідома функція часу. 

У слідкувальній системі величина, що управляєть-
ся, повинна слідкувати за задавальною дією, яка пла-
вно змінюється, але є невідомою функцією часу. 

В САУ для організації управління найчастіше вхі-
дний сигнал  tx  порівнюється із сигналом зворотно-

го зв’язку  tyзз . Як правило, в слідкувальних систе-

мах реалізований принцип управління за відхиленням.  
Сучасні системи автоматичного управління висо-

кої точності будуються на основі принципу комбіно-
ваного управління, тобто сполучення принципів за 
відхиленням та задавальною дією, за відхиленням та 
за збуренням, за відхиленням та задавальною дією та 
за збуренням та ін. 

При цьому точність роботи комбінованих систем, 
як правило, вища, ніж у системах, де реалізується 
один принцип управління. 

Якщо вхідна корисна дія не вимірюється (невідо-
ма), то комбіноване управління, сполучення принци-
пів за відхиленням (похибкою) та задавальною дією, 
не можливе [4, 5, 14, 18]. 

Відомо, що для отримання комбінованого управ-
ління кu  необхідно мати дві складові [4, 16, 18]   

 
   xuuu 21к  , 

 
де складова 1u  залежить від похибки   (перший кон-

тур), а 2u  – від задавального впливу x  (другий кон-

тур).  
Враховуючи, що в системах еквівалентних комбі-

нованим задавальний вплив безпосередньо не вимі-
рюється, то зробимо наступним чином. Задавальний 
вплив X  можна отримати із сигналу похибки к  си-

стеми, еквівалентної комбінованій САУ [10]. 
Використовуючи відношення 
 

 
 

 
 pC

pA

pX

p

к

кк 


, 

отримаємо 

   
   p
pA

pC
pX к

к

к   (12)

 
У [14] розв’язання задачі управління розглянуто в 

рамках двоконтурних систем, еквівалентних комбіно-
ваним системам (рис. 2), в яких перший блок другого 
контуру здійснює операцію виведення х  із к  за ви-

разом (12). 
                                                                                      

 рк   pu2  

p  

  

 рх   
 pА

pС

1

1
 

 
 pС

pВ

рег2

2рег
  pWОУ

1
 

 
Рисунок 2 – Структурна схема розімкнутого  
другого контуру із замкнутим регулятором 

 
Передаточну функцію другого регулятора (другий 

блок другого контуру) задано наступним виразом  
 

   
 pС

pB
pW

2рег

2рег
2рег  . (13)

 
Третій блок здійснює інверсію передаточної функ-

ції об’єкту управління  pWОУ . 

Отримано інваріантність без порушення стійкості 
першого контуру (рис. 2) [14].  

Характеристичний поліном  pCк  двоконтурної 

САУ має вид 
 

     pCpСpСк 2рег1 . (14)

 
Це усуває вплив другого контуру на стійкість 

першого. 
Розглянута двоконтурна САУ в [14] еквівалентна 

комбінованій САУ, оскільки в ній забезпечуються: 
інваріантність помилки відносно задавального 

впливу без безпосереднього його вимірювання; 
стійкість першого контуру за умовою стійкого 

другого контуру. 
До структурної схеми розімкнутого другого кон-

туру (рис. 2) [14] з урахуванням (13), (14) та (15) від-
носиться добуток наступних передаточних функцій 
(без урахування  pWОУ

1 ): 

 
 
       

      
 
  .2рег

2рег

2рег2рег1

2рег1
2рег

к

к

рС

рВ

ррВpCpА

pCpС
рW

pА

pС


  

 
Після ділення чисельника та знаменника на 

 pC2
2рег  отримаємо: 
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 
     

 
   
   

.
1 2рег2рег

2рег2рег

1

1
2рег

к

к

рСррВ

pCрВ

pА

pС
рW

pА

pС






 

 
Другий співмножник представляє собою регулятор 

2, охоплений позитивним зворотнім зв’язком з інтег-
руючою ланкою  -го порядку (рис. 2). 

Відповідно, другий контур представляє собою до-
буток зворотної передаточної функції за помилкою 
першого контуру на передаточну функцію регулятора 
2, охопленого позитивним зворотнім зв’язком із опе-

ратором р , а також на зворотну передаточну фун-

кцію об’єкту управління без інтегруючих ланок. 
У реальних умовах роботи часто на задавальний 

вплив  tх  накладається збурення, тому необхідна 

процедура його фільтрації (рис. 2) [14] та подальшого 
формування управління  tu2  на основі оцінки  tх . 

Нехай структурна схема одноконтурної САУ має 
вид (рис. 3). 
                                                                                       

 tg   ty  


ðÒ

ê

21  

 tu1  

ðÒ11

1

  ð

1
 

 
Рисунок 3 – Структурна схема одноконтурної САУ 

 
Вхідний вплив  tg  представляє собою адитивну 

суміш лінійного задавального впливу  tх  та збурен-

ня  tf  з нормальним законом розподілу, тобто 
 

     tftxtg  ,   ,tvtx 

 

   .,0: 2
fNtf   (15)

 

Необхідно розробити структурну схему двоконту-
рної САУ, еквівалентну комбінованій. 

За даними спостереження за процесом  t , розра-

хувати та побудувати фільтр оцінювання процесу 
 tх . Крім того, необхідно також провести аналіз 

впливу цього фільтру на астатизм САУ (тобто на її 
точність). 
 

4 ЕКСПЕРИМЕНТИ 
Виходячи із поставленого завдання, виберемо дво-

контурну САУ, рис. 1 та рис. 2 [14], в якій: 
– замість задавального впливу  tх  має місце вхід-

ний вплив  tg  (15); 

– замість розімкненого регулятора [14], охоплено-
го позитивним зворотнім зв’язком за інтегратором 
(рис. 2), необхідно використати фільтр оцінювання із 
передаточною функцією замкнутого фільтра 

 tpW ,ЗФ . 

Перетворена схема (рис. 2) [14] для розв’язання 
задачі оцінювання задавального впливу  tх  приведе-

на на рис. 4. 
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Рисунок 4 – Структурна схема двоконтурної САУ, екві-

валентної комбінованій, із замкненим фільтром оцінювання 
у другому контурі 

 

В якості фільтра оцінювання виберемо векторно-
матричний безперервний фільтр Р. Калмана, зображе-
ний на рис. 5. 
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Рисунок 5 – Структурна схема безперервного  

фільтра Р. Калмана із скалярним виходом  tх  

 
Матриці стану А , спостереження С  та ваги  tК  

для вхідної моделі (15) мають вид 
 

00

10
А , 01С ,    

  2
21

2
11

f

f

tP

tP
tK




 , (16)

 

     
         ,1 tBtQtBtCPRCtP

tPAAtPtP
TT

T







  

  .0 0PP   
(17)

 
За відсутності збурюючого впливу на вектор стану 

 tх , матриці  tQ  та  tB  дорівнюють нулю. 

Із рис. 5 видно, що відношення зображення оцінки 
 рх  до зображення вхідного процесу  рg  утворю-

ють передаточну функцію замкнутого фільтра 
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  API
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Замінивши зворотну характеристичну матрицю 

стану у виразі (18) на праву частину виразу (19), 
отримаємо 

 

     
   tKAPIC

tKAPIC
tpW

^

^

ЗФ ,



  (20)

 
де чисельник  

 

     tpBtKAPIC ,Ф
^   (21)

 
– поліном чисельника оптимального фільтра, а 

знаменник 
 

     tpCtKAPIC ,Ф
^   (22)

 
– поліном знаменника оптимального фільтра. 
Тоді різниця між поліномами фільтра 
 

   
        .
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ФФ









ptKAPICtKAPIC

рtpBtpC  (23)

 
Із аналізу виразу (23) випливає, що якщо б аста-

тизм першого контуру дорівнював нулю ( 0 ), то 
вказана різниця дорівнювала  . 

Для випадку, який розглядається 
 

  .
0

1
detdet 2p

p

p
API 







 
  (24)

 
Тоді поліном чисельника передаточної функції 

двоконтурної системи за помилкою 
 

    .2
1к ррАрA   (25)

 
При цьому астатизм підвищується на два порядки 

( 2 ), тобто двоконтурна САУ рис. 4. крім 
розв’язання задачі оцінювання задавального впливу 

приводить до підвищення астатизму на два порядки, 
якщо б в першому контурі не було астатизму. При 
цьому сам фільтр стійкий і не впливає на стійкість 
першого контуру. В чому легко переконатися, якщо 
знайти поліном  tpС ,Ф  за виразом (22). 

Послідовність визначення приєднаної матриці на-
ступна:  
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Тоді відповідно до (22), (16), (24) та (26) 
 

     ,, 2111
2 tКptКрtpCФ   (27)
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елементи вагової матриці  .tK  

Характеристичний поліном двоконтурної САУ має 
вид 

 
     ,,, Ф1к tрСрСtpC   (29)

 
що виключає вплив стійкого фільтра оцінювання на 
стійкість всієї САУ. 

Відповідно до поставленої задачі розглянемо 
вплив фільтра на точність САУ при наявності в пер-
шому контурі астатизму першого порядку ( 1 ). 

Аналіз лівої частини виразу (23) показує, що при 
1  необхідно в поліномі  tpВ ,Ф  мати множник p . 

Це стає можливим, якщо передаточну функцію за-
мкнутого фільтра помножити на похідну, яка фізично 
реалізується 

 

,
1 р

р


  (30)

тобто 
 

   
  ,

1,

,
,

ф

ф
ЗФ p

p

tpC

tpВ
tpW




  (31)

 
де  tpC ,Ф  визначається виразом (27), а вираз для 

 tpВ ,Ф  на основі (21) прийме вигляд 

 
     ., 2111ф tКptКtpВ   (32)

 
Тоді структурна схема розімкненого другого кон-

туру в САУ рис. 4. прийме вигляд. рис. 6. 
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Рисунок 6 – Структурна схема розімкненого другого контуру із похідною,  

яка фізично реалізується 
 
Складемо добуток наступних поліномів: 
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Знову складемо перетворену різницю між полі-

номами фільтра (як ліва частина виразу (23)): 
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Якщо 1  із (33) маємо 
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Через наявність вільного множника р , поліном 

чисельника передаточної функції двоконтурної сис-
теми за помилкою має вигляд 

 
   

     ,1 2111
2

1к

tКрtКрр

pApА




 (34)

 
що свідчить про підвищення порядку астатизму на 
одиницю ( 1 ). При цьому характеристичний 
поліном двоконтурної САУ  

 
      ,1,, Ф1 ptрCpCtpСк   (35)

 
звідки видно, що порівняно із виразом (29), в системі 
з’являється один новий стійкий корінь – 1 , який не 

впливає на стійкість двоконтурної САУ.  
Таким чином, запропонований метод доцільно за-

стосовувати для побудови радіотехнічних систем (в 
системах управління трафіком високошвидкісних 
мультисервісних мереж зв’язку), у системах управ-

ління літальними апаратами різного призначення 
(безпілотними літальними апаратами, квадрокопте-
рами, штучними супутниками Землі, літаками різно-
го призначення). 

 
5 РЕЗУЛЬТАТИ 

Синтезована двоконтурна САУ, еквівалентна 
комбінованій. Розрахований та побудований фільтр 
оцінювання (рис. 5), проведений аналіз впливу цього 
фільтра на астатизм САУ (тобто на її точність). По-
ліноми  ,,Ф tpB

 
 ,,Ф tpC

 
 ,,к tpA

 
 tpС ,к  при різ-

них значеннях астатизму першого контуру наведено 
в таблиці 1. 

 
Таблиця 1 – Поліноми передаточних функцій САУ 
  0 1 
 tpB ,Ф     tKptK 2111        ptKptK  2111  

 tpCФ ,     tKptKp 2111
2 
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1 ppA  

   
 tKp

tKpppA

21

11
2

1 1


  

 tpС ,к     tрCpC ,Ф1      ptрCpC 1,Ф1  

 
Порівняльна оцінка ефективності синтезованої 

системи з існуючою проведена аналітичним методом 
[23, 31–35] та методом математичного моделювання, 
при подачі на вхід одиничного перепаду швидкості 
(стрибок за швидкістю). На рис. 7 наведені графіки 
перехідних процесів: 1 – для існуючої системи; 2 – 
для системи, синтезованої за даним методом. 

 

 
Рисунок 7 – Графіки перехідних процесів 

 
Порівняльний аналіз показує, що при однакових 

умовах роботи показники якості перехідного процесу 
синтезованої системи вищі.  

Результати моделювання слідкувальних систем з 
фільтрами (регуляторами) управління та оцінювання 
показали їх значну ефективність. 
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При застосуванні синтезованої двохконтурної 
САУ підвищується також точність супроводження, 
особливо маневруючих об’єктів, і тому зменшується 
можливість зриву супроводження. 

 
6 ОБГОВОРЕННЯ 

1. Запропонований метод синтезу двоконтурних 
систем, еквівалентних комбінованим, з розділеними 
процедурами управління та фільтрації, в умовах на-
явності одночасно як вхідного (задавального) впливу, 
так і зовнішніх впливів та збурень. 

2. Розроблений метод дозволяє синтезувати слід-
кувальні САУ високої точності, еквівалентні комбі-
нованим, в умовах, якщо управляюча величина не 
вимірюється (вхідна корисна дія). 

3. В даному апараті побудови САУ, еквівалент-
ність комбінованим системам, на відміну від методу 
диференціальних зв’язків, досягається не трьома, а 
двома контурами управління. 

4. Розроблений метод дозволяє здійснити розді-
льний синтез фільтрів оцінювання у двоконтурних 
слідкувальних САУ, еквівалентних комбінованим. 

5. Синтезована двоконтурна САУ, еквівалентна 
комбінованій. Розрахований та побудований фільтр 
оцінювання, здійснений аналіз впливу цього фільтру 
на астатизм САУ (тобто на її точність). 

 
ВИСНОВКИ 

Наукова новизна отриманих результатів прове-
деного дослідження полягає в розробленні методу 
синтезу слідкувальних САУ високої точності, еквіва-
лентних комбінованим, в умовах, якщо управляюча 
величина не вимірюється (вхідна корисна дія). Екві-
валентність комбінованим системам, на відміну від 
методу диференціальних зв’язків, досягається не 
трьома, а двома контурами управління. Розроблений 
метод дозволяє здійснити роздільний синтез фільтрів 
оцінювання у двоконтурних слідкувальних САУ, 
еквівалентних комбінованим. 

Запропонований метод доцільно застосовувати 
для побудови слідкувальних систем (особливо радіо-
технічних, де вхідна корисна дія не вимірюється при 
наявності зовнішніх впливів та збурень, а тому і ком-
біноване управління не можливе), а також в системах 
управління літальними апаратами різного призна-
чення. 

Перспективи подальших досліджень в даному 
напрямку полягають у застосуванні запропонованого 
методу синтезу для дискретних САУ та при розробці 
систем управління літальними апаратами різного 
призначення. 
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ABSTRACT 

Context. In combined automatic control systems (ACS) with the principle of control by disturbance, there are difficulties in 
controlling disturbances in some objects of radio engineering systems and somewhat lower accuracy. This is especially noticeable 
when the object is affected by several equal disturbances. Taking them into account requires increasing the complexity and reducing 
the reliability of the ACS. And neglect sharply reduces the accuracy of the system. Therefore, there is a need to develop a method of 
synthesis of radio technical tracking systems that eliminates the indicated shortcomings. 

Objective. The article presents a synthesis method for high precision radio tracking systems, which are equivalent to combined 
systems with split control and filtering procedures when the entry useful (preset) action, which is not measured and external distur-
bances and interferences are present simultaneously. 

Method. Methods of automatic control theory were used to achieve the goal of the research. 
Results. It has been demonstrated that there is a conflict between the conditions for split synthesis of the evaluation (smoothing) 

filter and the control filter (regulator) in automatic tracking control systems operating with deviation.  
The article offers a solution to the problem of control and evaluation in the framework of two-circuit systems, which are equiva-

lent to combined systems. The second circuit can be presented as a product of a reverse transfer function with an error in the first 

45



p-ISSN 1607-3274   Радіоелектроніка, інформатика, управління. 2023. № 3 
e-ISSN 2313-688X  Radio Electronics, Computer Science, Control. 2023. № 3 

 
 

© Ревенко В. Б., Каращук Н. М., 2023 
DOI 10.15588/1607-3274-2023-3-4  
 

circuit to the transfer function of Controller, which has a positive feedback from the operator, as well as the reverse transfer function 
of the control object without integrating links. It is proposed to use  for evaluation an evaluation filter with closed filter transfer func-
tion instead of an open regulator. 

The characteristic polynomial of a two-circuit automatic control system (ACS) excludes the influence of the stable second-circuit 
evaluation filter on the stability of the entire ACS. The polynomial of the numerator of the transfer function must have the difference 
of polynomials by error, which ensures the achievement of invariance.  

A double-circuit ACS is equivalent to a combined one, since it provides the following: invariance of the error with respect to the 
preset action without directly measuring it; stability of the first circuit with a stable second circuit. 

The synthesized double-circuit ACS is equivalent to a combined one. The author has calculated and constructed the evaluation 
filter, the influence of this filter on ACS astatism (i. e., on its accuracy) has been analyzed. 

Conclusions. The scientific novelty of the developed method of synthesis of high-precision automatic tracking systems with 
separate control and filtering procedures in conditions where the controlled value is not measured in the presence of disturbances is 
as follows. Equivalence to combined systems, in contrast to the methods of differential connections, is achieved not by three, but by 
two control loops. The practical significance lies in the fact that the proposed method is advisable to use for the construction of 
surveillance radio engineering systems, where the input useful effect is not measured in the presence of external influences and 
disturbances. In aircraft control systems. 

KEYWORDS: radio tracking systems; high precision; synthesis method; automatic control systems; transfer function; 
invariance; control device; control object; evaluation filter; contour; regulator. 
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ABSTRACT 
Context. Some of the authors’ recent papers were devoted to the Kolmogorov-Wiener filter for telecommunication traffic predic-

tion in some stationary models, such as the fractional Gaussian noise model, the power-law structure function model, and the GFSD 
(Gaussian fractional sum-difference) model. Recently, the so-called generalized fractional Gaussian noise model was proposed for 
stationary telecommunication traffic description in some cases. So, in this paper the theoretical fundamentals of the continuous Kol-
mogorov-Wiener filter used for the prediction of the generalized fractional Gaussian noise are investigated. 

Objective. The aim of the work is to obtain the filter weight function as an approximate solution of the corresponding Wiener–
Hopf integral equation with the kernel equal to the generalized fractional Gaussian noise correlation function. 

Method. A truncated Walsh function expansion is proposed in order to obtain the corresponding solution. This expansion is a 
special case of the Galerkin method, in the framework of which the unknown function is sought as a truncated series in orthogonal 
functions. The integral brackets and the results for the mean absolute percentage errors, which are a measure of discrepancy between 
the left-hand side and the right-hand side of the Wiener-Hopf integral equation, are calculated numerically on the basis of the Wolf-
ram Mathematica package.  

Results. The investigation is made for approximations up to sixty four Walsh functions. Different model parameters are investi-
gated. It is shown that for different model parameters the proposed method is convergent and leads to small mean absolute percent-
age errors for approximations of rather large numbers of Walsh functions. 

Conclusions. The paper is devoted to a theoretical construction of the continuous Kolmogorov-Wiener filter weight function for 
the prediction of a stationary random process described by the generalized fractional Gaussian noise model. As is known, this model 
may give a good description of some actual telecommunication traffic data in systems with packet data transfer. The corresponding 
weight function is sought on the basis of the truncated Walsh function expansion method. The corresponding discrepancy errors are 
small and the method is convergent.  

KEYWORDS: continuous Kolmogorov-Wiener filter, weight function, Galerkin method, Walsh functions, generalized frac-
tional Gaussian noise, telecommunication traffic. 

 
ABBREVIATIONS 

GFGN is a generalized fractional Gaussian noise; 
FGN is a fractional Gaussian noise; 
GFSD is Gaussian fractional sum-difference; 
MAPE is a mean absolute percentage error. 

 
NOMENCLATURE 

T  is a time interval on which the input process data 
are observed; 

z  is a time interval for which the forecast should be 
made; 

( )h t  is the Kolmogorov-Wiener filter weight function; 

H  is the Hurst exponent; 
( )R t  is a traffic correlation function in the GFGN 

model; 
(0,1]a  is a GFGN model parameter; 

  is a traffic standard deviation; 
n  is a number of Walsh functions in the correspond-

ing approximations; 

sg  are coefficients multiplying the Walsh functions; 
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wal ( )s t  are the Walsh functions in the Walsh numera-

tion orthogonal on [0, ]t T ; 

Left( )t  is the left-hand side of the Wiener-Hopf inte-

gral equation; 
Right( )t  is the right-hand side of the Wiener-Hopf in-

tegral equation; 

ksG  are integral brackets; 

kB  are free terms in the linear system of algebraic 

equations in sg ; 
( )n

lsW  аre values of the Walsh functions in correspond-

ing points; 

lsV , sQ  are auxiliary integrals.  

 
INTRODUCTION 

The problem of traffic prediction is very important for 
telecommunications, see the corresponding description in 
[1, 2]. 

Our recent papers were devoted to such a simple ap-
proach as the Kolmogorov-Wiener filter for stationary 
traffic prediction. For example, in our recent paper [3] it 
is shown that both the continuous and the discrete Kоl-
mogorov-Wiener filter may be applicable to the predic-
tion of smoothed heavy-tail data similar to FGN which 
may describe telecommunication traffic in systems with 
data packet transfer.  

Recently Ming Li proposed a GFGN model for sta-
tionary traffic description [4]. The theoretical fundamen-
tals of the Kolmogorov-Winer filter construction for traf-
fic in the GFGN model are still to be investigated, so this 
paper is devoted to the corresponding investigation. 

The object of study is the Kolmogorov-Wiener filter 
for the prediction of continuous stationary telecommuni-
cation traffic in the GFGN model. 

The subject of study is the weight function of the 
corresponding filter. 

The aim of the work is to obtain the weight function 
on the basis of the truncated Walsh function expansion 
method. 

 
1 PROBLEM STATEMENT 

The weight function under consideration obeys the 
following Wiener-Hopf integral equation, see, for exam-
ple, [5]: 

 

     
0

T

d h R t R t z       (1)

 
where the traffic correlation function in the GFGN model 
is as follows [4]: 
  

   
2 22 21 1 2

2

HHa a aHR t t t t
 

     
 

. (2)

 

It should be stressed that in the case where 1a   the 
GFGN model coincides with the FGN model. 

The problem statement is as follows: to obtain the un-
known filter weight function as an approximate solution 
of equation (1) with the correlation function (2) on the 
basis of the truncated Walsh function expansion method. 
 

2 REVIEW OF THE LITERATURE 
There are a variety of different and rather sophisti-

cated approaches to traffic prediction, see, for example, 
[6–8]. Our recent papers were devoted to the Kolmo-
gorov-Wiener filter approach. For example, the theoreti-
cal fundamentals of the weigh function construction were 
investigated for the power-law structure function model 
[9], for the FGN model [10], and for the GFSD model 
[11]. Telecommunication traffic in the systems with data 
packet transfer nowadays is treated as a heavy-tail random 
process, see, for example, [12–14] and references therein. 
In [3], the applicability of the Kolmogorov-Wiener filter 
to the prediction of smoothed heavy-tail data is shown. 

In [4], the so-called GFGN model for traffic descrip-
tion is proposed. For example, in [4] it is stressed that 
such a model gives a good description of the experimental 
traffic data recorded by the Bellcore in 1989, recorded by 
the Digital Equipment Corporation in 1995, and recorded 
by the Measurement and Analysis on the Working Group 
Traffic Archive in 2019. 

Any theoretical construction of the continuous Kol-
mogorov-Wiener filter for the prediction of a process de-
scribed by the GFGN model is still to be done. So, the 
aim of this paper is to obtain the corresponding filter 
weight function.  

The corresponding investigation is made in the 
framework of the Galerkin method [15] on the basis of a 
Walsh function expansion. The Walsh functions in the 
Walsh numeration are used, see [16].  

    
3 MATERIALS AND METHODS 

The unknown weight function is sought in the form 
 

   
1

wal
n

s s
s

h g


   , (3)

 
which on substitution into (1) followed by integration 
leads to the following matrix expression for the unknown 
coefficients sg  (see similar expressions, for example, in 

[11]): 
 

1
1 11 12 1 1

2 21 22 2 2

1 2

n

n

n n n nn n

g G G G B

g G G G B

g G G G B


     
     
      
     
     
     




     


, (4)

 
where 
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     
0 0

wal wal
T T

ks k sG d dt t R t      , 

   
0

wal
T

k kB dt t R t z  . 

(5)

 
Similarly to [16], it may be shown that  

 

( ) ( )

, 1

n
n n

jk lsjl ks
l s

G W W V


   (6)

 
where 
 

 ( ) 2 1
wal

2
n

jjl
l T

W
n

 
  

 
,  

 
  1 1

lT sT

n n

ls
l T s T

n n

V dtd R t
 

     . 

(7)

Similarly to [16], it may be shown that 
 

1, 1ls l sV V   , ls slV V ,  jk kjG G , (8)

 

so only the quantities 1lV , 1,l n  should be calculated on 

the basis of the integration (7), while all the other quanti-
ties lsV  may be calculated on the basis of (8) with account 

for calculated results for 1lV . The corresponding analyti-

cal calculation may meet difficulties, so the following 
approximate expressions were used: 
 

 
 

  3 3
1

,10

10 10

T lT

n n

l
i jl T

n

V dtd R t R i j  


         , 

3 30.1 10 ,2 10 ,...i     , and so on while i T n , 

     3 31 1 1
, 1 10 , 2 10 ,...

l T l T l T
j

n n n
   

     , 

and so on while j lT n . 

(9) 

  
The idea of (9) is that the square region  0,T n , 

 1 ,t l T n lT n     is divided into small squares with a 

side equal to 310 . Of course, such a calculation is valid 

only if 310T n  , but this inequality holds in the 

framework of the numerical calculations made in this 
paper. 

Similarly to [16], it may be shown that  
 

( )

1

n
n

k sks
s

B W Q


   (10)

where 
 

 
 1

sT n

s
s T n

Q dtR t z


  . (11)

 
The integrals sQ  are calculated in the Wolfram 

Mathematica package by direct integral calculation. 
So, the quantities 1lV  are calculated on the basis of 

(9), all the other quantities lsV  are calculated from 1lV  on 

the basis of (8), and the corresponding integral brackets 

jkG  are calculated on the basis of (6) with account for (7) 

and (8). The coefficients kB  are calculated on the basis of 

(10) with account for (11). Then the unknown coefficients 

sg  are calculated on the basis of (4), and the unknown 

weight function is obtained on the basis of (3). 
 

4 EXPERIMENTS 
The following values of the parameters are investi-

gated: 
 

100T  , 3z  , 0.75H  . (12)
 

The following values of the model parameters are in-
vestigated: 0.8a  , 0.4a  , and 0.08a  . The quality 
of the obtained solution for the weight function is checked 
by the calculation of the corresponding MAPE error, 
which is a measure of discrepancy between the left-hand 
side and the right-hand side of equation (1): 
 

   
 0

Left Right1
MAPE 100%

Right

T t t
dt

T t


   (13)

 

where 
 

     
0

Left
T

t d h R t     ,    Right t R t z  . (14)

 
The method of trapezoids is used for an approximate 

numerical calculation of the function Left( )t : 
 

     3

1
Left

210j

T
t h j R t j

    


  

3 310 10

T T
h j R t j

          
   

, 

 3
3 3 3

0,1 , 2 ,..., 10 1
10 10 10

T T T
j      . 

(15)

 

The MAPE is roughly estimated as 
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   
 2

Left Right1
MAPE 100%

Right10 j

j j

j


   , 

 2
2 2 2

0,1 , 2 ,..., 10 1
10 10 10

T T T
j      . 

(16)

 
Numerical results for the MAPE are given in the next 

section. 
 

5 RESULTS 
The obtained results for the MAPE are given in Ta-

ble 1. 
 
Table 1 – MAPE values (in %, rounded off to 2 significant dig-
its) for the approximation of n  Walsh functions for different 

values of the parameter a  
 0.08a   0.4a   0.8a   

2n   1.9 7.6 15 

4n   0.93 3.4 6.7 

8n   0.66 1.7 3.0 

16n   0.44 0.92 1.5 

32n   0.30 0.40 0.62 

64n   0.23 0.37 0.50 

Comparison graphs for the approximations of 64 
Walsh functions are given in Fig. 1 – Fig. 3. 

 

 
Figure 1 – Graphs of Left( )t  and Right( )t  for the approximation 

of 64 Walsh functions; 0.8a   
 

 
Figure 2 – Graphs of Left( )t  and Right( )t  for the approximation of 64 

Walsh functions; 0.4a   
 

 
Figure 3 – Graphs of Left( )t  and Right( )t  for the approximation of 64 

Walsh functions; 0.08a   
 

As can be seen, the left-hand side and the right-hand 
side of (1) are rather close.  
 

6 DISCUSSION 
As can be seen, the approximations of rather great 

numbers of the Walsh functions are accurate enough. The 
accuracy increases with the number of the Walsh func-
tions. Thus, the proposed method of solving the integral 
equation (1) is convergent for the correlation function (2).  

It should also be stressed that the corresponding ap-
proximations are rather accurate for all the three consid-
ered values of the parameter a, thus indicating that the 
proposed method works well. Of course, the estimation of 
the MAPE on the basis of (16) is rather rough, but it is 
adequate in order of magnitude. As can be seen from the 
obtained graphs, the left-hand side of the integral equation 
(1) is indeed rather close to the corresponding right-hand 
side for the approximation of 64 Walsh functions. 

The paper is devoted to a theoretical construction of 
the continuous Kolmogorov-Wiener filter weight function 
for the prediction of a stationary random process de-
scribed by the GFGN model. As indicated in [4], that 
model may give a good description of some actual tele-
communication traffic data. 

The corresponding weight function is the solution of 
the Wiener-Hopf integral equation (1). This equation is 
solved on the basis of the Galerkin method with the help 
of a truncated expansion in the Walsh functions. The 
Walsh functions in the Walsh numeration are used. The 
algorithm of the weight function derivation is described in 
detail. The quality of agreement between the left-hand 
sіde and the right-hand side of the integral equation is 
estimated by the MAPE parameter. It is shown that for a 
rather large number of Walsh functions the agreement is 
good enough, and the corresponding MAPE values are 
rather small. Graph comparisons are given to illustrate the 
fact that the corresponding left-hand side is indeed close 
to the corresponding right-hand side for the obtained solu-
tions. It is shown that the MAPE decreases with the num-
ber of Walsh functions, which justifies the convergence of 
the method. The approximations of up to 64 Walsh func-
tions are investigated. The calculations are made with the 
help of the Wolfram Mathematica package.  
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The use of a Walsh function expansion is known not 
only for integral equations, but also for variational calcu-
lus, see [17, 18]. As is known, variational calculus is 
widely used in optimal control problems, see, for exam-
ple, [19, 20]. Paper [20] is devoted to a practical electrical 
engineering problem, so the mathematics of this paper 
may be applicable in part to, for example, electrical engi-
neering problems. 
 

CONCLUSIONS 
The Kolmogorov-Wiener filter weight function for the 

prediction of continuous stationary telecommunication 
traffic in the GFGN model is calculated on the basis of 
the truncated Walsh function expansion method. Ap-
proximations up to 64 Walsh functions are investigated. 
The convergence of the method is illustrated. 

The results of this paper may be useful for the practi-
cal prediction of stationary telecommunication traffic in 
systems with data packet transfer. 

The scientific novelty of the paper is the fact that for 
the first time the Kolmogorov-Wiener filter weight func-
tion is calculated for the prediction of telecommunication 
traffic in the GFGN model. 

The practical significance is that the obtained results 
may be applied to the practical prediction of telecommu-
nication traffic in systems with data packet transfer. 

Prospects for further research are to investigate the 
Galerkin method for other orthogonal systems of func-
tions, for example, polynomial or trigonometric ones, and 
to compare the obtained MAPE  results with the results 
based on the Walsh functions. Another plan for the future 
is to generate simulated data described by the GFGN 
model and to investigate the corresponding prediction for 
them.  
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AНОТАЦІЯ 

Актуальність. Деякі з нещодавніх статей авторів присвячені фільтру Колмогорова-Вінера для прогнозування телекому-
нікаційного трафіку в деяких стаціонарних моделях, таких як модель фрактального гаусівського шуму, модель степеневої 
структурної функції та GFSD (Gaussian fractional sum-difference) модель. Нещодавно так звана модель узагальненого фрак-
тального гаусівського шуму була запропонована для опису стаціонарного телекомунікаційного трафіку в деяких випадках. 
Тож в цій статті досліджено теоретичні основи неперервного фільтра Колмогорова-Вінера, застосовного для прогнозування 
узагальненого фрактального гаусівського шуму. 

Мета роботи. Метою роботи є отримати вагову функцію фільтра як наближений розв’язок відповідного інтегрального 
рівняння Вінера-Хопфа з ядром, що дорівнює кореляційній функції узагальненого фрактального гаусівського шуму. 

Метод. Метод обірваних розвинень за функціями Волша запропоновано для отримання відповідного розв’язку. Таке ро-
звинення є частинним випадком методу Галеркіна, в рамках якого невідома функція шукається у вигляді обірваного розви-
нення за ортогональними функціями. Інтегральні дужки та результати для середньої абсолютної відсоткової помилки відхи-
лу лівої частини інтегрального рівняння Вінера-Хопфа від правої обчислені чисельно на основі пакету Wolfram Mathematica. 

Результати. Дослідження зроблене для наближень включно до наближення шістдесяти чотирьох функцій Волша. До-
сліджено різні параметри моделі. Показано, що для різних параметрів моделі запропонований метод є збіжним та призво-
дить до малих середніх абсолютних відсоткових помилок для наближень доволі великої кількості функцій Волша.  

Висновки. Статтю присвячено теоретичній побудові вагової функції неперервного фільтра Колмогорова-Вінера для 
прогнозування стаціонарного випадкового процесу, що описується моделлю узагальненого фрактального гаусівського шу-
му. Як відомо, така модель може добре описувати певні експериментальні дані в системах з пакетною передачею даних. 
Відповідна вагова функція шукається на основі обірваного розвинення за функціями Волша. Відповідні помилки відхилу є 
малими та метод є збіжним.   

КЛЮЧОВІ СЛОВА: неперервний фільтр Колмогорова-Вінера, вагова функція, метод Галеркіна, функції Волша, уза-
гальнений фрактальний гаусівський шум, телекомунікаційний трафік. 
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ABSTRACT 
Context. The task of planning multifactorial experiments is important in science and industrial production. In the 

context of competition, rising costs, and increasing efficiency, it is necessary to optimize plans for multifactorial experiments in 
terms of cost and time. To solve this problem, there are a number of approaches and methods, the choice of which for a competitive 
technical task is an important and difficult task. In this regard, there is a need to develop new methods for optimizing the cost (time) 
of multifactorial experiment plans, compare them with existing methods, and give recommendations for practical application in the 
study of real objects. 

Objective. The purpose of the study is to develop and test the method of growing trees, to evaluate its effectiveness in 
comparison with other methods. The following tasks has been solved to achieve this goal: the proposed method of growing trees has 
been implemented in the form of software; the method has been used to optimize plans for multifactorial experiments in the study of 
real objects; its effectiveness has been evaluated in comparison with other methods; recommendations for its use were given. 

Method. The proposed method of growing trees is based on the application of graph theory. The advantage of the method is the 
reduction of time for solving optimization problems related to the construction of optimal plans for multifactorial experiments in 
terms of cost (time) expenses. Another characteristic feature is the high accuracy of solving optimization problems. 

Results. The results of experiments and comparisons with other optimization methods confirm the efficiency and effectiveness of 
the proposed method and allow us to recommend it for the study of objects with the number of significant factors k ≤ 7. It is 
promising to further expand the range of scientific and industrial objects for their study using this method. 

Conclusions. A growing tree method has been developed for the optimization of multifactorial experimental plans in terms of 
cost and time expenditures, along with software that implements it using the Angular framework and the TypeScript programming 
language.  

The effectiveness of the growing tree method is shown in comparison with the following methods: complete and limited 
enumeration, monkey search, modified Gray code application, and bacterial optimization. The growing tree method is faster than 
complete enumeration and can be applied to optimize multifactorial experimental plans in terms of cost (time) expenses for objects 
with a number of factors k ≤ 7. In solving optimization problems, the method of growing trees gives better results compared to 
monkey search, limited enumeration and bacterial optimization. 

KEYWORDS: growing tree method, algorithm, multifactorial experiment, software, comparison. 
 

NOMENCLATURE 

IEX  is a matrix of the initial plan of the multifactorial 

experiment; 
j

iX  is a value of the i-th factor of the process under 

study in the j-th experiment; 
k is a number of factors of the research object; 
N is a number of experiments in the experiment 

planning matrix; 

tlS  is a matrix of transition costs of factor levels; 
ii SS )1)(1()1)(1( ,   is a value of the cost of level 

transitions for the i-th factor;  
ttl – matrix of transition durations of factor levels; 

ii tt )1)(1()1)(1( ,   is a value of the duration of level 

transitions for the i-th factor;  

optX  is a matrix of the optimal or near-optimal 

experiment plan; 

tS  is a total cost of the experiment; 

Si,j is a cost of installing the i-th factor in the j-th 
experiment; 

tt is total time of the experiment; 
ti,j is a duration of the installation of the i-th factor in 

the j-th experiment. 
 

INTRODUCTION 
Saving resources and time is an important issue in 

industrial production and scientific research. Due to 
global inflation, the cost of resources is increasing, which 
leads to the need to optimize technological processes, 
production, etc. By optimizing, a company reduces the 
amount of raw materials required, shortens production 
time, and increases its potential and efficiency. Therefore, 
the issue of optimizing plans for multifactorial 
experiments in terms of cost and time is relevant. 

The object of study: the process of optimizing plans 
for multifactorial experiments in terms of cost and time. 
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The subject of study: the method of growing trees for 
optimization of multifactorial experimental plans in terms 
of cost and time and the software that implements it. 

The purpose of the work: development of the 
growing tree method and the software that implements it; 
application of the method to optimize the plans of 
multifactorial experiments; comparison with other 
optimization methods and evaluation of its effectiveness. 

 
1 PROBLEM STATEMENT 

For a given matrix XIE of the initial plan of a 
multifactorial experiment 
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it is necessary to find the optimal or near-optimal 
experiment plan Xopt, for which the total cost or duration 
of the experiment is minimized, i. e. 


 


N

j

k

i
jit SS

2 1
, min;  


 


N

j

k

i
jit tt

2 1
, .min  (3)

 
2 REVIEW OF THE LITERATURE 

The following optimization methods can be applied to 
solve the problem of constructing optimal plans for 
multifactorial experiments in terms of cost (time) 
expenses: lion [1], black hole [2], grey wolf [3], artificial 
algae algorithm [4], firefly algorithm [5], hunting 
search [6], water cycle algorithm [7], bat algorithm [8], 

binary dragonfly algorithm [9], binary butterfly 
algorithm [10], cat swarm optimization [11], cuckoo 
search [12], dolphin echolocation algorithm [13], flower 
pollination algorithm [14], honey bee mating 
optimization [15], fish migration optimization [16], 
immune algorithm [17], tumbleweed algorithm [18], ant 
lion optimization [19]. 

Currently, the following methods have been 
developed and tested to optimize experimental plans in 
terms of cost (time): permutation analysis [20], complete 
enumeration [20, 21], particle swarm [20, 22, 23], genetic 
algorithm [20, 24], jumping frogs [20, 25], application of 
Gray code [20, 26], branch and bound [20, 21], monkey 
search [20, 27], fish school search [20, 28], ant 
algorithm [20], sequential approximation [20], greedy 
algorithm [20], nearest neighbor [20], tabu 
search [20, 23], simulated annealing [20, 29], nested 
partitions [20], combinatorial graph [20], based on serial 
sequences [20, 21], and simplex method [20]. 

Each of them has its own advantages and 
disadvantages [20]. When studying a variety of objects, 
each task of constructing optimal experimental plans has a 
technical task with its own priorities and conditions. 
Some objects require high optimization accuracy, while 
others require fast calculation. There are also difficulties 
with the fact that when using the method, you need to 
calculate many steps that are irrational, which leads to a 
large time spent on finding the optimal experiment plan. 
Therefore, the usefulness of a particular optimization 
method depends on the specific technical task. 

In this regard, there is a need to develop and 
investigate the method of growing trees for optimizing 
multifactorial experimental plans in terms of cost (time) 
in order to assess its effectiveness. 

 
3 MATERIALS AND METHODS 

The growing tree optimization method is based on the 
use of tree graphs. 

A tree is a connected acyclic graph in which one 
vertex has a zero in-degree and the other vertices have an 
in-degree of 1. The vertex with zero in-degree is called 
the root of the tree, and the vertices with zero out-degree 
are referred to as terminal vertices or leaves [30]. Figure 1 
shows the standard representation of a tree graph, 
illustrating that there is only one path between any pair of 
vertices. 

 

 
Figure 1 – Tree graph 

 
The application of graph theory for analyzing plans of 

multifactorial experiment is considered on the example of 
the study of non-contact direct current and density 
meters [21]. Table 1 shows an experiment plan for the 
study of such meters. 
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Table 1 – Experimental plan for the study of non-contact direct 
current and density meters 

Number X1 X2 
1 –1 –1 
2 –1 +1 
3 +1 –1 
4 +1 +1 

The cost of changing factor levels is shown in Table 2. 
 

Table 2 – Cost of changing factors 
Changing factors X1 X2 

From “–1” to “+1” 0.48 0.40 
from “+1” to “–1” 0.50 0.42 

After analyzing the experiment plan. we have four 
initial vertices for graph construction. 

We optimized the experiment plan in terms of cost by 
constructing graphs for each of the four initial vertices 
(Fig. 2). 
 

 
a 

 

 
b 

 

 
c 

 

 
d 

Figure 2 – Graph construction for each of the i-th vertices: 
а – i = 1; b – i = 2; c – i = 3; d – i = 4 

 
After constructing the graphs for each of the possible 

vertices. we calculate the costs of implementing the 
experiment plans. which are shown in Table 3. 

Table 3 – Cost of implementing the experimental plans 
Vertex Cost 

1 1.30 
2 1.30 
3 1.32 
4 1.32 

Based on the calculation. we can conclude that the 
best performance is achieved with experiment plans 
represented by graphs with initial vertices 1 and 2. with a 
cost of 1.30 u. m.. compared to the initial plan’s cost of 
1.70 u. m. 

Thus. the gain in the cost of implementing the optimal 
plans compared to the initial plan is 1.31 times. 

The algorithm for optimizing the cost (time) of a 
multifactorial experiment plan using the growing tree 
method is as follows. 

Step 1. Select the number of factors.  
Step 2. Input the transition costs values for each 

factor.  
Step 3.1. Generate the initial plan matrix based on the 

number of factors.  
Step 3.2. Determining the sequence of matrix 

calculations.  
Step 4. Calculate the cost of the initial matrix.  
Step 5.1. Inserting a row at the beginning of the 

matrix.  
Step 5.1.1. Calculate the cost of the transition between 

the selected row and the next.  
Step 5.1.2. Search for the minimum difference in the 

transition cost between the selected row and the row that 
has not yet been used in the matrix.  

Step 5.1.3. All rows in the matrix have been used.  
Step 5.1.4. Replace the initial row of the matrix with 

the next unused. and perform the calculation.  
Step 5.2. All rows of the matrix have been substituted 

at its beginning and calculations have been performed 
according to the above scheme.  

Step 6.1. Calculate the costs of all obtained matrices.  
Step 6.2. Compare the costs of the obtained matrices.  
Step 7. Select the matrix with the minimum total cost 

Based on the results.  
Step 8. Compare and analyze the initial matrix with 

the optimal one calculated using the growing trees 
method.  

Step 9. Display the results on the screen. 
The algorithm diagram implementing the method of 

growing trees is presented in Figure 3. 
The software implementation of the algorithm was 

performed using the Angular framework in the 
TypeScript development language [31]. which is an add-
on to the JavaScript programming language. The 
advantage of using Angular is that it is built on the basic 
principles of object-oriented programming (OOP). OOP 
includes three main principles: encapsulation. inheritance. 
and polymorphism. These principles enable the creation 
of more modular and scalable programs that are easier to 
maintain and evolve. As a result. the number of input 
factors can be increased seamlessly. 
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Figure 3 – Diagram of the algorithm for implementing the growing trees method 

 
4 EXPERIMENTS 

Optimization of multifactorial experiment plans was 
carried out using the method of growing trees. and a 
comparative analysis of the obtained experimental plans 
was performed with plans obtained using the following 
methods: monkey search. complete enumeration. limited 
enumeration. modified Gray code. bacterial optimization. 

Optimization based on the cost expenses of the 
experiment plan has been conducted for the investigation 
of the technological process of welding thin plates.  
The factors considered: Х1 – capacitor capacity. µF; Х2 – 
conversion coefficient. Х3 – electrode force. N. The cost 
of changing the values of the factor levels is presented in 
Table 4.  

The initial and optimal plans for conducting a 
multifactorial experiment for the investigation of the 
technological process of welding thin plates are provided 
in Tables 5 and 6 respectively.  

 
Table 4 – Cost of changing the values of the factor levels 

Costs of changes in the values of factor levels. u. m. 
Factor 

from “–1” to “+1” from “+1” to “–1” 
Х1 2.5 3 
Х2 2 2.5 
Х3 1.5 2 

   
 
 
 

Table 5 – Initial plan of a multifactorial experiment 
Factors Experiment 

number Х1 Х2 Х3 
1 –1 –1 –1 
2 +1 –1 –1 
3 –1 +1 –1 
4 +1 +1 –1 
5 –1 –1 +1 
6 +1 –1 +1 
7 –1 +1 +1 
8 +1 +1 +1 

 
Table 6 – Optimal plan of a multifactorial experiment obtained 

by the growing tree method 
Factors Experiment 

number Х1 Х2 Х3 
1 –1 –1 –1 
2 –1 –1 +1 
3 –1 +1 +1 
4 –1 +1 –1 
5 +1 +1 –1 
6 +1 +1 +1 
7 +1 –1 +1 
8 +1 –1 –1 

 
The cost of the initial experiment plan is 27 u. m.. and 

the cost of the plans obtained by the growing tree method 
and full search is 14 u. m. The cost of the plan obtained 
by the monkey search method is 14.5 u. m. [32]. 

During the investigation of the accuracy of a device 
for measuring material humidity. the following factors 
were selected as dominant: Х1 – power supply voltage;  
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Х2 – resistance value connected to the output of the 
operational amplifier; Х3 – number of turns W in the main 
winding of the magnetostrictive transducer; Х4 – number 
of turns W1 in the additional winding 3 or 4 [21]. The 
cost of changing the levels of factor values is presented in 
Table 7. 

The initial plan of a full factorial experiment for 
studying the accuracy of the material moisture meter is 
presented in Table 8.  

As a result of applying the growing tree method. an 
optimal plan for a multifactorial experiment was obtained. 
as shown in Table 9. 

 
Table 7 – Costs of changing factor level values 

Costs of changing factor level values. u. m. 
Factor 

from “–1” to “+1” from “+1” to “–1” 
Х1 0.52 0.51 
Х2 0.72 0.71 
Х3 5.5 1.4 
Х4 6.7 2.4 

 
Table 8 – Initial plan of a multifactorial experiment 

Factors Experiment 
number Х1 Х2 Х3 Х4 

1 –1 –1 –1 –1 
2 +1 –1 –1 –1 
3 –1 +1 –1 –1 
4 +1 +1 –1 –1 
5 –1 –1 +1 –1 
6 +1 –1 +1 –1 
7 –1 +1 +1 –1 
8 +1 +1 +1 –1 
9 –1 –1 –1 +1 

10 +1 –1 –1 +1 
11 –1 +1 –1 +1 
12 +1 +1 –1 +1 
13 –1 –1 +1 +1 
14 +1 –1 +1 +1 
15 –1 +1 +1 +1 
16 +1 +1 +1 +1 

 
Table 9 – Initial plan of a multifactor experiment 

Factors Experiment 
number Х1 Х2 Х3 Х4 

1 +1 +1 +1 +1 
2 –1 +1 +1 +1 
3 –1 –1 +1 +1 
4 +1 –1 +1 +1 
5 +1 –1 –1 +1 
6 –1 –1 –1 +1 
7 –1 +1 –1 +1 
8 +1 +1 –1 +1 
9 +1 +1 –1 –1 

10 –1 +1 –1 –1 
11 –1 –1 –1 –1 
12 +1 –1 –1 –1 
13 +1 –1 +1 –1 
14 –1 –1 +1 –1 
15 –1 +1 +1 –1 
16 +1 +1 +1 –1 

 
The cost of the initial experiment plan is 31.84 u. m.. 

the cost of the plans obtained by the growing trees method 
and the method based on the use of the modified Gray 
code [33] is 16.28 u. m. 

When investigating a section of the machine-building 
workshop [21]. the overall working time of computer 
numerically controlled (CNC) machines was chosen as 
the optimization criterion. The dominant factors affecting 
this metric were selected as follows: Х1 – maintenance 
time tm. hours; Х2 – number of CNC machines ym; Х3 – 
machine working time within a day td. hours; Х4 – 
maintenance periodicity t0. The time for changing the 
levels of these factors is presented in Table 10. The initial 
and optimal plans for conducting the experiment on the 
CNC machine section are provided in Tables 11 and 12. 
respectively. 

 
Table 10 – Time changes in factor levels 

Time changes in factor levels. hours. 
Factor 

from “–1” to “+1” from “+1” to “–1” 
Х1 7 3 
Х2 6 2 
Х3 16 12 
Х4 100 50 

 
Table 11 – Initial pan of a multifactorial experiment 

Factors Experiment 
number Х1 Х2 Х3 Х4 

1 –1 –1 –1 –1 
2 +1 –1 –1 –1 
3 –1 +1 –1 –1 
4 +1 +1 –1 –1 
5 –1 –1 +1 –1 
6 +1 –1 +1 –1 
7 –1 +1 +1 –1 
8 +1 +1 +1 –1 
9 –1 –1 –1 +1 

10 +1 –1 –1 +1 
11 –1 +1 –1 +1 
12 +1 +1 –1 +1 
13 –1 –1 +1 +1 
14 +1 –1 +1 +1 
15 –1 +1 +1 +1 
16 +1 +1 +1 +1 

 
Table 12 – Optimal plan of a multifactor experiment obtained by 

the growing trees method 
Factors Experiment 

number  Х1 Х2 Х3 Х4 
1 –1 +1 –1 +1 
2 –1 –1 –1 +1 
3 +1 –1 –1 +1 
4 +1 +1 –1 +1 
5 +1 +1 +1 +1 
6 +1 –1 +1 +1 
7 –1 –1 +1 +1 
8 –1 +1 +1 +1 
9 –1 +1 +1 –1 

10 –1 –1 +1 –1 
11 +1 –1 +1 –1 
12 +1 +1 +1 –1 
13 +1 +1 –1 –1 
14 +1 –1 –1 –1 
15 –1 –1 –1 –1 
16 –1 +1 –1 –1 

 
The time required to implement the initial experiment 

plan is 251 hours [21]. while the optimal plan takes 
130 hours. 
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5 RESULTS 
The results of the conducted experiment. presented in 

Table 13. demonstrate gains in the implementation of 
experiment plans obtained using the recalculated methods 
compared to the cost of conducting the initial plan for the 
study of the technological process of welding thin plates. 

  
Table 13 – Comparison of costs for implementing experimental 

plans for the investigation of the technological process of 
welding thin plates 

Optimization method 
Cost. standard 

u. m. 
Gain 

Method of constructing the 
initial plan 

27 1 

Complete enumeration 14 1.93 
Monkey search method 14.5 1.86 
Growing tree method 14 1.93 

 
Table 14 presents the gains in implementing the 

experimental plans obtained using mentioned methods 
compared to the cost of the initial plan for the study of the 
accuracy of the humidity meter for materials. 

 
Table 14 – Comparison of implementation costs for 

experimental plans investigating the accuracy of the moisture 
meter 

Optimization method Cost. u. m. Gain 
Method of constructing 

the initial plan 
31.84 1 

Modified Gray code 16.28 1.96 
Growing trees method 16.28 1.96 

 
The time expenditures for implementing the 

experiment plans obtained by different methods [32]. 
along with the time savings compared to the time of 
conducting the initial plan for the study of the numerical 
program-controlled machine shop area. are presented in 
Table 15. 

 
Table 15 – Comparison of optimization methods for experiment 

plans in the study of the machining workshop with numerical 
program control 

Optimization method 
Plan implementation 

time. hours 
Gain 

Method of constructing 
the initial plan 

251 1 

Monkey search method 180 1.39 
Limited enumeration 

method 
214.5 1.17 

Bacterial method 181 1.39 
Growing trees method 130 1.93 

 
6 DISCUSSION 

Based on the comparison of methods. the following 
conclusions can be drawn. When optimizing plans for 
multifactorial experiments in the study of technological 
processes using the growing trees method. we obtain 
plans with cost expenditures that coincide with those 
obtained through complete enumeration and the 
application of modified Gray code. This confirms the 
effectiveness and efficiency of the growing tree method. 

In comparison to methods such as monkey search. 
limited enumeration. and bacterial optimization. the 
growing tree method yields better results. 

The growing tree method has faster performance than 
complete enumeration and can be applied for optimizing 
plans of multifactorial experiments in terms of cost (time) 
expenditures for objects with up to k ≤ 7 factors. 

 
CONCLUSIONS 

The growing tree method has been developed for 
optimizing plans of multifactorial experiments in terms of 
cost and time expenditures. along with the corresponding 
software implementation. 

The scientific novelty of the obtained results lies in 
the development of the growing tree method that allows 
for obtaining optimal or near-optimal plans of multifactor 
experiments with high speed in terms of cost and time 
expenditures. 

The practical value of the research results is that the 
developed software. implementing the growing tree 
method. enables the generation of optimal or near-optimal 
plans of multifactor experiments for a wide range of 
objects with up to k ≤ 7 factors. 

The prospects for further research lie in the 
application of the growing tree method to a wide range of 
scientific and industrial objects. such as capacitance 
moisture meters [34]. 
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АНОТАЦІЯ 

Актуальність. Задача планування багатофакторних експериментів займає важливе місце в науці та промисловому 
виробництві. При цьому в умовах конкуренції. зростання витрат. підвищення ефективності необхідна оптимізація планів 
багатофакторних експериментів за вартісними та часовими витратами. Для вирішення цієї задачі існує ряд підходів та 
методів. вибір яких для конкретного технічного завдання є важливою та складною задачею. У зв’язку з цим виникає 
необхідність в розробці нових методів оптимізації за вартісними (часовими) витратами планів багатофакторних 
експериментів. порівнянні їх з уже існуючими методами та видачі  рекомендацій по практичному застосуванні при 
дослідженні реальних об’єктів. 

Мета. Мета роботи полягає у розробці та апробації методу зростаючих дерев. оцінки його ефективності у порівнянні з 
іншими методами. При цьому для дослідження мети вирішені наступні завдання: запропонований метод зростаючих дерев 
реалізований у вигляді програмного забезпечення; метод застосований для оптимізації планів багатофакторних 
експериментів при дослідженні реальних об’єктів; проведена оцінка його ефективності у порівнянні з іншими методами; 
видані рекомендації по його використанню.  

Метод. Запропонований метод зростаючих дерев заснований на застосуванні теорії графів. Перевагою методу є 
скорочення часу вирішення оптимізаційних задач. пов’язаних з побудовою оптимальних за вартісними (часовими) 
витратами планів багатофакторних експериментів. Характерною рисою є також висока точність вирішення оптимізаційних 
задач. 

Результати. Результати експериментів та порівняння з іншими методами оптимізації підтверджують працездатність та 
ефективність запропонованого методу та дозволяють рекомендувати його для дослідження об’єктів із числом суттєвих 
факторів k ≤ 7. Перспективним є подальше розширення кола об’єктів наукового та промислового призначення для їх 
дослідження цим методом. 

Висновки. Розроблено метод зростаючих дерев для оптимізації за вартісними та часовими витратами планів 
багатофакторних експериментів та програмне забезпечення. що його реалізує за допомогою framework Angular на мові 
розробки TypeScript. 

Показана ефективність методу зростаючих дерев у порівнянні з наступними методами: повний та обмежений перебір. 
мавпячий пошук. застосування модифікованого коду Грея. бактеріальна оптимізація. Метод зростаючих дерев має більшу 
швидкодію ніж повний перебір та може застосовуватися для оптимізації планів багатофакторних експериментів за 
вартісними (часовими) витратами для об’єктів з кількістю факторів k ≤ 7. При рішенні оптимізаційних задач метод 
зростаючих дерев дає кращі результати у порівнянні з мавпячим пошуком. обмеженим перебором та бактеріальною 
оптимізацією. 

КЛЮЧОВІ СЛОВА: метод зростаючих дерев, алгоритм, багатофакторний експеримент, програмне забезпечення, 
порівняння. 
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ABSTRACT 
Context. The paper focuses on the problem of estimating the center of distribution of the random component of experimental 

data for density models with a negative kurtosis. 
Objective. The goal of this research is to develop methods to improve the efficiency of polynomial estimation of parameters of 

experimental data with a negative kurtosis coefficient. 
Method. The study applies a relatively new approach to obtaining estimates for the center of the probability distribution from the 

results of experimental data with a stochastic component. This approach is based on polynomial estimation methods that rely on the 
mathematical apparatus of Kunchenko's stochastic polynomials and the description of random variables by higher-order statistics 
(moments or cumulants). A number of probability density distributions with a negative kurtosis coefficient are used as models of the 
random component. 

As a measure of efficiency, the ratio of variance of the estimates for the center of the distribution found using polynomial and 
classical methods based on the parameter of amount of information obtained is used. 

The relative accuracy of polynomial estimates in comparison with the estimates of the mean, median and quantile estimates (cen-
ter of curvature) is researched using the Monte Carlo method for multiple tests. 

Results. Polynomial methods for estimating the distribution center parameter for data models of probability distribution density 
with a negative kurtosis coefficient have been constructed. 

Conclusions. The research carried out in this paper confirms the potentially high efficiency of polynomial estimates of the coor-
dinates of the center of the experimental data, which are adequately described by model distributions with a negative kurtosis. Statis-
tical modeling has confirmed the effectiveness of the obtained estimates in comparison with the known non-parametric estimates 
based on the statistics of the mean, median, and quantile, even with small sample sizes. 

KEYWORDS: data sampling, estimation, stochastic polynomial, cumulants, negative kurtosis. 
 

ABBREVIATIONS 
PMM – polynomial maximization method; 
 

NOMENCLATURE 
}{)( ii xEa   are mathematical expectations that de-

pend on the parameter being estimated; 

meang )(  is a coefficient of variance reduction relative 

to the method of moments; 

31 hh   are weighting coefficients; 

)(rnJ  is an amount of obtained information; 

N  is a number of experiments to obtain a predeter-
mined accuracy; 

n  is a sample volume; 
r  is a predefined order of the polynomial; 
x  is a sample value; 
x


 is a sample of equally distributed random variables; 

i̂  are sample statistical initial moments; 

3  and 6  are cumulant coefficients; 

  is an informative parameter; 

̂  is an estimation of informative parameter; 
  is a random component of sample data; 

r)(
2
  is a theoretical variance of the parameter esti-

mated by the PMM; 

mean)(
2ˆ   is an empirical value of the variance of the 

mean estimates; 

med)(
2ˆ   is an empirical value of the variance of the 

median estimates; 

qvant)(
2ˆ   is an empirical value of the variance of the 

quantile estimates; 

3)(
2ˆ PMM  is an empirical value of the variance of 

the PMM estimates ( 3r  ); 

2  is a second-order cumulant; 

 
INTRODUCTION 

Statistical estimation methods are the usually core 
mathematical tool for many tasks where the analysis of 
experimental data is required, such as interpretation of 
scientific experiments, stochastic signal processing, prod-
uct quality assurance, non-destructive testing of struc-
tures, network intrusion detection systems, theoretical 
fundamental metrology etc. The need to use them is pre-
determined by the impact of various noises and interfer-
ences, random errors or errors of measuring instruments 
on the experimental data. In such cases, a typical ap-
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proach is to present the data model as an additive interac-
tion of informative parameter and a stochastic component 
[1, 2]. 

There are several tasks in which a stochastic compo-
nent of the experimental data symmetrical in nature, and 
under the following condition, the center of the probabil-
ity distribution of this stochastic component can be de-
termined as center of symmetry, and its coordinate will be 
the actual value of the informative parameter [3]. 

Quite often, in practice, simple averaging is used to cal-
culate an estimate of the coordinate the center of the sto-
chastic experimental data distribution. However, the appli-
cation of arithmetic mean to estimate the parameters of 
random series is actually optimal only for models with a 
Gaussian probability distribution density. But in fact, it is 
impossible to represent all the variety of real probability 
distributions of the random component with this law alone. 
Therefore, some tasks require the use of other distribution 
laws, sometimes significantly different from the normal 
one [2–5]. 

The object of study is the process of estimating the 
parameters of random variable models with the moment-
cumulant description. 

The subject of study is models of experimental data 
with negative kurtosis and methods of polynomial estima-
tion of their parameters. 

The purpose of the work is to increase the efficiency 
of polynomial estimation of parameters of experimental 
data with a negative kurtosis coefficient when creating 
methods and tools for mathematical and computer model-
ling based on the application of the polynomial maximiza-
tion method and moment-cumulant description of random 
variables to improve the quality of the estimates obtained 
by increasing their accuracy in the functioning of data 
processing systems of the corresponding class. 

 
 
 
 

1 PROBLEM STATEMENT 
It is necessary to estimate the value of the informative 

parameter   based on statistical processing of the vector 
 nxxxx ,..., 21


 of sample values x , which are 

statistically independent and identically distributed and 
obtained by conducting multiple experiments. 

It is assumed that the mathematical model of the ran-
dom component of the data   is adequately described by 

the distribution laws shown in Table 1. 
The research is supposed to obtain estimates of the 

center of the distribution, analytical expressions describ-
ing the variances of the PMM estimates, and, using Monte 
Carlo statistical modelling, to check the actual efficiency 
of the estimates compared to the ones obtained by other 
methods, depending on the amount of sample data and the 
distribution with a negative kurtosis. 

 
2 REVIEW OF THE LITERATURE 

In a number of tasks of processing experimental data 
of various origins, it turns out that the random component 
in them has a distribution with a negative kurtosis, and the 
type of distribution itself is concave (bimodal). Models of 
such distributions are used in information and measure-
ment systems [2, 7], in determining electromagnetic com-
patibility [8–10], in sociology [11], evolutionary biology 
[12], hydrology [13], and other fields. 

Among such probability density models, according to 
which the random component of the experimental data is 
distributed, the following can be distinguished: U-
quadratic distribution, arcsine distribution, V-shaped dis-
tribution and symmetrical Kumaraswamy distribution. 
These distributions are symmetric, have a negative kurto-
sis, and have another property: they are defined on a lim-
ited interval. A graphical representation of their probabil-
ity density is shown in Figure 1. Table 1 shows the 
mathematical expressions for the probability density func-
tion of the corresponding laws: 

 

 
Table 1 – Mathematical representation of probability distribution 

№ Type of distribution Distribution parameters 

a)   2)(  xxp   3
12

ab 
  

2

b a
   

b)  
 22

1
)(

hxw
xp


  

2

ab
w


  

2

ab
w


  

c)  
2

)(
b

ax
xp


  0a  1b  

d)    11 1)(
 

baa xxbaxp  5.0a  5.0b  
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Figure 1 – Symmetric distributions with negative kurtosis: a – U-quadratic distribution, b – arcsine distribution, 

c – V-shaped distribution, d – symmetrical Kumaraswamy distribution 
 
It is well known that the application of mathematical 

models of the random component of experimental data 
with any probability distribution requires the use of cer-
tain mathematical procedures for statistical processing. 
The existing fundamental approaches to finding estimates 
of the parameters of such models are based on the method 
of moments and the method of maximum likelihood or its 
modifications, respectively. The first one has a relatively 
low accuracy, but is notable for its simple calculation. 
The other requires the implementation of rather complex 
algorithms and the availability of as large a sample size as 
possible, which characterizes it as asymptotically efficient 
[13–15]. In addition to these methods, other statistics can 
also be used to obtain an estimate: median, quantile (cen-
ter of curvature) or rank estimates [5, 16]. 

 
3 MATERIALS AND METHODS 

In general, finding estimates of an unknown scalar pa-
rameter   by the polynomial maximization method over 
a sample of equally distributed random variables 

 nxxxx ,..., 21


 involves solving a polynomial equation 

of the form: 
 

  ,0)(
1

)(
ˆ1 1















 
 
r

i

n

v
i

i
vi x

n
h  (1)

 
where r  – predefined order of the polynomial, 

}{)( ii xEa   – mathematical expectations that depend 

on the parameter being estimated. The weighting coeffi-

cients )(ih  of equation (1) can be found under the condi-

tion of ensuring the minimum variance of the estimates of 
the parameter   when using a polynomial of power 
r  [17]. These coefficients are found from solving a sys-
tem of linear algebraic equations of the form: 

 








r

i
jjii rj

d

d
Fh

1
, ,,1),()()(  (2)

 
where the centered correlants 

)()()()(,   jijijiF , rji ,1,  . When forming 

a stochastic polynomial of power r  for equation (2), it is 
necessary to have a partial probability description in the 
form of a set of moments up to the r2 -th order. 

It is known from [17–19] that when using power 
transforms as basis functions, polynomial estimates ob-
tained with the powers of the polynomial 2,1r  are 
equivalent to estimates of the mean for any symmetric 
distribution law of random variables. Therefore, in order 
to obtain estimates of the PMM that can prevail in accu-
racy, it is necessary to use a stochastic polynomial of 
power 3r . To form the polynomial equation (1) with 
the unknown parameter  , the relations for the first 6 
initial moments were calculated. They will depend on the 
desired parameter  , the second-order cumulant 2 , and 

the cumulant coefficients 4  and 6 : 
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 )(1 , 2
2

2 )(  , 2
3

3 3)(  , 
2
242

24
4 )3(6)(  , 

2
242

35
5 )3(510)(  , 

.))1(15(

)3(1515)(
3
264

2
24

2
2

46
6




 

(3)

 
To find the weighting coefficients that minimize the vari-
ance of the PMM estimates of the distribution center pa-
rameter, the necessary expressions for the derivatives of 
the first 3 moments are as follows: 

 

).(3)(,2)(,1)( 2
2

321 






 d

d

d

d

d

d
(4)

 
If we use a polynomial of power 3r , then the equa-

tion for finding the PMM estimates ̂  for the case of a 
symmetrically distributed random component of the ex-
perimental data can be written as follows: 

 

   

 


 



 





ˆ1
2

33
3

1 1
2

22
21

)3(

)(

n

v
v

n

v

n

v
vv

xh

xhxh

 (5)

 
where 31 hh   – are the weighting coefficients obtained 

from the analytical solution of the system of equations (2) 
by the Kramer method, and taking into account expres-
sions (3) and (4), and are as follows: 

 

2
2644

2644
2

1
)6)9((

)126(3




h , 

2
2644

4
2

)6)9((

3




h , 

2
2644

4
3

)6)9(( 


h . 

(6)

 
If the found coefficients (6) are substituted into the 

into the PMM equation (5), then a polynomial equation of 
the third power with respect to the parameter   is ob-
tained: 

 

0
ˆ43

2
2

3
1 


PPPP , (7)

 
where the coefficients 41 PP   depend on the second-

order cumulant 2  and the cumulant coefficients 4  and 

6 . They can be found by using sample statistical initial 

moments 



n

v

i
vi x

n 1

1
ˆ , 6,1i . 

It is known [16, 19] that the solution of the cubic 
equation of the form (7) is obtained analytically on the 
basis of Cardano's formulas. However, there are alterna-
tive methods for obtaining an analytical solution, for ex-
ample, the general cubic formula, Viete`s substitution, 
trigonometric and hyperbolic solutions, and the Lagrange 
method [20]. The effectiveness of these methods depends 
on the type of roots of the cubic equation. It is known that 
the correct solution of a PMM is a real root, which in 
general can be more than one, which requires additional 
verification by the criterion of minimum variance. 

In [18], it was proposed to use numerical iterative al-
gorithms for solving nonlinear equations. As an initial 
approximation for finding the root of equation (7), it is 
proposed to use a linear estimate of the desired parameter 
in the form of a sample mean 1̂ . The condition for stop-

ping iterations is set based on the standard deviation of 
the estimates. 

It is known that the Newton-Raphson method is most 
commonly used to solve nonlinear equations and their 
systems, but the method of simple iteration, the method of 
fastest descent, etc. can also be applied. 

So, in fact, the question of using mathematical meth-
ods to solve a polynomial maximization equation requires 
a more thorough study, comparing analytical and numeri-
cal methods, the speed of algorithms, and the types of 
roots obtained. 

It was proved in [17] that the estimates obtained as a 
result of solving the PMM equation are valid and asymp-
totically unbiased. It is also important that there is an ana-
lytical solution for the variance of such estimates. It is 
based on the concept of the amount of information ob-
tained about the estimated parameter   and is calculated 
using a well-known formula: 

 




 



r

i
iirn d

d
hnJ

1
)( )()( . (8)

 
The previously found values of the moments and 

weighting coefficients are used here. The inverse of the 
amount of obtained information in the asymptotic case 
tends to the variance of the estimated parameter, namely: 

 

 
2 1
( ) limr rnn

J


 
  . (9)

 
Analogous to [16–17], for a comparative analysis of 

the relative accuracy of estimates, it is advisable to intro-
duce the concept of the coefficient of variance reduction: 

 

2
)(

2
3)(

)(
mean

PMM
meang









 . (10)
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This coefficient indicates the ratio of the variance of 
the PMM estimates of the parameter   obtained from the 
r -order polynomial equation to the variance of the PMM 
estimates when 1r  or to the variance of the method of 
moments estimates. 

The variance 2
)( mean  of the estimates of the parame-

ter  , found by the method of moments, does not depend 
on the value of this parameter. It is uniquely determined 
by the ratio of the second-order cumulant 2  to the vol-

ume of the sample n  [17]: 
 

nmean
22

)(


  . (11)

 

If substituting the values of the obtained weighting 
coefficients (6) and the derivatives of the moments (4) 
into expression (8), then in the asymptotic case (at 

n ), it is possible to determine the variance of the 
PMM estimates of the order of the polynomial 3r  
through the value of the cumulant coefficients: 



















 
64

2
422

3)( 96
1

nPMM . (12)

 
In this case, the coefficient of variance reduction (10) 

will depend on the cumulant coefficients characterizing 
the kurtosis of the random variable and has the form: 

 

64

2
4

)( 96
1




 meang . (13)

 
As a result of the research, theoretical coefficients for 

reducing the variance of estimates of the center of distri-
butions with a negative kurtosis coefficient were calcu-
lated, as shown in Table 2. Since the selected distribution 
models have constant cumulant coefficients characteriz-
ing the kurtosis, the values obtained are numerical: 

 

 
Table 2 – Theoretical coefficients of variance reduction 

№ Вид розподілу meang )(  4  6  

a)  U-quadratic distribution 0,037 –1,81 13,69 
b)  Arcsine distribution 0,1 –1,5 10 
c)  V-shaped distribution 0,074 –1,67 12 
d)  Symmetrical Kumaraswamy distribution 0,058 –1,46 9,42 

 
As shown in Table 2, all distributions are non-

Gaussian, but it is the coefficient 4  that is negative. The 

results obtained do not contradict the domain of permissi-
ble values of cumulant coefficients shown in [17], and 
they cannot take on arbitrary values. 

Based on the results of the research on the use of the 
PMM to estimate the parameter  , it is possible to say 
that such estimates are superior in accuracy to the classi-
cal average method for distributions with a negative kur-
tosis. Thus, when the order of the stochastic polynomial 
is 3r , the efficiency advantage of the PMM estimates 
of the distribution center is more than 10 times. Al-
though, of course, in solving certain practical problems, 
the efficiency advantage of such estimates using the 
PMM may be somewhat less. 

 
4 EXPERIMENTS 

Usually, it is quite problematic to check and prove the 
effectiveness of both methods and algorithms in practice 
due to the limited amount of data obtained through a real-
world experiment. A way out of this situation may be the 
use of simulation modeling methods, among which the 
most common is the Monte Carlo method, which is based 
on obtaining a large number of random data realizations 
that have stochastic properties of the real process being 
reproduced. 

In this work, a software implementation of a series of 
repeated experiments was developed in Mathematica to 
compare the accuracy of the PMM estimates of the poly-

nomial order 3r  with other classical estimates. For this 
purpose, the experiment was supplemented with the cal-
culation of median and quantile estimates (center of 
curve), which are also used to determine the center of the 
distribution. 

As shown above, expression (10) can serve as a pre-
cise criterion of efficiency, but for experimental data it 
will contain empirical values of the variance reduction 
coefficients of the corresponding estimates: 
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where 2
)(ˆ mean , 2

)(ˆ med , 2
)(ˆ qvan , 2

3)(ˆ PMM  – aver-

age values of the variance of estimates for N  experi-
ments, obtained using the mean, median, quantile esti-
mate, and PMM ( 3r ), respectively. 

In the implementation of the experiment, the estimates of 
the sample initial moments for substitution into the stochastic 
polynomial equation were obtained using the known formula: 
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When analyzing expressions (11) and (12), we can 
talk about the asymptotic efficiency of the methods, i.e., 
to obtain valid results, the sample of one experiment 
should be as large as possible. As for averaging the vari-
ance of the estimates, it is also necessary to have a certain 
number of experiments to ensure a predetermined accu-
racy and statistical stability of the modeling results. This 
calculation is performed using confidence intervals [21]. 

If a parameter ̂  with mathematical expectation   is 
estimated from a sample and has a mean )(XM , then 

there exists a value   such that  )(XM , which 

will be the accuracy of the estimate. The probability of 
fulfillment of this inequality is its reliability 

EXMP  ))(( . 

Since the scheme of independent statistical tests with a 
relative frequency of occurrence of the required event 

Nm /  is considered, for sufficiently large N , a distribu-
tion close to normal will be obtained. Therefore, for each 
value of reliability E , the value of the function Et  )(  

can be selected from the probability integral tables for 
such a value Et  that the accuracy   is equal: 

 

NXDtNmDt EE /)()/(  . (16)

 
Thus, the number of experiments to obtain a given ac-

curacy will be found as follows: 
 

22 /)(  XDtN E . (17)

If a number of random variables are evaluated during 
one experiment, then )(max XDi  is usually chosen to 

calculate the number of experiments N . 
Typically, the reliability is set at 95.0E , so the ta-

ble value found is 96.1Et . The accuracy of calculating 

the variance and the coefficient of variance reduction will 
be adequate when the number has two decimal places, i.e. 

01.0 . Calculating the variance values for the given 
probability distribution models with constant parameters, 
it is obtained 6.0)(max XDi . Thus, the required num-

ber of experiments to get a given accuracy is as follows: 

 

23000
)(

2

2





XDt
N E . (18)

 
5 RESULTS 

The results of statistical modeling by the Monte Carlo 
method for the various distributions considered in the 
research and the volume of experimental sample values 

20020 n  obtained at the number of experiments 
31023 N  are presented in Table 3. 

For a more visual representation and comparison, the 
coefficients of variance reduction obtained as a result of 
Monte Carlo simulation relative to the method of mo-
ments and their theoretical values were plotted, since they 
were calculated analytically. Figure 2 shows them de-
pending on the volume of the sample n . 
 

6 DISCUSSION 
Usually, methods that perform nonlinear processing of 

any data, especially stochastic data, lead to the complica-
tion of mathematical and computational algorithms. The 
polynomial estimation of the parameters of the experi-
mental data proposed in this study is no exception. More-
over, it is known that increasing the order of the stochas-
tic polynomial r  does not lead to a linear dependence of 
the increase in the accuracy of the obtained estimates. 
This fact somewhat reduces the application of the method 
in practice and forces a compromise between increasing 
accuracy or complexity. That is why in this study it was 
decided to choose the order 3r  of the stochastic poly-
nomial. 

The analysis of the results of theoretical (Table 2) and 
experimental (Table 3) studies of variance reduction coef-
ficients shows their significant correlation. This is espe-
cially evident when the sample size n  increases, and also 
indicates the correctness of the statistical modeling. Such 
results fully confirm the asymptotic efficiency of poly-
nomial estimation based on the property of the amount of 
obtained information (8). 

 

Table 3 – Coefficients of variance reduction of estimates 
Результати статистичного моделювання 

meang )(ˆ   medg )(ˆ   qvang )(ˆ   

n 

Вид розподілу 3)(g

 

20 50 100 200 20 50 100 200 20 50 100 200 

U-quadratic 
distribution 

0,037 0.16 0.044 0.038 0.035 0.018 0.002 0.001 0.001 0.284 0.161 0.151 0.153 

Arcsine 
distribution 

0,1 0.305 0.138 0.114 0.102 0.077 0.031 0.024 0.021 0.236 0.108 0.088 0.082 

V-shaped 
distribution 

0,074 0.25 0.097 0.08 0.071 0.039 0.009 0.005 0.003 0.319 0.17 0.154 0.14 

Symmetrical 
Kumaraswamy 

distribution 
0,058 0.196 0.093 0.068 0,061 0.109 0.044 0.031 0.026 0.284 0.138 0.108 0.094 
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Figure 2 – Comparison of the efficiency of methods for finding center coordinate estimates depending on the volume of the sam-
ple: a – U-quadratic distribution, b – arcsine distribution, 

c – V-shaped distribution, d – symmetrical Kumaraswamy distribution 
 

A general analysis of the results of comparing differ-
ent estimation methods with the PMM shows its high ef-
ficiency. It is demonstrated by the fact that the PMM has 
an average 3-5 times higher accuracy of estimates than 
classical methods, as shown in Figure 2. This is also true 
for small (20 values) sample volumes, which is important 
for limited experiments, although the smallest reduction 
in the variance of the estimate in such cases is observed 
compared to the method of quantile estimates. As for the 
median estimate, the PMM has the greatest advantage 
over it in terms of accuracy for models with a gentler 
curve. 

As the sample volume increases, the coefficient of 
variance reduction tends to its theoretical value, as it 
should be, which is confirmed by the results of statistical 
modeling. This trend can be observed both in the numeri-
cal results (Table 3) and in the graphical interpretation 
(Figure 2), which shows a comparison of the experimental 
value and the theoretical one. Although the coefficient of 
variance reduction increases with decreasing non-
Gaussianity of the experimental data (the advantage in 
accuracy decreases), the advantage of polynomial esti-
mates remains significant. 

 

CONCLUSIONS 
The research conducted in this paper confirms the po-

tentially high efficiency of the polynomial maximization 
method in determining estimates of the coordinates of the 
center of distribution of experimental data that are ade-
quately described by models of probability distributions 
with a negative kurtosis. An important and essential fea-
ture of this approach is the fact that it does not require any 
prior information about the type and parameters of the 

distributions. However, for the purpose of demonstration, 
the necessary well-known models were used, which are 
adequate to the task at hand. The paper shows that the 
algorithm for finding the PMM estimates of an informa-
tive parameter using the polynomial order 3r  can be 
reduced to solving a cubic equation. For this purpose, 
both explicit and numerical methods can be used. The 
coefficients of this equation are obtained from the calcula-
tion of a posteriori estimates of the initial moments up to 
the 6-th order of the stochastic component of the experi-
mental data. 

The basis for finding the coefficient of variance reduc-
tion in this paper is the concept of the amount of informa-
tion extracted, which is identical to Fisher's information 
for the Maximum Likelihood Estimation. However, the 
amount of information extracted was calculated based on 
sample statistical characteristics, such as moments and 
cumulants. The result is an analytical expression that, for 
each model distribution, when substituting the numerical 
values of the interval on which it is defined, gives a num-
ber in the final case. 

Statistical modeling has confirmed the effectiveness of 
the PMM estimates compared to known nonparametric 
estimates based on the mean, median, and quantile statis-
tics, even with small sample sizes. The simulation results 
show that the accuracy of the proposed approach is some-
times significantly (more than 3 times) higher than classi-
cal nonparametric estimates. 
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АНОТАЦІЯ 
Актуальність. В роботі розглянуто задачу оцінювання центру розподілу випадкової складової експериментальних да-

них для моделей щільності з від’ємним коефіцієнтом ексцесу. 
Мета. Метою роботи є отримання методів підвищенні ефективності поліноміального оцінювання параметрів експери-

ментальних даних з від’ємним коефіцієнтом ексцесу. 
Метод. В дослідженні застосовано відносно новий підхід для отримання оцінок центру розподілу імовірності з резуль-

татів експериментальних даних, що мають стохастичну складову. Цей підхід засновано на поліноміальних методах оціню-
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вання, котрі спираються на математичний апарат стохастичних поліномів Кунченка та опис випадкових величин статисти-
ками вищих порядків (моментами чи кумулянтами). В якості моделей випадкової складової в роботі використано ряд розпо-
ділів щільності імовірності з від’ємним коефіцієнтом ексцесу. 

В якості міри ефективності оцінок було використано відношення дисперсії оцінки центру розподілу, знайденої з викори-
станням поліноміальних та класичних методів, виходячи із параметра кількості добутої інформації. 

Досліджено, із застосуванням методу Монте-Карло для багаторазових випробувань, відносну точність поліноміальних 
оцінок у порівнянні з оцінками середнього, медіани та квантильних оцінок (центру перегину). 

Результати. Побудовано поліноміальні методи оцінювання параметра центру розподілу для моделей даних щільності 
розподілу імовірності з від’ємним коефіцієнтом ексцесу. 

Висновки. Дослідження, що були проведені в даній роботі, підтверджують потенційно високу ефективність поліноміа-
льних оцінок координати центру експериментальних даних, що адекватно описуються модельними розподілами з від’ємним 
коефіцієнтом ексцесу. Статистичне моделювання підтвердило ефективність отриманих оцінок в порівнянні із відомими 
непараметричними оцінками, на основі статистик середнього, медіани і квантильної оцінки, причому навіть при малих 
об’ємах вибірки. 

КЛЮЧОВІ СЛОВА: вибірка даних, оцінювання, стохастичний поліном, кумулянти, від’ємний ексцес. 
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ABSTRACT 
Context. The subject matter of the article is the recognition of a reference signal in the presence of additive interference. 
Objective. The recognition of the reference signal by the obtained value of its weighting factor in conditions where additive 

interference is imposed on the spectrum of the reference signal at unknown random frequencies. The task is the development of a 
method for recognizing a reference signal for the case when the interference consists of an unknown periodic signal that can be 
represented by a finite sum of basis functions. In addition, interference may also include deterministic signals from a given set with 
unknown weighting coefficients, which are simultaneously transmitted over the communication channel with the reference signal. 

Method. The method of approximating the unknown periodic component of the interference by the sum of basis functions is 
used. The current number of values of the signal that enters the recognition system depends on the number of basis functions. This 
signal is the sum of the basis functions and the reference signal with unknown weighting coefficients. To obtain the values of these 
coefficients, the method based on the properties of the disproportion functions is used. The recognition process is reduced to the 
calculation of the weight coefficient of the reference signal. If it is zero, it indicates that the reference signal is not part of the signal 
being analyzed. The recognition system is multi-level. The number of levels depends on the number of basis functions. 

Results. The obtained results show that, provided that the reference signal differs by at least one component from the given set of 
basis functions, the recognition is successful. The given examples show that the system recognizes the reference signal even in 
conditions where the weighting coefficient of the interference is almost 1000 times greater than the coefficient for the reference 
signal. The recognition system also works successfully in conditions where the interference includes the sum of deterministic signals 
from a given set, which are simultaneously transmitted over the communication channel. 

Conclusions. The scientific novelty of the obtained results is that a method for recognizing the reference signal has been 
developed in conditions where only an upper estimate of its maximum frequency is known for the periodic component of the 
interference. Also, recognition occurs when, in addition to unknown periodic interference, the signals from a given set with unknown 
weighting coefficients are superimposed on the reference signal. In the process of recognition, in addition to the weighting factor for 
the reference signal, the factors for the interference components are also obtained. 

KEYWORDS: recognition of reference signals, additive interference, weighting coefficients, disproportion functions, basis 
functions, interference spectrum, Fourier series. 
 

NOMENCLATURE 
t is a time; 
y(t) is a signal received at the input of the recognition 

system; 
g(t) is a reference signal; 
ƞ(t) is an interference; 
M is a number of basis functions 
fi(t) is a set of given basis functions, i=1, 2,...M; 
ei is a set of unknown coefficients; 
k1 is a weight of the reference signal; 
k2 is a weight of the interference signal; 
d is a derivative; 

@ is a symbol for calculating disproportion; 
h is a step of calculation; 
ci is an unknown coefficient; 
N is a number of consecutive measurements; 
l is a level; 
n is a sequence number of calculating the 

disproportion at this level; 
Dl,n(j) is a disproportion; 
ɷ is a circular frequency; 
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ydx
)1(@  is a disproportion over the 1-th order 

derivative of y with respect to x. Read as: “at d one y with 
respect to x”. 

 
INTRODUCTION 

Recognition of reference signals and estimation of 
their weighting coefficients occurs when solving many 
problems. In particular, it is necessary for the recognition 
of radar signals [1], phonemes in a voice signal [2], 
modulation for the analysis of an intercepted signal [3], 
emotions in the creation of intelligent systems [4] in 
medicine [5, 6], in prosthetics [7], radio monitoring [8, 9], 
etc. Most of the works are devoted to the detection and 
recognition of the reference signals if interference is 
random noise. In particular, it can be a random quasi-
stationary periodic process with an unknown current 
spectral characteristic, about which only an upper 
estimate of the possible maximum frequency is known. In 
addition, simultaneously with the periodic process, other 
deterministic signals from a given set with unknown 
weighting coefficients can be transmitted over the 
communication channel. 

The cited circumstances testify to the urgency of 
developing new methods of signal recognition.  

The object of research is the process of recognizing a 
reference signal in the presence of additive interference. 

The subject of research is the method and algorithm 
for recognizing reference signals under the influence of 
listed types of interference. 

The purpose of this work is to develop a method for 
accurately identifying a reference signal by determining 
its weighting factor in the presence of additive 
interference. The primary goal is to address the challenge 
of recognizing reference signals when the interference 
consists of an unknown periodic signal and deterministic 
signals from a given set with unknown weighting 
coefficients. The research aims to propose a reliable 
approach based on the use of disproportion functions and 
the approximation of the unknown periodic component of 
the interference by a sum of basis functions. 

  
1 LITERATURE REVIEW 

Many works are devoted to the detection, recognition, 
and estimation of parameters of reference signals. Thus, 
in [8], radio monitoring of radio frequency ranges is 
carried out to find unoccupied frequency channels in 
cognitive radio networks. At the same time, signals are 
detected and recognized under conditions of a priori 
uncertainty. The noise in the frequency channel is given 
by the training sample of realizations. The decision rule is 
implemented in the spectral domain using the discrete 
Fourier transform. Recognition of phonendoscopy signals 
in the space of autocorrelation functions and linear 
prediction coefficients is considered in [5]. 

In [10], the apparatus of fuzzy sets is used to increase 
the reliability of positional-binary recognition of signals. 
Recognition of cyclic signals is carried out by comparing 

their fuzzy interpretations with the corresponding fuzzy 
interpretations of reference signals reflecting the temporal 
arrangement of positional-binary components. 

In [11], discrete orthogonal transformation is used for 
signal recognition. When the investigated signal coincides 
with the sample, the spectrum of such a transformation 
contains only one non-zero transformation. It should be 
noted that the application of the normal transformation to 
evaluate the similarity of signals based on the obtained 
coefficients makes it possible to introduce a numerical 
measure of the evaluation of such similarity. In radio 
communication, an important task is the recognition of 
signal modulation. To improve its recognition, a fusion of 
multimodal features is proposed in [3]. Various functions 
in the time and frequency domains are obtained as inputs 
to the network at the signal preprocessing stage. Deep 
neural convolutional networks are built to obtain spatial 
features that interact with temporal features. 

In [8], to quickly obtain complete information about 
the characteristics of pulse signals, time and frequency 
characteristics are obtained. They are mixed in a 
convolutional neural network for final classification and 
recognition. Recognition of signals with a time-varying 
spectrum is considered in [12]. A new radar emitter signal 
recognition method based on a one-dimensional deep 
residual shrinkage network is proposed in [1]. In [13], 
recognition of periodic signals in the presence of additive 
periodic interference occurs using the first-order 
derivative disproportionality function. 

 
2 PROBLEM STATEMENT 

It is necessary to develop a method for recognizing 
reference signals and estimating their weighting 
coefficients when additive interference is imposed on 
them at unknown frequencies. The interference consists of 
two parts. The first part is an unknown periodic signal 
with a random spectrum. We will assume that it meets the 
requirements for its approximation by a finite sum of 
basis functions. For example, it can be represented by a 
finite Fourier series. The second part is the sum of 
deterministic signals from a given set that can be 
transmitted over a communication channel simultaneously 
with a reference signal with unknown coefficients. 

First, consider the case where the interference is a 
random periodic signal that can be decomposed into a 
finite sum of basis functions. A signal is received at the 
input of the recognition system: 

 
).()()( 21 tktgkty   (1)

 
The interference is quasi-stationary with an unknown 

current spectrum superimposed on the spectrum of the 
reference signal at unknown frequencies. Coefficients k1 
and k2 in (1) characterize the weight of the reference 
signal and interference, respectively. The values of k1 and 
k2 are unknown. 
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).()(
1

tfet i

M

i
i


  (2)

 
After substituting (2) into (1), we get: 
 

).()()(
1

21 tfektgkty i

M

i
i


  (3)

 
It is necessary to find the unknown value of the 

coefficient k1 at the reference signal g(t) using the given 
functions fi(t) and the current values y(t). The inequality 
of this coefficient to zero indicates that the reference 
signal g(t) is recognized in y(t). Its value is the weight of 
the reference signal. Conversely, if k1 = 0, the reference 
signal is absent. To solve the problem, it is necessary to 
specify a set of basis functions. Their number M should 
not be less than what is needed to approximate the 
interference. The case when deterministic signals from a 
given set are added to ƞ(t), which are simultaneously 
transmitted over the communication channel with the 
reference signal, is easily reduced to the previous one. For 
this, the list of functions for the decomposition of 
interference is expanded. fM+2(t), fM+3(t), ... fM+r(t) are 
added to it, where r is the number of signals superimposed 
on the reference signal. 
 

3 MATERIALS AND METHODS  
Disproportion functions are used to solve the problem 

[13, 14]. There are the disproportion functions by 
derivatives, by values, and relative disproportions. 

In particular, the disproportion with respect to the 
first-order derivative of the function w(t) with respect to 
x(t), where t is a parameter, has the form: 

 

.
)(

)(

)(

)(
@)( )1(

dt
tdx

dt
tdw

tx

tw
ydtz x   (4)

 
In case w(t) can be represented by the sum of known 

functions r1(t), r2(t), … rM(t) with unknown coefficients 
q1, q2, … qM. 

 

),(...)()()( 2211 trqtrqtrqtw MM  (5)

 
sequential calculation of disproportion (4) allows the 
finding of unknown coefficients in (5) [13]. In order to 
use this property to solve the problem, it is necessary to 
reduce y(t) (3) to the form (5). For this, we will introduce 
new notations in (3): ci = k2ei 

 

),()(1 tgtfM   (6)

.11 kcM   (7)

 
Substituting (6) and (7) into (3), we get: 

 







1

1

).()(
M

i
ii tfcty  (8)

 
Thus, the problem is reduced to the application of 

disproportion (4) according to the algorithm given in [13] 
to calculate the unknown coefficient cM+1 in (8). For this, 
the current values of y(t) are used. At the same time the 
coefficients с1, с2, ... сM, which determine the interference 
ƞ(t), are also calculated.  

In contrast to [13], the case where y(t) is measured 
discretely in time with a step h and is represented by the 
array yj=y(jh) is considered below. Here j = 0, 1, 2, ...N–1. 
The value of N is determined by the total number of 
functions involved in the recognition system. In addition 
to M, the reference function fM+1(t) and y(t) should be 
taken into account. In this case 

 

.1)11(  MN  (9)

 
The discrete functions are not differentiable, therefore, 

instead of disproportion (4), an integral disproportion of 
the first order should be used [15]. For w(j) and x(j) 
measured with the same step h, this disproportion has the 
form: 

 

.
)(

)(

)()1(

)(1(
@)( )1(

jx

jw

jxjw

jwjw
wIjI x 




   (10)

 
Let’s present (8) in discrete form, where f(i, j) = fi(jh),  

j = 0, 1, … N–1: 
 







1

1

).,()(
M

i
i jifcjy  (11)

 
To describe the algorithm, it is advisable to consider 

the simplified case when M = 4, i.e., the interference is 
represented by the sum of only four functions in (11), 
calculated with step h. Now f(5,j) is the reference function 
that must be recognized. And it is necessary to determine 
the coefficient c5. In this case, the signal (11) has the 
form: 
 

).,5(),4(

),3(),2(),1()(

54

321

jfcjfc

jfcjfcjfcjy




 (12)

 
The algorithm for calculating the coefficients ci in (12) 

consists of (M+1) levels. The disproportions (10) Dl,n(j) 
are calculated on each of them. 

At the first level, let’s calculate the disproportion (10) 
y(j) with respect to any function from the right-hand side 
of (12). Let it be f(1,j): 
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(13)

 

We will also calculate the disproportions of other 
functions f(r, j) from (12) with respect to f(1, j): 
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where j = 0, 1, …N–1; r = 2, 3, 4, 5. 
Substitute (14) into (13) and take into account that the 

first component in (13) is zero. As a result, we get: 
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At the second level, in (15), we choose, for example, 
D1,2(j) and calculate the disproportion (10) of D1,1(j) with 
respect to D1,2(j): 
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Let’s also calculate 
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where j = 0, 1, …N–1; r = 3, 4, 5. 

After substituting (17) into (16), taking into account 
that the first term is zero, we obtain: 

 
).()()()( 5,254,243,231,2 jDcjDcjDcjD   (18)

 
Again, we choose any of the components in (18), for 

example, D2,3(j). Let’s calculate the disproportion (10) of 
D2,1(j) with respect to D2,3(j): 
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Let’s also calculate 

 

,
)(

)(

)()1(

)()1(

@)(

3,2

,2

3,23,2

,2,2

,2
)1(

,3
3,2

jD

jD

jDjD

jDjD

DIjD

rrr

rDr









 (20)

 
where j = 0, 1, …N–1; r = 4, 5. 

Substituting (20) into (19) gives: 
 

).()()( 3,352,341,3 jDcjDcjD   (21)

 
We choose D3,2(j) in (21) and calculate the 

disproportions (10) with respect to it: 
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After substituting (23) into (22), we get: 
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Let’s calculate the disproportion (10) of D4,1(j) with 

respect to D4,2(j): 
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The equality of D5,1(j) to zero is explained by the 

presence of a proportional relationship between D4,1(j) 
and D4,2(j), as can be seen from (24). The unknown 
coefficient c5 is calculated from this equation. 
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At the same time, the values of the other coefficients 

in (12) can be obtained to obtain additional information 
about the interference and the structure of the signal y(t). 
This information is necessary to verify compliance with 
the conditions under which the obtained value of the 
coefficient c5 can be considered reliable. 

Let’s continue the calculation of the coefficients in 
(12). From (21, 18, 15, 12) we find c4, c3, c2, c1: 
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4 EXPERIMENTS 

Let’s consider the case when the interference consists 
only of a periodic signal with a frequency limited from 
above. In (8), it is represented by the sum of harmonic 
functions: 
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  
(31)

 
In this case, the coefficients c1 and c2 represent the 

first harmonic, c3 and c4 – the second, etc. 
To be able to present a periodic interference, one must 

know its period and, at least approximately, the maximum 
frequency component. This will allow us to determine the 
frequency of the first and highest harmonic with the 
number M/2 in (31).  

At the same time, the frequency of the highest 
harmonic with the number M/2 can be both equal to the 
maximum frequency with which the interference is 
controlled and greater than it. 

Let’s consider example №1. When solving the 
problem, it is assumed that the interference ƞ(t) has the 
form (2). It is necessary to make sure that for known 
functions fi(t) the proposed algorithm allows obtaining the 
correct values of coefficients ci i = 1, 2, ...M in (2). For 
this, we take y(t) (31) and set the cM+1 coefficient to zero 
at the reference function fM+1(t). As a result, we get: 
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 (33)

 
The frequency band in which the interference is 

included is approximately known to us. Therefore, it is 
assumed that its highest harmonic is equal to 25, 
although, in reality, it is equal to only 20. Thus, the 
number of functions that determine the interference is  
M = 50. The total number of functions used to determine 
the coefficients in (33), taking into account y(t), is 51. 
According to (9), taking into account the absence of a 
reference function, the number of elements in the discrete 
representations of the functions is N ≥ (M + 1) + 1 = 52. 
Let’s take N = 52. The step of changing the argument  
h = 1. The results are given in Table 1.  

The obtained values of coefficients are following:  
c1 = 0.5; c3 = –7.25; c4 = 1.25; c10 = –2.5; c13 = 0.12;  
c17 = 2; c22 = –3; c40 = –10. All other coefficients are equal 
to zero. It is obvious that the obtained results coincide 
with the values of the corresponding coefficients in (33). 
The algorithm works correctly. 
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Table 1 – Example 1 
i ci i ci 
1 0.5 26 –1.20E–12 
2 8.18E–12 27 4.86E–12 
3 –7.25 28 1.04E–12 
4 1.25 29 4.14E–12 
5 2.28E–12 30 2.35E–12 
6 2.05E–12 31 –1.98E–12 
7 7.18E–12 32 –3.30E–12 
8 8.20E–12 33 1.34E–12 
9 –1.14E–12 34 –4.15E–12 

10 –2.5 35 3.09E–12 
11 1.45E–13 36 –1.71E–12 
12 –1.00E–14 37 2.38E–12 
13 0.12 38 –9.99E–12 
14 3.98E–12 39 6.75 
15 –6.86E–12 40 –10 
16 2.59E–13 41 6.36E–11 
17 2 42 –5.45E–11 
18 –1.01E–11 43 5.52E–12 
19 1.29E–11 44 –3.16E–11 
20 6.25E–01 45 –3.70E–11 
21 2.57E–12 46 –7.89E–11 
22 –3 47 1.21E–11 
23 –4.11E–13 48 –2.46E–11 
24 1.93E–13 49 1.39E–12 
25 8.18E–14 50 –9.09E–12 

 
For comparison, the interference ƞ(t) (33) was also 

decomposed into a Fourier series of 26 harmonics and  
N = 52. The step of changing the argument  
h = 2π/N = 0.12083. As expected, the cosine components 
for each harmonic coincided with the coefficients for the 
odd-numbered functions in (33), and the sine components 
for the even-numbered ones. That is, in this case, the 
proposed algorithm can be used to decompose the 
function into harmonics. It should be noted that in the 
proposed method, h = 1 does not depend on N.  

In example №2 the case where the frequency range in 
which the interference is located is incorrectly determined 
is being investigated. For example, when cos(27t) is 
added to the expression (33), which defines the 
interference: 
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As can be seen from Table 2, all coefficients are not 

equal to zero and differ from the values in (34). That is, in 
this case, the algorithm does not work. 

Let’s consider the example #3. The decomposition of 
the sum of the reference function g(t) and the interference 
ƞ(t) is considered: 

 
),()()( ttgty   (35)

 

Table 2 – Example 2 
i ci i ci 
1 0.5218 26 –0.00255814 
2 –0.0135554 27 –0.00866345 
3 –7.47506 28 –0.0321576 
4 1.18038 29 –0.0195644 
5 –0.0234714 30 0.0329743 
6 –0.0409719 31 –0.0267472 
7 0.0184056 32 0.00830763 
8 –0.083213 33 0.84833 
9 –0.0356034 34 0.419396 
10 –2.47883 35 0.00274051 
11 –0.0093848 36 0.0116143 
12 –0.00439558 37 –0.0428529 
13 0.119222 38 0.0417336 
14 –0.00837845 39 6.49839 
15 0.0635089 40 –10.0569 
16 –0.0605521 41 0.460666 
17 1.97527 42 0.815869 
18 –0.000225677 43 –0.0841818 
19 –0.0203486 44 0.361305 
20 0.606359 45 –0.81944 
21 0.0018544 46 0.558422 
22 –2.95846 47 0.243344 
23 –0.00546663 48 0.0592147 
24 0.00449403 49 0.0183457 
25 –0.00684171 50 0.0526963 

 

where the interference ƞ(t) has the form (33), and the 
reference function is described by the expression: 
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 (36)

 

In this example, the reference function (36) and the 
interference are in the same frequency range. There are 
six common basis functions in g(t) as well as in ƞ(t). The 
reference signal can be represented by a finite sum of the 
same basis functions f1(t), …, f50(t) that represent the 
interference. In fact, the sum of the interference and the 
reference function (36) is decomposed by means of 51 
functions, since fM+1(t) must also be taken into account. 

Including y(t), a total of 52 functions are involved in 
recognition. Therefore, according to (9), N = 53 is taken. 
The results are shown in Table 3. Instead of c51 = 1,  
c51 = –0.49484 was obtained. That is, in this case, the 
method does not work. 

Two important conditions follow from the three 
examples given: 

1. The finite number of basis functions must be 
sufficient to represent the interference. 

2. The basis functions that define the interference 
should not be sufficient to represent the reference signal. 
That is, the reference signal must differ by at least one 
component from the given set of basis functions. 
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Table 3 – Example 3 
i ci i ci 
1 2.74225 27 2.80E–11 
2 4.48451 28 –8.87E–11 
3 –7.25 29 5.23 
4 8.35047 30 –1.11E–10 
5 –7.28E–11 31 6.45E–11 
6 1.84E–10 32 2.51E–11 
7 –2.61E–10 33 1.57E–11 
8 –2.00E–10 34 1.53E–10 
9 6.49E–11 35 3.38E–11 
10 –6.23709 36 –6.31E–11 
11 1.07E–11 37 6.87E–11 
12 –3.48E–12 38 –3.31E–11 
13 15.0684 39 –3.31E–11 
14 7.12E–11 40 –10 
15 2.37E–10 41 –2.02E–09 
16 –1.13E–10 42 3.96E–10 
17 2 43 2.11E–10 
18 3.16E–10 44 –7.62E–10 
19 –3.55E–10 45 1.67E–09 
20 –3.55E–10 46 1.26E–09 
21 8.31E–11 47 1.67E–10 
22 –3 48 –1.08E–09 
23 –1.33E–11 49 –4.05E–11 
24 –1.62E–11 50 –14.9484 
25 1.97E–11 51 –0.49484 
26 6.26E–12 52 – 

 

Based on this, consider the following examples. In 
example #4, the interference has the form (33). The 
reference function differs from (36) due to the addition of 
cos(30t) and thus satisfies the second condition: 
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Let 
 

).(1000)(256.1)( ttgty   (38)
 

The results are given in Table 4. 
That is, it is necessary to find the weighting 

coefficient for the reference signal, which is almost 1000 
times smaller than the coefficient for interference. As in 
the previous case, 52 functions and N = 53 take part in the 
recognition process. 

It should be noted that the decomposition of the 
interference took place. Therefore, the table shows its 
coefficients from (33), multiplied by 1000. The reference 
signal was not decomposed.  

The coefficient cM+1(t) = c51(t) = –1.256 coincides 
with the coefficient for g(t) in (38). Thus, it was 
established that y(t) includes the reference signal g(t) with 
the coefficient –1.256. So, the signal was recognized in 
the presence of additive interference and its weighting 
coefficient was determined. 

In example #5 consider the case when the signal g1(t) 
is added to the periodic interference (33): 

 

.5.4)exp(5.2)6sin(5)(1  tttg  (39)
 

Table 4 – Example 4 
i ci i ci 
1 500 27 –1.94E–08 
2 –4.54E–09 28 –1.61E–08 
3 –7250 29 –1.67E–08 
4 1250 30 3.56E–09 
5 7.61E–09 31 –1.09E–09 
6 –1.47E–08 32 3.24E–09 
7 1.64E–08 33 6.85E–10 
8 1.44E–08 34 –4.37E–09 
9 8.18E–09 35 5.73E–09 

10 –2500 36 –5.41E–09 
11 3.81E–09 37 1.83E–08 
12 2.97E–09 38 –2.65E–08 
13 120 39 6750 
14 4.66E–09 40 –10000 
15 –9.62E–09 41 1.07E–07 
16 –4.24E–09 42 –4.83E–08 
17 2000 43 –1.51E–08 
18 –2.30E–08 44 6.28E–08 
19 2.67E–08 45 –7.63E–08 
20 625 46 –8.78E–08 
21 8.39E–10 47 3.71E–09 
22 –3000 48 –1.04E–07 
23 3.02E–09 49 –5.06E–09 
24 –4.15E–10 50 3.30E–08 
25 3.44E–09 51 –1.256 
26 –7.02E–10 52 – 

It contains a permanent component. The spectrum of 
the signal g1(t) goes beyond the frequency band in which 
the interference is located. Let 

 

).(725.0)(1000)(256.1)( 1 tgttgty   (40)
 

In addition to the given 50 functions and y(t), two 
more functions are added. Therefore, according to (9),  
N = 54 is taken. The results are shown in Table 5.  

 

Table 5 – Example 5 
i ci i ci 
1 500 27 –3.73E–07 
2 –2.24E–07 28 –1.92E–07 
3 –7250 29 –3.08E–07 
4 1250 30 –1.26E–09 
5 9.74E–09 31 1.31E–08 
6 8.01E–09 32 –3.65E–09 
7 –7.16E–09 33 5.96E–09 
8 8.69E–09 34 1.33E–08 
9 9.16E–08 35 1.75E–08 

10 –2500 36 –1.13E–08 
11 –1.47E–08 37 –3.11E–07 
12 –2.63E–08 38 –3.44E–07 
13 120 39 6750 
14 5.40E–09 40 –10000 
15 –6.14E–09 41 –9.08E–08 
16 –1.88E–08 42 –2.88E–08 
17 2000 43 1.86E–08 
18 6.30E–09 44 –6.19E–08 
19 3.51E–09 45 1.03E–07 
20 625 46 1.60E–08 
21 –3.10E–08 47 –1.02E–07 
22 –3000 48 –3.90E–07 
23 1.13E–08 49 4.58E–07 
24 9.07E–09 50 7.11E–07 
25 9.65E–09 51 –1.256 
26 –1.71E–08 52 0.725 

For interference, the same results as in the previous 
case are obtained. Accordingly, the coefficients are 
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obtained for g(t) and g1(t). c51= –1.256 and c52=0.725, 
which coincide with the coefficients in (40). The 
recognition of the reference signal g(t), the calculation of 
its weighting coefficient, and the signal coefficient, which 
is added to the periodic component of the interference, 
took place. At the same time, the interference practically 
has a weight 1000 times greater compared to the reference 
signal. 

Example #6 differs from the previous one only in the 
absence of g(t) in the composition of y(t): 

 
).(725.0)(1000)( 1 tgtty   (41)

 
As can be seen from Table 6, the coefficient at  

g(t) c51 = 0, which indicates the absence of the reference 
signal in the composition of y(t). 

It is also known that g1(t) with the coefficient  
c52 = 0.725 is part of the interference. 
 

Table 6 – Example 6 
i ci i ci 
1 500 27 8.90E–07 
2 5.42E–07 28 4.48E–07 
3 –7250 29 7.35E–07 
4 1250 30 3.11E–08 
5 1.33E–08 31 –8.37E–09 
6 –2.31E–08 32 –1.07E–08 
7 6.26E–08 33 –2.16E–08 
8 –1.27E–08 34 –5.11E–08 
9 –2.18E–07 35 –3.30E–08 

10 –2500 36 1.98E–08 
11 4.57E–08 37 8.62E–07 
12 7.40E–08 38 8.72E–07 
13 120 39 6750 
14 –1.81E–09 40 –10000 
15 –2.65E–08 41 5.03E–07 
16 4.52E–08 42 1.65E–07 
17 2000 43 –3.67E–08 
18 –2.41E–08 44 1.50E–07 
19 4.24E–08 45 –5.27E–07 
20 625 46 –7.45E–08 
21 6.40E–08 47 2.75E–07 
22 –3000 48 8.61E–07 
23 –2.58E–08 49 –1.23E–06 
24 –2.47E–08 50 –1.66E–06 
25 –1.89E–08 51 –2.08E–07 
26 4.44E–08 52 0.725 

 
The results obtained for examples 5 and 6 show that 

the proposed method allows you to recognize the 
reference signal and determine its weighting coefficient in 
the presence of combined additive interference. 
 

CONCLUSIONS 
The actual problem of recognizing a reference signal 

in the presence of additive interference is being solved. 
The scientific novelty lies in the introduction of a 

new method of recognizing reference signals and 
determining their weighting coefficients in the presence 
of additive interference when the overlapping of the 
spectrum occurs at unknown frequencies. The 
interference can include both the random periodic signal 

and the sum of other deterministic signals from a given 
set with unknown weighting coefficients. The periodic 
random component of the interference must meet the 
conditions for its approximation by a finite sum of basis 
functions. In particular, it can be represented by a finite 
Fourier series. To solve the problem, it is necessary to 
specify a set of basis functions. Their number should not 
be less than what is needed to determine the interference. 
At the same time, the reference signal must include at 
least one component that is not included in this set. In 
particular, it can be a harmonic that is absent among those 
specified for decomposition of the periodic component of 
the interference or a constant component. 

The practical significance of this research is evident 
in its potential application in operational signal 
recognition systems. Research results indicate that the 
method works even in conditions where the interference 
has a weighting coefficient almost 1000 times greater than 
that of the reference signal. Accurately identifying 
reference signals amidst additive interference improves 
signal processing and analysis in various domains.  

Prospects for further research involve improving 
the proposed method in order to identify signs of violation 
of the conditions necessary for the successful recognition 
of the reference signal.  
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AНОТАЦІЯ 
Актуальність. Розв’язана актуальна задача є розпізнавання еталонного сигналу при наявності адитивної завади. 
Мета. Розпізнавання еталонного сигналу по отриманому значенню його вагового коефіцієнту, коли адитивна завада 

накладається на спектр еталонного сигналу на невідомих випадкових частотах. Завдання: розробити метод розпізнавання 
еталонного сигналу для випадку, коли завада складається із невідомого періодичного сигналу, який може бути 
представлений кінцевою сумою базисних функцій. В заваду можуть також входити детерміновані сигнали із заданої 
множини з невідомими ваговими коефіцієнтами, які одночасно із еталонним передаються по каналу зв’язку. Для 
розв’язання задачі застосовується метод апроксимації невідомої періодичної складової завади сумою базисних функцій. 
Поточна кількість значень сигналу, що поступає на систему розпізнавання залежить від кількості базисних функцій. Цей 
сигнал є сумою базисних функцій і еталонного сигналу із невідомими ваговими коефіцієнтами. 

Метод.  Для отримання їх значень вагових коефіціентів використовується метод, що базується на властивостях функцій 
непропорційності. Процес розпізнавання зводиться до обчислення вагового коефіцієнта еталонного сигналу і порівняння 
його з нулем. Система розпізнавання багаторівнева. Кількість рівнів залежить від кількості базисних функцій. 

Результати. Отримані результати свідчать, що якщо еталонний сигнал відрізнятися хоча б на одну складову від заданої 
множини базисних функцій, розпізнавання відбувається успішно. Приведені приклади свідчать, що система розпізнає 
еталонний сигнал навіть в умовах, коли ваговий коефіцієнт завади майже в 1000 раз перевершує коефіцієнт при еталонному 
сигналові. Система розпізнавання працює успішно також в умовах, коли завада включає суму детермінованих сигналів із 
заданої множини, які одночасно передаються по каналу зв’язку. 

Висновки. Наукова новизна отриманих результатів в тому, що розроблено метод розпізнавання еталонного сигналу в 
умовах, коли для періодичної складової завади відома лише оцінка зверху її максимальної частоти. Також розпізнавання 
відбувається, коли крім невідомої періодичної завади на корисний еталонний сигнал накладаються сигнали із заданої 
множини з невідомими ваговими коефіцієнтами. В процесі розпізнавання крім вагового коефіцієнту для корисного 
еталонного сигналу також отримуються коефіцієнти для складових завади. 

КЛЮЧОВІ СЛОВА: еталонний сигнал, завада, розпізнавання сигналу, ваговий коефіцієнт, функції непропорційності, 
базисні функції, конечний ряд Фур’є. 
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ABSTRACT 
Context. Optimization of the method of nearest neighbors k-NN for the classification of text documents by their topics and ex-

perimentally solving the problem based on the method. 
Objective. The study aims to study the method of nearest neighbors k-NN for classifying text documents by their topics. The task 

of the study is to classify text documents by their topics based on a dataset for the optimal time and with high accuracy. 
Method. The k-nearest neighbors (k-NN) method is a metric algorithm for automatic object classification or regression. The  

k-NN algorithm stores all existing data and categorizes the new point based on the distance between the new point and all points in 
the training set. For this, a certain distance metric, such as Euclidean distance, is used. In the learning process, k-NN stores all the 
data from the training set, so it belongs to the “lazy” algorithms since learning takes place at the time of classification. The algorithm 
makes no assumptions about the distribution of data and it is nonparametric. The task of the k-NN algorithm is to assign a certain 
category to the test document x based on the categories k of the nearest neighbors from the training dataset. The similarity between 
the test document x and each of the closest neighbors is scored by the category to which the neighbor belongs. If several of k’s closest 
neighbors belong to the same category, then the similarity score of that category for the test document x is calculated as the sum of 
the category scores for each of these closest neighbors. After that, the categories are ranked by score, and the test document is as-
signed to the category with the highest score. 

Results. The k-NN method for classifying text documents has been successfully implemented. Experiments have been conducted 
with various methods that affect the efficiency of k-NN, such as the choice of algorithm and metrics. The results of the experiments 
showed that the use of certain methods can improve the accuracy of classification and the efficiency of the model. 

Conclusions. Displaying the results on different metrics and algorithms showed that choosing a particular algorithm and metric 
can have a significant impact on the accuracy of predictions. The application of the ball tree algorithm, as well as the use of different 
metrics, such as Manhattan or Euclidean distance, can lead to improved results. Using clustering before applying k-NN has been 
shown to have a positive effect on results and allows for better grouping of data and reduces the impact of noise or misclassified 
points, which leads to improved accuracy and class distribution. 

KEYWORDS: method, cluster, classification, text document, subject, ball tree algorithm, metric. 
 

ABBREVIATIONS 
k-NN is a k-nearest neighbor method; 
kd-tree is a k-dimensional tree; 
L1 – distance is a Manhattan metric; 
TF-IDF is a TF – term frequency, IDF – inverse docu-

ment frequency; 
CSV is a comma-separated value. 
 

NOMENCLATURE 
di is a text document; 
CI is a appropriate classification of the document; 
f(x) is a label intended for the test document x; 
Score (x,Cj) is a score assigned to a category based on 

the points of category K of the nearest neighbors to the 
test document X; 

sim (x,di) is a similarities between X and the training 
document D; 

 1,0),( ji Cdy  is a binary value of the category for 

the educational document regarding diCj; 

)(1
0 tw j

ci

  is a denotes the new weight of the word t in 

the cluster Ci
0; 

j
ci

w 0  is a weight of the word t in the cluster Ci
0; 

w(t)p is a weight of the word t in the text p; 

Ci
0is a number of texts contained in the cluster Ci

0; 
ClusterScore(x,Cj) is a score assigned to a category 

based on category points to test the document CjX;  
sim(x,Ci

0) is a similarity between X and cluster in 
model Ci

0m0; 

 1,0),( 0 ji
CCy  is a cluster relative to Ci

0Cj; 

N is a total number of signs; 
count(ci, C) is a number of votes for the class ci  in the 

set C; 
argmax is a function that returns the index of the max-

imum value. 
 

INTRODUCTION 
In today’s world, a large amount of information is cre-

ated and accumulated daily in various formats. As the 
volume of textual information grows in various fields, 
effective methods of processing and analysis are increas-
ingly needed. Therefore, it is important to be able to ana-
lyze and classify this information effectively.  

Classification of documents on their topics can be use-
ful for many tasks, for example, selecting documents that 
meet certain criteria, building recommender systems, ana-
lyzing text data in social networks, etc.  

83



p-ISSN 1607-3274   Радіоелектроніка, інформатика, управління. 2023. № 3 
e-ISSN 2313-688X  Radio Electronics, Computer Science, Control. 2023. № 3 

 
 

© Boyko N. I., Mykhaylyshyn V. Yu., 2023 
DOI 10.15588/1607-3274-2023-3-9    

The importance of the task of classifying text docu-
ments by the method of nearest neighbors will reduce the 
dimension of the data, save information about the classifi-
cation and increase its accuracy. It is also quite easy to 
use and does not require a lot of computing power, which 
makes it popular in many areas [1, 3]. 

This method does not require pre-modeling, which al-
lows it to be used for online classification and for the 
classification of text documents with a small data set, 
which is a fairly common situation in natural language 
processing. In addition, k-NN can be applied to the classi-
fication of documents without regard to their contents, 
only based on information about the topics. In addition, k-
NN is a fairly flexible algorithm, since it is possible to use 
different distance metrics and distinguish the weight of 
each sample depending on its significance for classifica-
tion [5, 6]. 

The task of the nearest neighbors method is to classify 
new data based on their similarity with known data (train-
ing data set). The problem of the nearest neighbors me-
thod is guided by the concept that if points in the data 
space are close to each other, then the probability that 
they belong to the same class is high, therefore, it is 
solved accordingly according to the principle such that in 
the variant k-NN each feature belongs to the predominant 
class of nearest neighbors, where k is the method parame-
ter. The basis of the k-NN method is the fact that, accord-
ing to the compactness hypothesis, it is expected that the 
test feature d will have the same label as the learning fea-
tures in the local region surrounding the sign d [2, 4]. 

In the case of researching the use of the nearest neigh-
bors method k-NN to classify text documents according to 
their topics, the novelty is that it offers the use of a me-
thod that is quite simple and effective to solve the com-
plex problem of classifying text documents by their top-
ics. The study proposes the use of clustering and dimen-
sionality reduction to improve the quality of text classifi-
cation. In addition, the study compares the efficiency of 
different types of term oscillation and different k values in 
the k-NN method for classifying text documents. Thus, 
the study expands our understanding of how the k-NN 
nearest neighbors method can be applied to classify text 
documents by their topics and helps to improve methods 
for classifying texts. 

The aim of the study is to train the method of k-NN’s 
nearest neighbors to classify text documents by their top-
ics.  

The subject of research is the creation and optimiza-
tion of the method of nearest neighbors k-NN for the clas-
sification of text documents by their topics, as well as the 
solution of the problem based on the method experimen-
tally. 

The main objectives of the study are: 
– General overview of the k-NN nearest neighbors 

method for creating a software solution for classifying 
text documents by their topics. 

– Development of a system that can automatically 
classify text documents by their topics. 

– Reducing classification errors to improve system ac-
curacy. 

– Research on the effectiveness of k-NNs in classify-
ing documents with different numbers of categories and 
developing methods to improve efficiency in such cases. 

 
1 PROBLEM STATEMENT 

The purpose of the study is to build a model that can 
automatically assign a category to a new text document. 

Suppose we have a set of text documents D = {d1, d2, 
..., dn}, where each document is represented as a sequence 
of words or tokens. Each di document belongs to one of 
the predefined classes or categories C = {c1, c2, ..., ck}. 

To build a model, we have a training dataset consist-
ing of pre-classified documents and corresponding 
classes. 

Mathematically, the problem of classification of text 
documents can be formulated as follows: 

Given: Training dataset D_train = {(d1, c1), (d2, c2), 
..., (dm, cm)}, where di is a text document and ci is its cor-
responding classification. 

Find: Function f:D_test →C which can categorize a 
new text document from test set D_test into one of C 
classes. 

 
2 LITERATURE REVIEW 

A special role for research is the methods of classifica-
tion and clustering of text data. In the study [1, 3], the 
authors provide an introduction to the k-NN nearest 
neighborhood method and consider its application to the 
classification of text documents. They describe how the k-
NN method can be used to classify texts and provide ex-
amples of how this method can be applied to data from 
various fields, including biology, medicine, and e-
commerce. 

This paper [7] is an important source for studying the 
basics of textual information processing and data re-
trieval. The book covers a wide range of topicss from the 
field of information retrieval, including index building, 
weighted estimation methods, vector models, thematic 
modeling, ranking, and more. 

The paper [8] describes a wide range of methods of 
machine learning and statistical data analysis. It is useful 
for researchers working with the k-NN closest neighbor 
method to classify text documents by their topics. 

The book [10] contains a lot of material about prob-
abilistic models, multivariate data analysis, teaching 
methods, and graphical models. These techniques can be 
useful for improving the accuracy of classification using 
the k-NN closest neighbor method. In addition, the book 
contains numerous examples that demonstrate how differ-
ent machine-learning methods can be applied to solve 
real-world problems. 

The study [13] describes in detail the theoretical and 
practical aspects of working with text, including topicss 
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such as statistical models of language, thematic modeling, 
tone analysis, machine translation, and others. 

The book discusses various methods of vector repre-
sentation of text that can be used to build a model for the 
k-NN method and also discusses other machine-learning 
methods for classifying text documents, such as the naïve 
Bayesian classifier and the support vector method. 

In particular, the authors [14] describe in detail the use 
of bag-of-words models and address the construction of a 
dataset for training and testing the model, as well as the 
choice of model parameters, such as the number of near-
est neighbors to be used to classify documents. 

The research [15] is devoted to the analysis of text da-
ta and methods of their processing, in particular the prob-
lems of classification and clustering of documents. It de-
scribes various methods, including the k-NN nearest 
neighbor method.  

The book [12] discusses the following problems: 
– Training, statistical methods, and association rules 

in the field of text mining, which describe different ap-
proaches to analyzing text data, including machine tech-
niques.  

– Building machine learning models used to classify 
and cluster documents, in particular the k-NN closest 
neighbor method. 

– Preparing data for text analysis, including feature se-
lection and data dimensionality reduction. The book de-
scribes in detail how to select the most significant features 
from the text that will improve the results of data analysis. 
The book also discusses methods for reducing the dimen-
sionality of data, such as the principal component method 
and clustering method. 

– The book contains many examples of applications of 
text mining techniques, including text tone analysis, 
document classification, and email spam detection.  

Thus, the analysis of text documents is quite an impor-
tant topics in our time, since the number of their applica-
tion in various fields is increasing every day. Accord-
ingly, consideration is relevant for this study and will help 
in improving the accuracy of the model. 

3 MATERIALS AND METHODS 
The k-nearest neighbor method is a metric algorithm 

for automatically classifying objects or regression. The k-
NN algorithm stores all existing data and classifies the 
new point based on the distance between the new point 
and all points in the training set. To do this, use a specific 
distance metric, such as Euclidean distance. In the process 
of learning, k-NN stores all the data from the training set, 
so it belongs to the “lazy” algorithms since learning takes 
place at the time of classification. The algorithm makes 
no assumptions about the distribution of data and it is 
nonparametric [1, 11]. 

For the classification of text documents on the topics, 
the k-nearest neighbors method was chosen because of 
several reasons: simplicity and ease of implementation, 
high accuracy, and the ability to take into account the 
importance of each feature:  

The k-NN method also has some disadvantages, in 
particular, it can be sensitive to noise and a large number 
of features and may require a significant amount of mem-
ory and computing resources when processing large 
amounts of data. Therefore, before proceeding with the 
classification of text documents, you can apply actions 
that can improve the quality and performance of the algo-
rithm and its accuracy, namely [13]: 

– Apply noise or unnecessary signs to data before us-
ing the k-NN method, which can reduce their impact on 
forecasting and help make the algorithm more efficient. 

– Use distributed computing systems to handle large 
amounts of data, which can reduce the load on memory 
and computing resources. You can also use the approach 
of reducing the dimensionality of the data, which allows 
you to reduce the number of features and simplify the data 
space. 

– Weights can be assigned to each sign depending on 
its importance for forecasting. This can help reduce the 
impact of less important features on forecasting and in-
crease accuracy. 

The task of the k-NN algorithm is to assign a test 
doсument x a certain category based on the categories k of 
closest neighbors from the training dataset. The similarity 
between the test document x and each of the closest 
neighbors is scored by the category to which the neighbor 
belongs. If several of k’s closest neighbors belong to the 
same category, then the similarity score of that category 
for the test document x is calculated as the sum of the 
category points for each of these closest neighbors. After 
that, the categories are ranked by score, and the test doc-
ument is assigned to the category with the highest score. 
The decision rule for k-NN can be written as follows 
(Formula 1): 

 

,),(),(

),(maxarg)(








kNN
i

d
jii

j

Cdydxsim

CxScorexf

 (1)

 
This approach is effective, nonparametric and easy to 

implement. However, the classification time is very long, 
and accuracy is seriously impaired by the presence of 
noise training documents [9].  

To improve the accuracy of the k-NN algorithm for 
text data classification in the study, a number of actions 
will be performed, such as: 

1. Representation of documents/text as a vector space 
model, where each document/text is represented as a vec-
tor in an n-dimensional word space where each word is 
represented as coordinates. The more often a certain term 
appears in a document, the greater its significance in this 
document and the greater its coordinate in the vector rep-
resentation of the document. Accordingly, this will speed 
up the work and classification of the k-NN method. The 
weight of each word in a document is calculated by 
weighing how often that word is used in the document 
and throughout the document collection. If the word is 
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used often in a document, but rarely in other documents, 
then its weight will be high. 

2. Create a classification model based on clustering. 
For this, one-pass clustering algorithm with constraints 
should be used. This algorithm provides incremental clus-
tering with time complexity close to linear. 

3. During the clustering process, each cluster is repre-
sented as a cluster vector according to the centroid vector 
for each cluster [14, 20]. The change in word weight of 
each cluster is calculated by the formula 2: 
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According to the applied changes, the decision-

making formula for k-NN will look like this (Formula 3): 
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Suppose we have a training set of text documents with 

known classes that match their topicss. Each text docu-
ment is represented as a feature vector X = [x1, x2, ..., xN], 
where xi is a sign (for example, word, term) for the i-th 
document, and N is the total number of signs. Using a 
certain similarity metric, such as cosine similarity, we 
calculate the similarity between the feature vectors of two 
documents. Let sim(x, y) denotes similarities between 
documents x and y. Accordingly, we find k documents 
from the training kit that have the greatest similarity with 
the new document. Denote these documents as S = {s1, s2, 
..., sk}, where si is the i-th closest neighbor. Hence we 
determine the class of the new document, by voting or by 
majority among k nearest neighbors. Let C = {c1, c2, ..., 
ck} – document classes s1, s2, ..., sk.. The class of the new 
document will be the class with the most votes among 
these k closest neighbors.  

Thus, the definition of the class of a new document, 
based on the vote of the nearest neighbors, can be written 
as follows (Formula 4): 

 
argmaxi(count(ci,C)),i=1→k. (4)

 
In the context of k-nearest neighbors (k-NN), hyper-

parameters are used to tune the algorithm itself, not to 
train a model with data. Hyperparameters determine the 
behavior of k-NN and its characteristics. The main hyper-
parameters include [17, 19]:  

1. k: This is the main k-NN hyperparameter that de-
termines the number of nearest neighbors to be used for 
decision-making.  

2. Neighbor search algorithm: k-NN can use different 
neighbor search algorithms, such as “ball tree”, “kd tree” 
and others.  

3. Distance or metric: k-NN uses distance or metric to 
determine how close points are to each other. For exam-
ple, Euclidean distance, Manhattan distance, or cosine 
similarity. 

In our context, we will apply them to analyze their 
impact on k-NN and, through them, try to improve the 
accuracy of the method. 

The following Neighbor search algorithms are consid-
ered in the study: 

1. The Ball Tree algorithm is one of the methods of 
constructing a data structure for the efficient execution of 
operations of the nearest neighbor in classification and 
clustering problems. It is based on the idea of partitioning 
a data space into minimally convex balls, known as 
“balls”. The basic principle of constructing a Ball Tree is 
to recursively partition data into subsets by calculating the 
center point (center of the “ball”) and the radius of the 
ball that best covers the data. The Ball Tree method al-
lows you to quickly find k-nearest neighbors, reducing the 
number of comparisons between points and speeding up 
searches. It is especially useful for large data sets or when 
the distances between points have a large difference. 

2. A kd-tree is a data structure used in the k-NN algo-
rithm to quickly find the nearest neighbors. It divides a 
data space as a binary tree, where each node represents a 
point in space and divides that space into two subdo-
mains. A key feature of the kd-tree is the way data is di-
vided in space using hyperplanes parallel to the coordi-
nate axes. The kd-tree significantly reduces the number of 
comparisons operations required to find the nearest 
neighbors, which makes it an effective method for k-NN. 
It is especially useful in problems with a large number of 
points in the data space. 

The Minkow metric is a general term for a family of 
metrics that include Manhattan distance and Euclidean 
distance as partial cases of them. It is used to calculate the 
distance between two points in n-dimensional space. 
Formally, the Minkov metric is defined as follows for two 
points P(p1, p2,…,pn) and Q(q1, q2,…,qn) in n-dimensional 
space (Formula 5): 

 
d=(|p1–q1|

p+|p2–q2|
p+…+|pn–qn|

p). (5)
 
In this formula, p is a parameter that controls the 

shape of the metric. Depending on the value of p, the 
Minkov metric can vary from Manhattan distance (p = 1) 
to Euclidean distance (p = 2). Using the p parameter, the 
Minkow metric can simulate various types of distances, 
including L1 distance (Manhattan), L2 distance (Euclid-
ean), and others [16, 18].  

The Minkowi metric is a popular choice in the k-NN 
algorithm. It allows you to determine the distance be-
tween objects and take into account their location in 
space. Depending on the type of data and the nature of the 
task, it is advantageous to use different values of the pa-
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rameter p for optimal results. Minkowian metrics can be 
computationally efficient, especially for large datasets.  

The choice of the Reuters dataset to classify text doc-
uments by their subject using k-nearest neighbors is the 
most optimal for several reasons: 

– Variety of topicss: The Reuters-21578 dataset con-
tains a wide range of topicss, covering news from various 
fields such as finance, technology, sports, politics, and 
others. This ensures representativeness and diversity of 
data, which is important for the classification of texts. 

– Data volume: The Reuters-21578 dataset contains a 
significant number of documents on various topicss. Most 
classification algorithms, including k-NN, require enough 
data to achieve reliable results. Therefore, the presence of 
a large amount of data in the Reuters-21578 dataset 
makes it attractive for k-NN applications. 

– The similarity of text documents: The k-NN algo-
rithm is based on the hypothesis that similar data have 
similar classes. The Reuters-21578 dataset contains news 
articles that may have similar characteristics depending 
on the topics. This supports the k-NN hypothesis and con-
tributes to its effectiveness in classifying these texts. 

In total, the Reuters-21578 dataset contains about 
21,578 news documents written in English. Each docu-
ment includes a title, date, text table of contents, and cat-
egory labels assigned to it (Table 1). The documents in 
the dataset are classified into 135 different categories, 
such as “foreign news”, “sports”, “politics”, etc. Each 
document can have many categories to which it belongs. 

 

Table 1 – Data Set fields  
Field 
name 

Type Description 

Title String 
Contains text data represented as a char-
acter string. 

Date String 
Represents the date of publication of the 
article. 

Topicss Sequence 

Represents categories or topicss related to 
the article. It is stored as a set or list of 
lines, where each line represents a topics 
or category label. 

Places Sequence 

Represents the geographical locations 
mentioned in the article. It is stored as a 
set or list of rows, where each row repre-
sents a place label. 

People Sequence 
Contains the names of persons mentioned 
in the article. It is stored as a set or list of 
strings. 

Orgs Sequence 
Contains the names of organizations 
mentioned in the article. It is stored as a 
set or list of strings. 

Exchanges Sequence 
Represents mentions of stock exchanges 
or financial markets in an article. It is 
usually stored as a set or list of strings. 

Text String 
Contains the main text of the news article 
and is presented as a string of characters. 

 

Since the dataset Reuters-21578 may contain data or 
their type, which may worsen the results of the study, it 
must carry out preliminary processing of the data. 

First, we need to balance the text and process it fur-
ther. Some documents may contain symbols, punctuation, 
or numbers that do not carry essential information for text 
analysis. Data pre-processing allows you to remove these 

unnecessary elements and focus on essential aspects of 
the text. We also need to reduce everything to lowercase 
to ensure uniformity. Breaking the text into separate to-
kens or words is also an important step for further analy-
sis. Tokenization helps to understand the structure of a 
text and divide it into separate units, which facilitates 
further processing and use. To improve your workout 
results, you need to remove stop words, which will reduce 
noise. Stop words are common words that do not carry 
essential information for text analysis, for example, “the”, 
“and”, “is”, etc. Another very important step is that it is 
necessary to reduce words to their basic form (lemmatiza-
tion). This reduces the number of unique words in the text 
and makes it easier to recognize the semantic relationship 
between them. For example, given that we have texts in 
English, words like “running”, “run” and “ran” will be 
reduced to the lemma “run”. 

Secondly, we need to convert the words’ text to vector 
format. Vectorization is the process of converting text 
data into numerical vectors that can be used to further 
analyze or train machine learning models. This is 
achieved using methods such as bag-of-words or TF-IDF 
(Term Frequency-Inverse Document Frequency) in our 
case, where each word or term is represented by a nu-
meric value. This allows textual data to be treated as nu-
merical features that can be used in machine learning 
models for classification, clustering, or other analysis.  

Therefore, these steps will help prepare data from the 
Reuters-21578 dataset for further application of machine 
learning and text analysis models, since data preprocess-
ing helps to improve data quality and representativeness, 
reduce noise, etc. 

 
4 EXPERIMENTS 

The next step is to study the effectiveness of the k-NN 
closest neighbors method for classifying text documents 
by their topics. Therefore, we will show in more detail the 
influence of the parameter k and the choice of distance 
metric and other factors. 

To begin with, we display the number of articles be-
longing to a certain category (Fig. 1): 

 
Figure 1 – A bar chart showing the categorization 

 

We divide the experiments, the purpose of which is to 
improve the accuracy of classification, into: 

1. Effect of parameter k: Experiments will be per-
formed with different values of the parameter k (number 
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of neighbors) and the accuracy of the model on the test set 
will be measured.  

2. Clustering Impact: Experiments will be conducted 
with the generated clustering-based classification model 
and its impact on the accuracy of the k-NN model on the 
test set. 

3. Choosing a distance metric and k-NN hyperparame-
ters: Experiments will be conducted with different dis-
tance metrics and with different k-NN hyperparameters, 
namely an algorithm such as “ball_tree” (partitioning the 
data space into minimally convex balls) and a k-distance 
tree and metrics (such as the Manhattan metric and 
Euclidean distance), and the accuracy will be measured 
on the test set.  

To assess the quality of the classification model, we 
will use metrics. Here is a brief explanation of each met-
ric: 

1. Accuracy: Measures the ratio of the number of cor-
rectly classified documents to the total number of docu-
ments. The higher the value, the better the model. 

2. Precision: Measures the ratio of the number of cor-
rectly positively classified documents to the total number 
of positively classified documents. This indicates how 
accurately the model identifies positive documents. 

3. Recall: Measures the ratio of the number of cor-
rectly positively classified documents to the total number 
of documents belonging to the positive class (correctly 
classified positive documents plus false negative docu-
ments). This indicates how fully the model defines posi-
tive documents. 

4. F1 score: This is the harmonic average between ac-
curacy and completeness. It is used as a compromise met-
ric that combines information about accuracy and com-
pleteness. It takes into account both the accuracy and 
completeness of the model and uses its harmonic average 
to calculate the final value. 

To estimate the error of our model, we will build a 
histogram comparing real and predicted data, where count 
represents the number of cases or frequency of each cate-
gory in the data set, and category respectively the cate-
gory itself. We will also build a prediction matrix. The 
prediction matrix reflects the correspondence between 
actual and predicted classes and allows quantitative 
analysis of classification results. It consists of rows and 
columns, where the rows represent the actual classes, and 
the columns represent the provided classes. Each cell in 
the matrix shows the number of samples that belong to a 
certain actual class and have been mistakenly classified 
into a specific predicted class. For both options, we will 
take the top 15 values to see the result better. 

These studies will allow us to understand under what 
parameters and characteristics k-NN shows itself best. 

The purpose of the experiment №1 is to study the in-
fluence of the number of neighbors (parameter k) on the 
results of a particular operation or algorithm.  

We will conduct a study on the parameters k = 1, 5, 
10, 15, 20 where k is the number of neighbors. We calcu-
late the assessment of the quality of the classification 
model at k = 1 (Fig. 2). 

 
Figure 2 – Evaluation of the quality of the classification model 

 

 
Figure 3 – Histogram comparison number of predicted and real 

data for k=1 
 

 
Figure 4 – Prediction matrix for k=1 

As we can see from the Fig. 2, the results are satisfac-
tory, but they should be improved. In Fig. 3 shows that 
the largest error belongs to the EARN category. From the 
matrix of predictions in Fig. 4 we can also see that most 
often the algorithm was wrong in determining the cate-
gory of EARN and ACQ.  

We calculate the assessment of the quality of the clas-
sification model at k = 5 (Fig. 5). 

 

 
Figure 5 – Evaluation of the quality of the classification model 

 
Figure 6 – Histogram comparison number of predicted and 

real data for k=5 
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Figure 7 – Prediction matrix for k=5 

 

As we can see from the Fig. 5, the results improved 
compared to the results in Fig. 2, but they should be im-
proved. In Fig. 6 it can be seen that again the greatest 
error belongs to the prediction of data in EARN, but com-
pared to the results achieved at k = 1, the error has in-
creased. Following the matrix of predictions in Fig. 7 we 
can also see that most often the algorithm was wrong in 
determining the category EARN and ACQ, but for ACQ, 
it decreased compared to the results at k = 1. However, 
the number of correct distributions has increased. 

We calculate the assessment of the quality of the clas-
sification model at k = 10 (Fig. 8). 

 

 
Figure 8 – Evaluation of the quality of the classification model 

 

 
Figure 9 – Histogram comparison number of predicted and real 

data for k=10 
 

As we can see from Fig. 8, the results improved com-
pared to the results in Fig. 5 which makes them quite ac-
curate. In Fig. 9 it can be seen that again the greatest error 
belongs to the prediction of data in EARN, but compared 
to the results achieved at k = 5, the error has decreased. 
Following the matrix of predictions in Fig. 10 we can also 
see that the algorithm was most often wrong in determin-
ing the categories of EARN and CRUDE, instead of 
ACQ. However, the number of correct distributions has 
increased. 

 
Figure 10 – Prediction matrix for k=10 

 

We calculate the quality assessment of the classifica-
tion model at k = 15 (Fig. 11). 

 

 
Figure 11 – Evaluation of the quality of the classification model 

 

 
Figure 12 – Histogram comparison number of predicted and real 

data for k=15 
 

 
Figure 13 – Prediction matrix for k=15 
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As we can see from the Fig. 11, the results improved 
compared to the results in Fig. 8. In Fig. 12 it can be seen 
that again the greatest error belongs to the prediction of 
data in EARN, but compared to the results achieved at k = 
10, the error has decreased. In accordance with the matrix 
of predictions in Fig. 13 we can also see that the algo-
rithm was most often wrong in defining the EARN and 
CRUDE categories, instead of ACQ. The number of cor-
rect distributions has increased, although not significantly. 

We calculate the assessment of the quality of the clas-
sification model at k = 20 (Fig. 14). 

 

 
Figure 14 – Evaluation of the quality of the classification model 

 

 
Figure 15 – Histogram comparison number of predicted and real 

data for k = 20 
 

 
Figure 16 – Prediction matrix for k=20 

 
As we can see from Fig. 14, the results remained the 

same in Fig. 11. This means that with a selected number 
of neighbors, the model has reached its maximum level of 
accuracy and it does not make sense to increase or de-
crease the number of neighbors. Accordingly, everything 
coincides with the results at k = 15. 

The purpose of the experiment №2 is to study the ef-
fect of clustering on the algorithm k-NN. Clustering is a 
method of grouping similar objects into clusters based on 
their characteristics or distances to each other. In the con-
text of k-NN, clustering can affect the results of an algo-
rithm by changing the neighborhood of objects and hence 
determining their classification. 

We will conduct a study on the parameters k = 5, 15, 
20, c = 5, 15, 20, where k is the number of neighbors, and 
c is the number of clusters. We calculate the assessment 
of the quality of the classification model at k = 5 and c = 5 
(Fig. 17). 

 

 
Figure 17 – Evaluation of the quality of the classification model 

 

 
Figure 18 – Histogram comparing the number of predicted and 

real data for k=5 and c=5 
 

 
Figure 19 – Matrix of predictions for k = 5 and c = 5 

 
As we can see from Fig. 17, the results are very good. 

If we compare the results of metrics with Fig. 5 and with 
Fig. 17, then with clustering there is a good increase in 
accuracy at k = 5. In Fig. 18 we can see that the attitude to 
categories has improved significantly with clustering than 
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without it, and the error has decreased accordingly. By the 
matrix of predictions in Fig. 19. We can also see that cor-
rect data allocation has improved a lot.  

We calculate the assessment of the quality of the clas-
sification model at k = 15 and c = 15 (Fig. 20). 

 

 
Figure 20 – Evaluation of the quality of the classification 

model 
 

 
Figure 21 – Bar chart comparing the number of predicted and 

real data for k=15 and c=15 
 

 
Figure 22 – Matrix of predictions for k = 15 and c = 15 

 

As we can see from Fig. 20 results are very good. In 
Fig. 21 we can see that the attitude to categories has im-
proved significantly with clustering than without it, and 
the predicted data almost coincides with the real data, 
which indicates a greater amount of properly distributed 
data. Following the matrix of predictions in Fig. 22 can 
also see that the correct distribution of data has improved 
a lot.  

We calculate the quality assessment of the classifica-
tion model at k = 20 and c = 20. 

 

 
Figure 23 – Assessment of the quality of the classification 

model 

 
Figure 24 – Bar chart comparing the number of predicted and 

real data for k=20 and c=20 
 

 
Figure 25 – Matrix of predictions for k = 20 and c = 20 

 
The results, which are shown in Fig. 23–24 and in the 

matrix of predictions in Fig. 25, indicate very good results 
using clustering. From Fig. 23 we see that the accuracy of 
the model has again increased relative to k = 15 and  
c = 15. This means that clustering allows you to better 
determine the belonging of objects to the corresponding 
categories. In Fig. 24 shows that attitudes towards catego-
ries again improve significantly when clustering is used. 
Matrix of predictions in Fig. 25 also demonstrates that 
proper data allocation is greatly improved when clustering 
is used. 

The experiment №3 aims to find hyperparameters that 
maximize the performance of the k-NN algorithm, as well 
as to understand the influence of hyperparameters on the 
classification results. The study can help identify which 
parameters are critical to achieving high accuracy and 
efficiency in a specific data context. We will use 15 
neighbors for research.  

We calculate the quality assessment of the classifica-
tion model with the algorithm ‘ball_tree’ and the metric 
‘manhattan’ at k = 15. 

 

 
Figure 26 – Quality assessment of classification model with 

‘ball_tree’ algorithm and ‘manhattan’ metric 
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Figure 27 – Histogram comparing the number of predicted and real 

data with the ‘ball_tree’ algorithm and the ‘manhattan’  
metric 

 
Figure 28 – Prediction Matrix with ‘ball_tree’ algorithm and 

‘manhattan’ metric 
 

As we can see from Fig. 26 results improved by com-
paring the usual k-NN with k = 15 in Fig. 11. In Fig. 27 
we can see that, in general, the predicted data almost co-
incide with the real data, which indicates a more correct 
distribution of the data. Following the matrix of predic-
tions in Fig. 28 We can also see that the correct distribu-
tion of data has improved a lot.  

We calculate the quality assessment of the classifica-
tion model with the algorithm ‘ball_tree’ and the metric 
‘euclidean’ at k = 15. 

 
Figure 29 – Quality assessment of classification model with 

‘ball_tree’ algorithm and ‘euclidean’ metric 

 
Figure 30 – Histogram comparing the number of predicted 

and real data with the ‘ball_tree’ algorithm and the ‘euclidean’ 
metric 

 
Figure 31 – Prediction matrix with ‘ball_tree’ algorithm and 

‘euclidean’ metric 
 
Comparing the results of the ‘ball_tree’ algorithm 

with different metrics, we can conclude that the introduc-
tion of these hyperparameters has increased the accuracy 
and efficiency of the model, but in two cases of using 
metrics, the result is the same, which may mean that both 
metrics measure the distance between two points with the 
same accuracy, or perhaps that the points are in a space 
where both metrics are equivalent. 

We calculate the quality assessment of the classifica-
tion model with the algorithm kd_tree’ and the metric 
‘manhattan’ at k = 15. 

 

 
Figure 32 – Quality assessment of classification model with 

‘kd_tree’ algorithm and ‘manhattan’ metric 
 

 
Figure 33 – Histogram comparing the number of predicted and 

real data with the ‘kd_tree’ algorithm and the ‘manhattan’  
metric 
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Figure 34 – Prediction matrix with ‘kd_tree’ algorithm and 

‘manhattan’ metric 
 
As you can see from Fig. 32–34, the application of 

‘kd_tree’ with the ‘manhattan’ metric did not live up to 
expectations, since the results coincide with the use of the 
k-NN model without parameters at k = 15. 

We calculate the quality assessment of the classifica-
tion model with the algorithm kd_tree’ and the metric 
‘euclidean’ at k = 15. 

 

 
Figure 35 – Evaluation of the quality of the classification 

model with the algorithm ‘kd_tree’ and the metric ‘euclidean’ 
 

 
Figure 36 – Histogram comparing the number of predicted 

and real data with the ‘kd_tree’ algorithm and the ‘euclidean’ 
metric 

 
As you can see from Fig. 35–37, the application of 

‘kd_tree’ with the ‘euclidean’ metric as well as with 
‘manhattan’ did not live up to expectations, since the re-
sults coincide with the use of the k-NN model without 
parameters at k = 15. 

 

 
Figure 37 – Histogram comparing the number of predicted and 

real data with the ‘kd_tree’ algorithm and the ‘euclidean’ metric 
 

5 RESULTS 
In the previous section, the k-NN method for classify-

ing text documents was implemented. Experiments have 
been conducted with various methods affecting the effi-
ciency of k-NN, such as algorithm selection and metrics. 
Based on this, you can summarize the results. 

In the first experiment, the results showed that the se-
lected number of neighbors (parameter k) has a significant 
impact on the accuracy of classification. The best value of 
k is 15 and it achieves the maximum accuracy of classifi-
cation of text documents, namely – 0.8387, which is equal 
to 83.87%. This means that increasing the number of 
neighbors does not significantly affect the results and 
does not bring additional improvements. This can be ex-
plained by the fact that too small k values can lose infor-
mation, and too large k values can lead to overtraining of 
the model. 

Therefore, for the classification of text documents, it 
is important to choose the optimal value of the parameter 
k, which provides the highest accuracy of classification. 
In this case, the use of k = 15 led to the maximum accu-
racy of classification of text documents, while at k = 1 the 
worst results are achieved, where the accuracy is – 0.7980 
(79.80%). 

In the second experiment, the use of clustering 
showed very good results for the classification of text 
documents. Maximum accuracy was achieved at k = 20 
and is equal to 0.8457 (84.57%). Comparing the results 
when using the clusterless model k-NN in Fig. 4.13 and 
clustered in Fig. 4.22. With a value of k = 20, you can see 
how the accuracy and efficiency of classifying text docu-
ments have changed by better-determining similarities 
between documents and assigning them to appropriate 
categories. 

The use of clustering changes the neighborhood of ob-
jects in space, that is, objects belonging to the same clus-
ter become adjacent to each other. This allows the model 
to better distinguish objects from different categories 
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since internal similarities in clusters can be more pro-
nounced than general similarities between all objects. 
Accordingly, the effectiveness and importance of this can 
be seen by comparing the results of models with and 
without clustering.  

In the third experiment, which investigated the influ-
ence of hyperparameters on the k-NN algorithm, it was 
found that the choice of different algorithms and metrics 
can have a significant impact on the accuracy and effi-
ciency of the model. This is achieved because different 
algorithms and metrics use different approaches to calcu-
lating distances between objects and determining their 
neighborhood. The choice of an algorithm, such as the 
Ball tree or kd-tree, affects the structure of the tree used to 
organize the data. In our case, the Ball tree works better, 
because when applied with Manhattan and Euclidean dis-
tance metrics, the maximum accuracy that has been 
achieved is 0.8457 (84.57%), which is on par with maxi-
mum accuracy when using clustering. Therefore, we can 
conclude that for datasets with a large number of features, 
the Ball tree works better. At this time, the kd-tree may be 
more efficient for datasets with fewer features, so in our 
case it was not very efficient and was able to achieve – 
0.8387 (83.87%), which is not a bad result, but not very 
good either. 

 
6 DISCUSSION 

In our case, when using two different algorithms to 
find neighbors k-NN, metrics such as Manhattan and Euc-
lidean distance were used. However, as can be seen from 
the experiments, there was no difference between them. 
This is because both metrics measure the distance be-
tween two points with the same precision, or the points 
may be in space where both metrics are equivalent, result-
ing in the fact that they give the same results. 

So, summing up, in this case, the use of the k-NN me-
thod for the classification of text documents showed good 
results. k-NN takes into account the context of text docu-
ments using immediate neighbors and does not require 
complex data assumptions. These advantages make the k-
NN method an attractive option for classifying text docu-
ments. However, to maximize classification accuracy, 
certain improvements need to be applied, such as choos-
ing the optimal value of the k parameter, applying cluster-
ing, and using appropriate algorithms and metrics to im-
prove the accuracy and efficiency of the model in our 
study. Based on experiments, the maximum results were 
shown by models k-NN at k = 20 with clustering and with 
hyperparameters, as an algorithm for finding neighbors – 
Ball tree at k = 15. At the same time, k-NN takes into ac-
count the context of text documents using immediate 
neighbors and does not require complex data assumptions. 
These advantages make the k-NN method an attractive 
option for classifying text documents. 

However, to achieve maximum accuracy of classifica-
tion, certain improvements must be applied. Using the 
optimal value of the k parameter, clustering, and selecting 
appropriate algorithms and metrics can significantly im-
prove the quality and efficiency of the k-NN model. 

In general, these experiments showed good results and 
confirmed the suitability of the k-NN nearest neighboring 
method for classifying text documents. In further re-
search, it is recommended to pay attention to improving 
the model by optimizing parameters and using more com-
plex algorithms to improve its efficiency. 

So, summarizing all of the above, the nearest neigh-
bors method is a very good method for classifying text 
documents. Given that the algorithm does not take much 
time, is flexible and is quite accurate, this makes it one of 
the best options for the classification task. 

 

CONCLUSIONS 
In this study, analysis and experiments were con-

ducted using the k-NN nearest neighbor method to clas-
sify text documents. The results showed that the use of 
the k-NN method proved to be effective and a very good 
option for classifying text documents. The use of nearest 
neighbors allows the k-NN method to take into account 
the context of text documents and does not require com-
plex data guesses. This makes it a flexible and versatile 
approach to classification. 

In the case of researching the use of the nearest neigh-
bors method k-NN to classify text documents by their 
topics, the scientific novelty lies in the fact that it offers 
the use of a method that is quite simple and effective to 
solve the complex problem of classifying text documents 
by their topics. The study proposes the use of clustering 
and dimensionality reduction to improve the quality of 
text classification. In addition, the study compares the 
efficiency of different types of term oscillation and differ-
ent values of k in the k-NN method for classifying text 
documents. Thus, the study expands our understanding of 
how the nearest neighbors k-NN method can be applied to 
classify text documents by their topics and helps to im-
prove methods for classifying texts. 

The practical significance of the obtained results lies 
in a general review of the method of the nearest neighbors 
k-NN and the creation of a software solution for classify-
ing text documents by their topics using this method. Af-
ter all, the developed system can automatically classify 
text documents by their topics. It reduces classification 
errors, thereby improving the accuracy of the system. The 
study proposes developed software that implements the 
proposed indicators, and also experiments were conducted 
to study their properties. The results of the experiment 
allow for recommending the proposed indicators for use 
in practice, as well as determining the effective conditions 
for applying the proposed indicators. 

Prospects for further research are to study the pro-
posed algorithms for a wide class of practical problems. 
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УДК 004.021 
МЕТОД k НАЙБЛИЖЧИХ СУСІДІВ ДЛЯ КЛАСИФІКАЦІЇ ТЕКСТОВИХ ДОКУМЕНТІВ ЗА ЇХ ТЕМАТИКОЮ 

 

Бойко Н. І. – канд. економ. наук, доцент, доцент кафедри Систем штучного інтелекту, Національний університет 
«Львівська політехніка», Львів, Україна. 

Михайлишин В. Ю. – асистент кафедри Системи штучного інтелекту, Національний університет «Львівська політехні-
ка», Львів, Україна. 

 

AНОТАЦІЯ 
Актуальність. Оптимізація методу найближчих сусідів k-NN для класифікації текстових документів за їх темою, а та-

кож розв’язок задачі на основі методу експериментальним шляхом. 
Мета роботи є вивчення методу найближчих сусідів k-NN для класифікації текстових документів за їх темою. Завдан-

ням дослідження є на основі набору даних провести класифікацію текстових документів за їх темою за оптимальний час та з 
високою точністю. 

Метод. Метод k-найближчих сусідів – це метричний алгоритм для автоматичної класифікації об’єктів або регресії. Ал-
горитм k-NN зберігає всі наявні дані та класифікує нову точку на основі відстані між новою точкою та всіма точками в нав-
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чальному наборі. Для цього використовується певна метрика відстані, така як Евклідова відстань. У процесі навчання k-NN 
зберігає всі дані з навчального набору, тому він відноситься до «ледачих» алгоритмів, оскільки навчання відбувається в 
момент класифікації. Алгоритм не робить ніяких припущень про розподіл даних та він є непараметричним. Завдання алго-
ритму k-NN полягає в тому, щоб призначити тестовому документу x певну категорію на основі категорій k найближчих 
сусідів з навчального набору даних. Схожість між тестовим документом x та кожним з найближчих сусідів оцінюється ба-
лом категорії, до якої належить сусід. Якщо декілька з k найближчих сусідів належать до однієї категорії, то бал схожості 
цієї категорії для тестового документа x обчислюється як сума балів категорії для кожного з цих найближчих сусідів. Після 
цього, категорії ранжуються за балами, і тестовий документ призначається категорії з найвищим балом. 

Результати. Успішно реалізовано метод k-NN для класифікації текстових документів. Було проведено експерименти з 
різними методами, що впливають на ефективність k-NN, такими як вибір алгоритму та метрики. Результати експериментів 
показали, що використання певних методів може покращити точність класифікації та ефективність моделі. 

Висновки. Відображення результатів на різних метриках та алгоритмах показало, що вибір конкретного алгоритму та 
метрики може мати значний вплив на точність передбачень. Застосування алгоритму ball tree, а також використання різних 
метрик, таких як манхетівська або євклідова відстань, може призвести до покращення результатів. Використання 
кластеризації перед застосуванням k-NN показало позитивний вплив на результати та дозволяє краще групувати дані і 
зменшує вплив шуму або неправильно класифікованих точок, що призводить до покращення точності та розподілу класів. 

КЛЮЧОВІ СЛОВА: метод, кластер, класифікація, текстовий документ, тема, алгоритм ball tree, метрика. 
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